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The structure of the large scale structure

large scales small scales
. mildly strongly
super-horizon scales linear scales non-linear scales non-linear scales
>
relativistic linear pert. theory non-linear N-body simulations
corrections pert. theory

k =~ aH =0.002 h/Mpc

A = 3000 Mpc/h

k~0.1h/Mpc k=03h/Mpc

A~ 60 Mpc/h A =20 Mpc/h



Collisionless
Boltzmann equation

Vlasov-Poisson equation

final set of egs
in comoving coords
and conf time

Fourier space

Recap
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Recap

Master equation 3+H5+(k2cf—%7{29m>5:0
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Roadmap for today

* Measures of clustering of a distribution of points.

* The correlation function describes the clustering of a distribution of points in space.
* The power spectrum is the Fourier conjugate of the correlation function

* Correlation function and power spectrum are two-point descriptors.

* Generalization to n-point descriptors.



Correlation of continuous random fields in 1D
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Correlation of discrete random fields in 3D

random distribution clustered distribution



Definition of moments

/ flx)dz =1

(z) = / xf(x)dx
(z?) = / z? f(x)dx

moment M, = / " f(x)dx

central moment M, = /(:1: —{z))" f(x)dx



Definition of moments for multivariate distributions

random field §(x) /W\
y A

every point is a random variable!

multivariate distribution J(0y:0505)

prob. that §;isind §;
5, in d 8, etc £(8,,8,..)d8,d5,...

d; is independent
(uncorrelated) f(9y,0,...) = f,(9,) £,(9,)....
of §;only if



Definition of moments for multivariate distributions

random field 6 (x) W
s

every point is a random variable!

first moment (mean vector) (0. ) =0, = /Jl.f(él 505 50
second central moment (covariance matrix) Sl /(51' - 50i)(5j - 5oj)f(51 ,0,...)d" 6

if the variables are independent, the covariance becomes diagonal

n—2
g = [ (6= 800,005, [(6,= 81,88, ] [ £ (8,08, =0—i# s

n—1
0 /(‘51' — Oy; )2ﬁ(5i)d5iH /fm(5m)d‘5m - /(51' — 0y )zfi(ai)d(si = U%Qi =g



Correlation of random fields

3 particles in cell a
2 particlesincell b

‘ 3x2 = 6 pairs
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Average number in cells of volume dV (n) = podV

. n—2
;vlfrr]i(g;rz?alzd: (nl.nj) — /nifl.(nl.)dnl./njfj(nj)dnjH /fm(nm)dnm = (nl>(nj)

Average number of pairs B )
in @ random (uncorrelated)distribution <naz nb> o <na><nb> = ppdV,adv,
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Definition of correlation function

Average number in cells dV (n) = podV
Average pairs in cells a,b ANy = (nans)
Average number of pairs: ANy = (name) = /)3 AV.dVi(1 + £(rap))

definition of corr function

Number density contrast 0(re) =ng/(podV) —1

What is its average?

The correlation function dNap (nanp)
rap) = —5——-— 1= —5———"— -1 ={(0,+ 1)+ 1)) — 1 = (6(r,)0(ry
is a second order moment, §(rab) pedV,dVy, PodVadVy, ( )0 ) (0(ra)d(rs))

i.e. the variance of §(x)
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Definition of correlation function

The corr function is
the covariance of the
density contrast

§(rap) =

d N,y ~ {ng ne)

pedV,dVy, ~  pRdV,dV,

1= ((0a+ 1)(d + 1)) — 1= (5(ra)3(rs))

In practice, easier to use a conditional probability

dNy = dN,p /AN, = padVadVi(1 4 £(rap)) /AN, = podVi(1 + £(18))

The corr function is also
the average number of
neighbors!

dN.(r)

gry= L) o 106y

P20 (l V

0




Correlation function in a real data catalog

real data: DD

£ =

DD
DR

random simulation: DR
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Correlation function for a pancake

N particles

-

real random

N
DD = superf. density x 2mrdr = Y 2mrdr
In the uniform world we have
. 3N .
- AN, e 5 A o Py 15 1
DR = density x 4mr<dr = IR dgr=dr
Then we get Depends only onr,
2R, not on location:
= v s

