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Introduction

membranes: D-dimensional extended objects embedded in a
d-dimensional space subject to quantum and/or thermal
fluctuations

fluctuating membranes / random surfaces occur in several
domains:
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chemical physics / biology :

(Aronovitz - Lubensky, Helfrich, David - Guitter, Le Doussal - Radzihovsky,

Nelson - Peliti,’70’s- 90’s)

=⇒ structures made of amphiphile molecules (ex: phospholipid)

one hydrophilic head
hydrophobic tails

=⇒ bilayers:
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condensed matter physics: graphene, silicene, phosphorene . . .

uni-layers of atoms located on a honeycomb lattice

striking properties:

high electronic mobility, transmittance, conductivity,. . .
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mechanical properties: both extremely strong and soft
material:

=⇒ example of genuine 2D fluctuating membrane
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Fluid vs polymerized membranes

Properties of fluid membranes

very weak interaction between molecules
=⇒ free diffusion inside the membrane plane
=⇒ no shear modulus

very small compressibility and elasticity

=⇒ main contribution to the energy: bending energy
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Energy:

point of the surface described by the embedding:

r: σσσ = (σ1, σ2)→ r(σ1, σ2) ∈ IRd

r

1e
e 2

n

σ1

σ2

x

y

z

• (σ1, σ2) ≡ local coordinates on the membrane

• tangent vectors ea =
∂r

∂σa
= ∂ar a = 1, 2

• a unit norm vector normal to (e1, e2): n̂ =
e1 × e2

|e1 × e2|
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curvature tensor K: Kab = −n̂. ∂bea = ea. ∂bn̂

Kab can be locally diagonalized with eigenvalues K1 and K2

mean or extrinsic curvature:

H =
1

2
(K1 +K2) =

1

2
TrK

Gaussian or intrinsic curvature: K = K1K2 = detK b
a

⇒ no role in fixed topology (Gauss-Bonnet theorem)

=⇒ bending energy:

F =
κ

2

∫
d2σσσ
√
g H2

gµν = ∂µr.∂νr ≡ metric induced by the embedding r(σσσ)
√
g ensures reparametrization invariance of F
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Low-temperature fluctuations in fluid membranes

a remark: with ∂an̂ = Kab e
b one has:

F =
κ

2

∫
d2σσσ (∂an̂)2 or F = −κ

′

2

∑
〈i,j〉

n̂i.n̂j

where n̂i is a unit normal vector on the plaquette i

very close to a O(N) nonlinear σ-model / Heisenberg spin
system:

- with (rigidity) coupling constant κ

- with ”spins” living on a fluctuating surface

- with d playing the role of the number of components N
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Low temperature: Monge parametrization
x = σ1, y = σ2 and z = h(x, y) with h height, capillary mode

r(x, y) = (x, y, h(x, y))

n̂(x, y) =
(−∂xh,−∂yh, 1)√

1 + |∇∇∇h|2

n̂(x, y). ez = cos θ(x, y) =
1√

1 + |∇∇∇h|2
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Free energy:

F ' κ

2

∫
d2x (∆h)2 +O(h4)

flat phase ? =⇒ fluctuations of θ(x, y) ?

〈θ(x, y)2〉 = kBT

∫
d2q

1

κ q2
' kBT

κ
ln

(
L

a

)
→∞

=⇒ no long-range order between the normals
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At next order in h, κ is renormalized and decreased at long
distances.:

κR(q) = κ− 3kBT

2π

(
d

2

)
ln

(
1

qa

)
=⇒ divergence of 〈θ(x, y)2〉: worse

=⇒ strong analogy with 2D-NLσ model:

correlations: 〈n̂(r).n̂(0)〉 ∼ e−r/ξ

correlation length – mass gap: ξ ' a e4πκ/3kBTd

d/2 =⇒ N − 2

nothing really new . . .
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Polymerized membranes

ex:
- organic: red blood cell, . . .
- inorganic: graphene, phosphorene, . . .

made of molecules linked by V (|ri − rj|)

=⇒ free energy built from both bending and elastic energy
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Free energy and low-temperature fluctuations in
polymerized membranes

reference configuration: r0(x, y) = (x, y, z = 0)

fluctuations: r(x, y) = r0 + ux e1 + uy e2 + h n̂

h(x,y)

u
u

y

z

x

x

y

r(x  )α
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stress tensor: uab = 1
2 (∂ar.∂br− ∂ar0.∂br0) = 1

2 (∂ar.∂br− δab)

