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The structure of the large scale structure
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Recap: Zel'dovich approximation

position of a particle at instant t X(t) = x0 + g(t)s(x0)
e t)
density field Z.0) = pol
A% = T - 9T — 929)

o=0.5

formation of pancakes,
filaments, halos




Recap: Spherical Collapse
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Roadmap for today

« Eulerian Standard Perturbation Theory
e Convolution kernels
* Bias and redshift distortion



We obtain an eq. for §

Back to the linear fluidodynamical equations
b 6= ik
0 = —HO+IP6+ i —
Bo = -3H%0,0 H2=81Q, dp
H B =
+ (1 + W)O - §Q,.,,o =0
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General form for the
growth rate

F=1+H/H=3(1-3wpeQpE)

S = 3Q,./2.

f'+fP+Ff-S=0



Back to the linear fluidodynamical equations

D= e |
; gl
0 = '—'H9+C‘Szk25—|—k2¢ ik'v,
. ey 92 2 _ 8x 5
Assuming v Is irrotational v =Vgu
v = tko, = Ak
ok . E

At the linear level, we can use v,0, § interchangeably



Back to the linear fluidodynamical equations

p+v-Vp=—pV -v conservation
p(v+v-Vv)=-Vp—pVo Euler

V2® = 47p Poisson

Same steps as in linear theory, but we keep second order terms

Define density contrast 5= (p(z,t) — po(t))/po(i)
Define peculiar velocity v =vp+ Hx
Insert in the cont. eq. po(1 4 8) + pod + po(Vp+Hx) - V6 = —po(1 4 8)(V - vp + 3H)

Adopt conformal time and comoving coordinates...



Full fluidodynamical equations

p+v-Vp=—pV -v conservation
p(v+v-Vv)=-Vp—pVo Euler

V2® = 47p Poisson

Same steps as in linear theory, but we keep second order terms

, 3 Dgide
Linear equations 0 +H0—|—§a H"0=0

5=—Vv

. 3 .
0+ HO+ §a.2H2O = -V(v-Vv)
Non-linear equations  _

for pressureless fluid e V(1 +6)v
and EdS




Back to the linear fluidodynamical equations

6 =-V(1+)v

Fourier transforms /Skeik"d:}k =-V(1+ /dkeikxd3k)(/ Vk,eik’xd3k')

Apply the Nabla / ore™®™>d3k = —i / vike™d3k — i / 8k vir (k + k') Hx B g3 k!

Integrate over (2r) 3¢~ *g3y /Lei(k—k")xdz‘kde’m — /Skd3k50(k —kK") = Oy
the LHS... (2m)3

...and the RHS —ivin K" — i /5kvkr(k + K)op(k + k' — K")d*kd>k’
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Perturbation expansion: continuity

6 =-V(1+0)v

Then we get this: O + ivik = —i / Oky Vi (K1 + k2)dp (k1 + k2 — k)d?k1d k2

i
6

=51 o ~2502) 4
Now we expand:

5
0 =6 + 220 +

...and write the eq order by order in ¢
At first order we get the linear eq.
At the second:

'k ,
252) 4 292 _VQHf/a‘” 55 kg (k1 + k2)0p (K1 + ko — K)d*k1d%k2

Mode coupling!
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Perturbation expansion: continuity

262 + 20> = €2Hf/5,(i)5k2 12 - (k1 +k2)dp(k1 + ko — k)d k1 d ks

0= G(Z)JO

present value

2.

Adopt logaas time HE +HO = HG f/§1¢2

variable

kok; + koko

2 6p(ky + ko — K)d°k d*k,

Final form of continuity eq. 0 + 6’ = G2f / 81020(Kq,ko)dp(ky + ko — K)d?k1d®ky = C

[k2 - (ky + ko) ¥ ki - (ky + ko)

k‘2 k2
Symmetrization of the kernel 2 1
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Perturbation expansion: Euler

Euler equation 0+ Hb + ga.QHQcS =—-V(v-Vv)

F=1+H'/H=3(1-3wprQpE)

S BGL

...in log a time 0+FO0+Sé6=—-V(v-Vv)

9/ 4 F6 + Sd =-V {(/ Vkeikxd?:k) g V/Vk;/eiklxdgl{?,]
expanding in Fourier = —iV [/(vk : k’)vk/e"'kxeik'xd?’kd?’k’]

= / (vie - K) (v - (k + k)t = g8 g3k
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Perturbation expansion: Euler

9/ +F9+ SH = - [(/V ezkdek) V/Vk/eik/xd?)k,]
— N {/( k/) zkx zkxd3kd3k]