3 Statistical homogeneity!
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Galaxy correlation function

¢ > 0 positive correlation: more clustering than random
¢ = 0 no correlation: same clustering as random

¢ < 0 anticorrelation: less clustering than random

Integral constraint

R
/ §s(r)dV = Nfpy—V =0
0
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Yun Wang, Observational Probes of Dark Energy
AIP Conference Proceedings
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Two-point

Three-point

N-point correlation function

dNap ~ {ngnp)
pedv,dv, — p3dV,dV,

§(rab) =

S(ras o, 1) = (0(ra)0(rs)d(rc))

TZa, TZb TZ(;
-1 -1 -1
<(PodVa ) (l)odVb ) (P()(ZVC ) !

(ngnpn.)

B : -~ Sab " Soc a.(:_l
AV, dvidv,  cab ~Sbe =&

C(ra_w Ty, r(:)

1 ={(6a + 1)(6p+ 1)) — 1 = {5(ra)d(rp))
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f(k)exp(-ikx)

f(x)

Amplitude (mV)
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A function decomposed into Fourier modes

Fourier space
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De Luca, C. J. . (2003). Fundamental concepts in

EMG signal acqusition. In D. Inc. (Ed.).
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Fourier convention

Dirac delta

Correlation in Fourier space

flz) = o /fu'w

Je = ‘—/f (z)e " **d3x
1 —ikx 33
op(k) = 2n) e a’z

It diverges for k=0
and goes to zero for k# 0
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The Power Spectrum

definition P(k) = /f(l‘)é_’._ikrdv
| ~  Fourier conjugates
conversely £(r) = (27r)_3/P(A‘)etfikr(l:‘Ar
ensemble average V{605 ) /(5 y+1)8(y))e _i(k_k')y+ikrd‘/.-rdvy

The power spectrum (27r)
is the amplitude of the V {0y, (Sk /g l(k —k' )J'H]"(“, d\, o, AR
second-order moment in

Fourier space

i.e. the variance of § (k)

P(k)op (k — k)

/

Since ¢ dependsonlyonr,
if kK # k' the modes are uncorrelated !
(statistical homogeneity)
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Correlation in Fourier space:
The power spectrum from the data

Given a distribution in 1

real space, we calculate the O = v 5(:11)6_ik""(l\f"
Fourier coefficients
Definition of power spectrum P(k) = Vo,
for a single realization
1 —ik(z—y) v/ 7
£ (I‘ ) = ‘T (5(:1“' ) (5( y)é? ' dV T d ‘y

21



Correlation in Fourier space:
The Power spectrum

P(k) = %/(5(.'11)(5(3/)6_““(‘"_y)(l\f}d\/y
r=x—vy.
Average over a volume E(r) =0y +r)d(y))y = l / oy +r)d(y)dV,
——> P(k) = /g(r)e—ikrdv
— Fourier conjugates
Conversely £(r) = (27)~° / P(k)e™ d*k

Assuming statistical _47r/€ sull.l 2

. . redr
homogeneity and isotropy 22



Quiz time

1. Why two point correlations are so important?

2. What would be the correlation function for filaments?
3. Why is Fourier space so useful?

4. Why we assume Gaussian fields?

5. What could be the complications in real life?



Two complications: Finite size and discreteness




Two complications: Finite size and discreteness

Finite size

W (x) = constant inside the survey
Wi(x) =0 outside

Window function

Conventional normalization /l-"l""(:]:)(ll-f" =1
Inside the survey W (z) =1/V

Redefined fluctuation field ds = o(x)VW(x)
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Two complications: Finite size and discreteness

0s = o(x)VW (x)

Discreteness
normalization /P(X)dsf =M
Z m,-/dp(x —x;)dx = Z m; = M
density field of discrete points p(x) = Z mip(x — x;)
density contrast 5(x) = px) e >_i MIp(X — X;) it Z mép(X — X;)
of discrete points 0 0
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Two complications: Finite size and discreteness

0s =0(x)VIW (x)

| * MmO (X — X;
5(x)=@—l=z"m p(x x”)—l=—,
£0 £0 N

miép(x — x;) — 1

(]