=⇒ uab =
1

2
[∂aub + ∂bua + ∂au.∂bu + ∂ah ∂bh]

uν describes the longitudinal – phonon-like – degrees of
freedom

h describes height, capillary – degrees of freedom

free energy:

F '
∫
d2x

[
κ

2
(∆h)2 + µ(uab)

2 +
λ

2
(uab)

2

]
κ ≡ bending rigidity λ, µ ≡ elastic coupling constants

non-trivial coupling between longitudinal - in plane - and
height fluctuations =⇒ frustration of height fluctuations
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Gaussian approximation on phonon fields:

uab '
1

2
[∂aub + ∂bua + ∂ah ∂bh]

integrate over u:

Feff =
κ

2

∫
d2x (∆h)2 +

K
8

∫
d2x

(
P Tab ∂ah ∂bh

)2
P Tab = δab − ∂a∂b/∇2

κ bending, rigidity coupling constant

K = 4µ(λ+ µ)/(2µ+ λ): Young elasticity modulus
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Self-consistent screening approximation (SCSA)
∼ Schwinger-Dyson equation closed at large d

κeff (q) = κ+ kBTK
∫
d2k

[
q̂a P

T
ab q̂b

]2
κeff (q + k)|q + k|4

=⇒ κeff (q) ∼
√
kBTK
q

rigidity increased by fluctuations !

normal fluctuations:

〈θ(x, y)2〉 = kBT

∫
d2q

1

κeff (q)q2
< ∞!

=⇒ Long-range order between normals even in D = 2 !
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polymerized membranes =⇒ possibility of spontaneous
symmetry breaking in D = 2 and even in D < 2

=⇒ low-temperature - flat - phase with non-trivial
correlations in the I.R.


Ghh(q) ∼ q−(4−η)

Guu(q) ∼ q−(6−D−2η)

with η 6= 0 =⇒ associated e.g. to stable sheet of graphene
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Perturbative approach of the flat phase

(Aronovitz and Lubensky’88)

Field theory of the flat phase:

F '
∫
d2x

[
κ

2
(∆h)2 + µ(uab)

2 +
λ

2
(uaa)

2

]
=⇒ perturbative expansion in λ̄ ≡ λ/κ2 and µ̄ ≡ µ/κ2 in
Duc = 4− ε

non-trivial fixed point governs the flat phase

increasing rigidity κeff (q) ∼ q−η =⇒ orientational order ↗
decreasing elasticity Keff (q) ∼ qη =⇒ positional disorder ↘

' ripples formation
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However:

flat phase properties: very poorly determined in D = 2
because Duc = 4

SCSA or weak-coupling tedious beyond leading order due to

derivative interaction
multiplicity of fields: h, u
propagator structure:

Capillary modes: Gαβ(q2) =
δαβ
κ q4

Phonon modes: Gij(q
2) = G1(q2)

[
δij − qi qj

q2

]
+G2(q2)

qi qj
q2

with:
G1(q2) =

1

κ q4 + ζ2 µ q2

G2(q2) =
1

κ q4 + ζ2 (2µ+ λ) q2
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FRG approach to polymerized membranes

(Kownacki and D.M.’08, Essafi, Kownacki and D.M.’14, Coquand and

D.M.’16)

Effective action: Γk[∂µr] expanded around the flat phase
configuration:

r(x) = ζ

D∑
α=1

xα eα

Γk [∂µr] =

∫
dDx

Z

2
(∂α∂αr)2 +

+ u1
(
∂αr.∂βr− ζ2 δαβ

)2
+ u2

(
∂αr.∂αr−D ζ2

)2
+ . . .
+ . . .
+ u10

(
∂αr.∂βr− ζ2 δαβ

) (
∂βr.∂γr− ζ2 δβγ

)
×(

∂γr.∂δr− ζ2 δγδ
) (

∂δr.∂αr− ζ2 δδα
)
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Flat phase: η = 0.849 (SCSA: 0.821 (Le Doussal and

Radzihovsky’92)

MC computation with a interatomic potential for graphene:
η = 0.850 ! (Los, Katsnelson, Yazyev, Zakharchenko and Fasolino’09)

amazingly:

no correction beyond the leading order in field: (∂r)4 !
(Essafi, Kownacki and D.M.’14)

almost no correction beyond the leading order in
field-derivatives ∂4 !
(Braghin and Hasselmann’10)

key point: graphene very well described by the ordered phase
of a derivative-“φ4-like” theory at leading order !
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Extension to membranes in various physical situations :

anisotropic membranes =⇒ tubular phase
(Essafi, Kownacki and D.M.’11)

production of organic nanotubes
applications in bio- and nano-technology (drug delivery
devices, electrochemical sensors, etc)
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anisotropy between the x and y directions