= / (vie - K (vir - (k + K))elEHRx B! g3k

on the RH we can use linear theory: = —29%
/ 2 k / k' "\ ik’ +k)x 331.7 13
0+ FO+ 56 = ~G* | 610 (5 - K) (55 - (k+K))e 4K d*k
so we get k.1
— —G” / erk,(k%&k’ - (k + k') et Hx g3 g/ g3
1 k-k 1 k- kK'(k' 4 k)2

K- (k+k)+ (koK) = k-kK'(k'+k) (k+k) =

with a symmetrized kernel  B(ki,ks) =

5[( L2 !2 k2k’2 [ Q2 o2
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Perturbation expansion: Euler

k K/ e 5
0 + FO+ S8 = —G? /ekek,(ﬁ . k’)(m Jea KT P

. / . /
= —G? / ekek,(}; klfg k' - (k + k))etk TRxg35/ @3k

real space

’ o'+ Fo 55:—G2/99 ki,k2)dp (k1 + ko — kK)Pk1d’k
Integrate over (2r) Je~* *d%y T o 1023 (k1,ko)op (k1 + ko )d” k1 d” k2

to get Fourier transf.
o get Fourier trans — 22 /51525(1(1’1(2)51)(1(1 + ko — k)d3k1d3ko = E



Summary

0 + i GQf /(51520’(1(1, kQ)CSD(kl + k2 = k)d3k1d3k2 =C

0 +FO+S6=—-G* / 01026(k1,k2)dp (k1 + ko — k)d?k1d*ko

= —G*f? /51525(1{1, ko)dp (ki + ko — k)d°ki1d°ke = E

and the time derivative of the first:

1
0 + 6" =2G?(f? + 5f’) /5152a(k1,k2)5p(k1 + ko — k)dPk1d’ky = C’
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Summary

6= Gfoéldza (K1, k2)8p (ks + kg — K)d3kydBky = C

0 + FO + S6 = —GQ/ 01028(k1, ko)dp (k1 + ko — k)d>k1d>ko

= —G2f /51525 kl,kg)ép(kl + ko — k)d kldgkg =

1
O o =2@H(F% < 5f’) /5152a(k1,k2)5p(k1 + ko — k)dk1d’ ko = C’

then we get '+ F§ —8S5=C'"—FE+ FC

| \

growth of the second order 5(2) — G(Q)CSIE:Q) NL terms

density contrast

Ansatz: (2] — 2
(valid only in EdS) G = AGT,
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Summary

'+ Fy —S6=C"—-E+ FC
52 =23 G = AG?,

LHS: 0"+ F§' — 86 = [(GP)"+ FG®' - SGP6 = (4(f2+ f )+2Ff—8)AG?5Y = (4 <f2+§f’>+2Ff—S>6<2>
\ /._,r TN
) Y
EdS J =l F = W25 =32 7/2
, e
52 = 3(5” + F§ — 86) = o ¢ E7+FC
I h 2G2
all together /5152 % + B + 2a]5D(k1 + ko — k)d3kyd3ks
\ l
v,\

new combined kernel 18



Final expression

C'—FE+FC
: g

2 2
G /5152 200 + B + 04]5[)(1{1 + ko — k)d kld?’kg

2
53 = ?(5" + F§ — 86) =

™

2
5@ - & / 0102[50 + 26]0p (k1 + ko — k)d*k1d%ks

final expression

2G2 k k; ko (kl +k2)2(k1k2)
= e
7 ] byt )t 24212

= G2 / 6102 F2 (K1, ko)op (k1 + ko — k)d> k1 d> ko

16p(ky + ko — K)d3kyd>ky

o o 1 1 2 (k1 ko)?
Fr = = + Zkik D
new EdS kernel 2 - 435 2(A2 kz)) e 7 K2k



final expressions

and for G...

92 1+ 5@ = 9@ 4 2G%f6D = G%f / 61000 (kq,ko)0p (k1 + ko — K)d3kqd3ks

Bk dPhs

T 09 =@ [anGalkk)iplla + ke W) T

5@ = G2 | 6,6,F>(kq.k>)0p(ky +k kdBkl d>k2
= 102 F5 (k. ko )op(ky + ko — )(Qﬂ_)g(Qﬂ_)g

=

5 ks ks b Zislkas
Fop— = P B, e
2= T Ok ks kg k1)+ 7(k1k2)
3 kike k1 ka2, 4 kiks,,
_ Gy == — 4+ =)+ =
2=7 7t lekg(kg i k1)+ 7(k1k2)
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and so on to higher orders...