Density contrast
for a finite-size
discrete distribution

ds(z) = (/)/()(I)) — 1) VIW(x) = ‘T/ Z m;w;0p(x — x;) — VW (x)

w; = VW (x;). (1 inside, O outside survey)
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Two complications: Finite size and discreteness

ds(x) = (p/()())) - 1) VW(z) = ‘T/ Z m;w;0p(x — x;) — VW (x)

]

w; = VIW(x;)l

Fourier transform

Fourier modes 1 V _ 1 _
for a finite-size 0p = — - Z m;w;0p — VW (x) ekrdy = — Z miw; e — Wy
. L V N & N &
discrete distribution i i
window function Wi = | W(z) etk 1/
In k-space | R
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Two complications: Finite size and discreteness

window function ; : ikax 3y 7
Wi = | W(z)e*=aV
In k-space

Spherical top-hat Wi(x) = 1/V inside a spherical volume V of radius R 3
window function W(xz) = 0 outside ;
s
' kx <
W) TW( ) :
" y l' 'l T
W, = / W (z)e™*dV =V ! / ellexdy [ 1) E
|| 'l ’é
3 R 2 : l; III a
— !_R_;‘/ 7‘2(l7’/ ezkr cos Gd COS O(I(D | ‘|I| §
dm -7 A~/ \ /\\/ ~ K 3
R 2 _10m \ [2r|2r\ / " 107 3
3. _- Yo T ¢ D \/"o| D \V/ D S
= —R—.; elkr — e_z T ,—(lr L
2 ( ) ikr 8

The window function is only important

_ 3p-? /R rsin kr B 3sin kR — kRcoskR
for scales as large as the survey (k — 0)

i (kR)3
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https://www.sciencedirect.com/book/9780120887606/structural-health-monitoring

Two complications: Finite size and discreteness

Fourier modes V | 1

. . . ) Y- ne - /_.' ',,r T - ikxr / /_.v — re
f(?ra f|n|te--5|z.e | O = lT N E mw;0p — VW (z) | e"*d} N E m;w;er Wi
discrete distribution i i

Quiz: where is the random variable?

We don’t know the galaxy masses; so we use number counts, i.e. m=1

P(k) = V{6.6)

1
Volume average { E w,-e”"‘“)\..-' =

21\ T E : ET e 51T Y7
Vv j\ - F / I ‘ ( x ) & d ‘




Two complications: Finite size and discreteness

/ 1 .
0 = — (‘ Z mw;0p — VW( )) etz qy =N Z mw; e — Wy

Power spectrum V ik(i—a ) xrD
for a finite-size set P(k) = N Z wyw; (e Ty — VW
of particles ij
If positions are uncorrelated (e™™=i==i)} yanishes except for x=x;

.7

N
Shot-noise spectrum Belli= Z

.?' .?'

B3



A related statistic: Counts in Cells

2 N3

Q)

G

Q@
@

moments

N
m=(N;) = £,

n

ma= (V7) = B

My ()= ((N; — 717111)2)




Infinitesimal cells

=0,1

N;

2.jM;
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Integral moments

(N%) = (Z ni an) = Z(nf) + Z(n,—,nj} =

No 4+ NZ / AV;dV; W, W;[1 + &,]

WdV; = dV;’

define g = /(ll/’l*(ll/iz*flg
then (N?) = Nog + N} + N§o?

and the varianceis My = Ny ?({(N?) — N3) = N; ' + o°

p

Shot noise



Integral moments

volume aver 9 A i
olume a e age . g = d‘l (l""r) 512
of correlation function ~

o2 = (2m) 3 / P(k)e™ 2w Wodkd®r  d®ry

And finally o5 = (27%)"" /P(l.') Wz (k)k*dk

Relation between moments of the counts in cells and the power spectrum.
The higher is o the stronger the clustering

o2 =~ [(.1?)2 o = 1 implies strong non-linearity

Today we measure Ogmpc/n = 0.8



The structure of the large scale structure

large scales small scales
. mildly strongly
super-horizon scales linear scales non-linear scales non-linear scales
>
relativistic linear pert. theory non-linear N-body simulations
corrections pert. theory
k =~ aH =0.002 h/Mpc k =~ 0.1 h/Mpc k =~ 0.3 h/Mpc

A =~ 3000 Mpc/h A~ 60 Mpc/h A =20 Mpc/h
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