d3ky d3ky d3ks
(2m)3 (2) (2m)3
d3k; dPky d3ks
(2m)3 (2m)* (27)3
dB3ky dPky dPks
(2m)3 (2m)3 (2m)3

9(3) = G3/919293G3(k1, kz, k3)5D(k1 + ko + ks — k)

__g? / 510203G (K1, ko, k3)0p (k1 + ka + ks — k)

5(3) = G3/515253F3(k1, ko, k3)5D(k1 + ko + ks — k)

F3 7&(]%'1, ko + k3)F2(k2, k3) —+ 2,8(k1, ko + kg)Gg(kQ, k3)) — Gg(kl, kz)(7a(k1 — kz, kg) =+ Qﬂ(kl -+ kg, k3))]

(5.3.53)

=l

1
G3 = E[Ba(kla ko + k) Fy(kg, ks) + 68(ky1, ko + k3)Ga(ko, k3) + Ga(ky, ko) (3a(ky + kg, kg) + 68(k1 + ko, k3))]

™ o ™ 4\

(to be symmetrized)
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Recursion relation

F.(qi,...,qn)= ni: (C;Z(jlé)(n’?"{)) [(Qn + Da(ky, ko) Ey o (Qimsts - - - An)

+26<k17 kQ)Gn—m(qm—i—la adiodinl qn)] 3 (43)

m=1

o Gn(d1y---,9m)
Gn ’ . . . , n : ’ ’ k ’ n_m m ) . . . ’ n

—|—27’Lﬁ(k1, kQ)Gn—m (qm—l—la s e qn)] ) (44)

ki=qi+...+9m, ko = g1 +.. . +qn, k=ki+ky,and F1 =G =1

(Bernardeau et al. 2001) -



W N e

Quiz time

Is the EAS assumption necessary?

What is missing in order to compare to observations?
Up to which order do we need to go?

Which random variable is Gaussian?
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now we don’t assume
anything

is the assumption G®) = AG? necessary?

1 Bk, d3k
" o . . 2/ 2 Lo . il 2
6" +F§ —S§=C'—E+FC=2G*(f* + 3f )/5152a(k1,k2)5p(k1 o =~ ) G 55 o

_@p / 51625 (ky, k)0 (ks + ko — K)d¥hyd®ks

2 ) 0 b Gk
+FG2S [ 80k, ka)ip (ks +kz —K) s s

e d3ky d3ko
=G*(2f*+ f +Ff)/515204(k1»k2)5D(k1 + ko — k) (27)3 (27)3
Bk d3ky
e / G182 (b, ko) (ks + bz — K)o o
trial solution 5@ = Gya(a)A(K) + Ga5(a)B(K)
(no longer separable) = Y
5 dPky dks
0. 100a(ky, ko) (ks + ko — k
7 / el lo)la tle — K my
2 d®ky dks
= 1028(k1, ko) (k1 +k k
7G / 25 (k1, ko) (ki +ka — )(2ﬁ)3 (27)3
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is the assumption G®) = AG? necessary?

" ! o - 2/ p2 1 / d3k1 d3k‘2
'+ F§ —S§=C"—E+FC =2G*(f +§f)/5152a(k1,k2)5p(k1 +k2—k)ww 6(2) - GQA(CL)A(k) + GQB(a)B(k)
— G2f2/6152ﬂ(k1, k2)0p (k1 + kg — k)d*k1d>ka
Bk, d3k
+ FG2f [ 81850k, ka)p (ks + kp — k)2 5 A3k, d3k
/ ¢ eGPt A(k) = 262 / 01020 (ky, ko) (k1 + ka2 — k) oz s
:G?(Qf?+f'+Ff)/5152a(k1,k2)5D(k1 ke (‘; ’“)13 é "')23 7 (QBW) (237T)
el 2 d°k, d°ks
2 2 dBky dky B(k) = =G? [ 6,628(k1,ko)(k; + ko — k
+Gf /5152ﬂ(k1,k2)51)(k1+k2—k)WW ( ) 7 / 1 2: ( 17 2)( 1 + 2 )(27,[_)3 (271—)3

7 7
, oA+ FGhs — SGoa = =G?*2f* + f + Ff) = =G*(f* + 5)
we get two equations! ; 5)
Gyp + FGyp — SGap = §G2f2
...to be solved numerically!
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Bias and RSD

back to the u(r)
real space-redshift space mapping S=rT [1 R . ]
we obtained 5. — n(s)dVs - n(r)dVy 1 J =1+ du
: - s — - 2 : — dr
this expression nodVy i (1 n Al.;(«r)) 1]
velocity along LOS tr= L s &
/g
du
but now, we don’t e n(r)dVy e 1+4(r) § = Jd iad
linearize it! * nedV,|J| 14 du 1 4 du

dr dr



Bias and RSD

n(r)dV; 1+ 6(r) o(r) — 4 u(r)
gy = —1= —1= r —p |l 4L L
nodVy|J| 1+ du 14 4 s r

5(,,4)_11_1; iks d’s duirilu : duiriﬁu
in Fourier space 5S(k):/d38[ o Jet :/ [5(7’)_%]6k+k’” :/dgr[(s(r)—%]@kJrk"

du du
l-l-a—; 1‘*’3‘;:

weused  d’s = |J|d*r /

Redshift Space Distortion Fingers-of-God
(RSD) (FoG)
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Bias and RSD

du

5(74)_61_1; iks d’s du ikr+ikLu ikr+ikEu
su(k) = [ ars(mo et = [ Eolsr) = etk = [ dtr{s(r) - et
dr dr
V.o =Ule 0 = ikov/H
: r < 1 e ) < v ._k__
ezk;u - eZkFWMO s e’Lk/JIW/JIG - eke 0/1’/-1“9

28



Bias and RSD

58(k) = /d33[(m—;ﬁ]eiks :/ d’s [5(7,,) du] ikr+ikEu /d‘3 [5( )_ du] ikr+ik X u

1+% dr dr

expand the exponential
and replace every
factor by its Fourier series

ezk%u — ezk%%pg — ezk,u%ug — 659/1#9

6kﬂ9z—g . Z (k:u)n [@H(r)]n o

n!

ko

n=0

g1 Liar [ 40G2 po —iqor g fin —iqnr
o | o [ oo [ o o).

= Z ku /d 3 Mlg(ql)/%%g(qg).-/ Ll g )e™

) qi1 (271-)3 dn

29



full
expansion

Bias and RSD

o(r) — 2% . d3s du 8, du
53 LY} — d3 dr zks:/ 5 zkr—i—zk /d3 5 . zkr—i—zkr
0= [ @l = [ Tl - g rla(r) — e
oikEu _ kI Zpe _ ikpgpe _ g Oite
ok = 30 B gy = 1+

(k)" / g s
n' (271')3 T e(ql)e /

dg(h H1

(kg!)" /

(2m)?

“oa) [

d3qa o
(2m)3

dez B2
(27)3 g2

R
H(qg)../ i

() gu

P in
(27)° ¢

d n n s mq.
An [ 0( n)e iy qsr

e(qn)e_ian

g

-/

2r)?

q—le(q )/

d>qa o

(27)% ¢

“29(qu).. [

d*qn pin ,
(27T)3 dn

(an)e

i(k—>27 qi)l‘}
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Bias and RSD

n=1

We assumed that the angle g is a constant. This is called flat-field approximation: the galaxies are so far, and
the field of view is so small in angular extension and in depth, that the angles between the vectors k, v and the
line of sight r, are constant.

now we introduce a bias §4(r) = b1d(r) + =bod(r)? + ...
expansion... 2
but unbiased velocities! 09 — 6.
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Bias and RSD

63(1{) L /d%‘[&(r) . %]{6ikr+z (klu')n/ d q1 &H(ql)/éTq)Qgﬂe(qQ)/ d qn ,u_ne(qn)ei(k—zglqi)r}

n! (2m)° q1 q2 (27)° gn

n—

1
real space dg(r) = b16(r) + §b25(r)2 + ...
. 1, [ dBq &
Fourier space §,(k) = b15(1)(k) i §1)2/ (2:)13 (2:)23 5p(k —qi — q2)5(1)(q1)5(1)(q2) .

1 3 ikr 3 ikr 3 ikr
5V (k) = /d r[byd(r) — —Je’™ = /d rby6(r)e’™ — /d —

= 61 (k) (b1 + f1?)

first-order term
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Bias and RSD

63(1{) L /d%‘[&(r) . %]{6ikr+z (klu')n/ d q1 &H(ql)/éTq)Qgﬂe(qQ)/ d qn ,u_ne(qn)ei(k—zglqi)r}

n! (2m)° q1 q2 (27)° gn

n—

1
real space dg(r) = b16(r) + §b25(r)2 + ...
. 1, [ dBq &
Fourier space §,(k) = b15(1)(k) i §1)2/ (2:)13 (2:)23 5p(k —qi — q2)5(1)(q1)5(1)(q2) .

1 3 ikr 3 ikr 3 ikr
5V (k) = /d r[byd(r) — —Je’™ = /d rby6(r)e’™ — /d —

= 61 (k) (b1 + f1?)

first-order term
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