Γk[r] =

∫
dx dy

{
Zy
2

(∂2yr)2 + tx(∂xr)2 +
uy
2

(∂yr.∂yr− ζ2y )2

}

transition between a crumpled phase with ζy = 0 at high T
and a tubular phase with ζy 6= 0 at low T

general phenomenon of anisotropic scaling: q⊥ ∝ q2y

Lifshitz critical behaviour: disordered+homogenous ordered+
spatially modulated, phases meet together

Horava-Lifshitz theory/gravity: breaks Lorentz invariance

S =

∫
dt dDx

{1

2
(∂tφ)2 − 1

2
(∂zi φ)2 + V (φ)

}
=⇒ improves UV behaviour
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Upper critical dimension: D = 5/2 ”very close” to D = 2

=⇒ ε = 5/2−D in good position ?

• perturbatively: η = −0.0015 < 0 ! (rigidity: κ ∼ 1/qη)

ε-expansion: “unreliable” and “qualitatively wrong”
(Radzihovsky and Toner’95)

• FRG approach:
(Essafi, Kownacki and D.M.’11)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

λ

0.358

0.360

0.362

0.364

η

.

.

.

η = 0.358(4) > 0 to be compared to MC data . . . 26 / 34
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effects of quantum fluctuations on the flat phase of
polymerized membrane / graphene
(quantum fluctuation important up to T ∼ 1000 K )

perturbative approach: (Kats and Lebedev.’14, Amorim et al’14)

quantum membranes at T = 0 asymptotically free in the UV !
=⇒ unstable wrt quantum fluctuations !
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preliminary work: FRG flow from the effective action for quantum
membranes (Coquand and D.M.’16)

Γ [r] =

∫ β

0
dτ

∫
dDx

{
ρ

2
(∂τr)2 +

κ

2
(∂γ∂γr)2

+
µk
4

(
∂γr.∂νr− ζk2δγν

)2
+
λk
8

(
∂γr.∂γr−Dζk2

)2}
RG equations λk, µk and ζk

quantum membranes governed by a IR trivial fixed point
=⇒ stability of quantum membranes at T=0

cross-overs:
quantum to classical regime
classical weak-coupling to classical strong-coupling regime

=⇒ improved with respect to SCSA approach

(see O. Coquand, ERG 2016 and Phys. Rev. E 94, 032125 (2016)) 28 / 34
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effect of disorder

origin: imperfect polymerization, protein, etc

isotropic defects =⇒ elastic disorder
anisotropic defect =⇒ curvature disorder
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Hamiltonian:

H[r] =

∫
dDx

{
κ

2

(
∂µ∂µr(x)− c(x)

κ

)2

+λ

(
∂µr(x).∂νr(x)− ζ2δµν(1 + 2m(x))

)2

+µ

(
∂µr(x).∂µ.r(x)− ζ2D(1 + 2m(x))

)2
}

with c(x) and m(x) Gaussian random fields

average over (quenched) disorder using replica trick:

F = logZ = lim
n→0

Zn − 1

n
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=⇒ effective action with interacting replica :

Γ[r] =

∫
ddx

∑
α

{
κ

2

(
∂i∂ir

α(x)

)2

+
λ

8

(
∂ir

α(x).∂ir
α(x)−Dζ2

)2

+
µ

4

(
∂ir

α(x).∂jr
α(x)− ζ2δij

)2
}

−∆κ

2

∑
α,β

∂i∂ir
α(x).∂j∂jr

β(x)

−∆λ

8

∑
α,β

(
∂ir

α(x).∂ir
α(x)−Dζ2

)(
∂jr

β(x).∂jr
β(x)−Dζ2

)
−∆µ

8

∑
α,β

(
∂ir

α(x).∂jr
α(x)− ζ2δij

)(
∂ir

β(x).∂jr
β(x)− ζ2δij

)

with ∆κ,∆λ,∆µ disorder variances
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SCSA: (Radzihovsky and Nelson’91)

κDeff (q) = κeff (q) +∆κ K
∫
d2k

[
q̂a P

T
ab q̂b

]2
κeff 2(q + k)|q + k|4

−(∆λ + ∆µ) K2

∫
d2k

[
q̂a P

T
ab q̂b

]2
κeff (q + k)|q + k|4

with κeff renormalized only by thermal fluctuations

weak coupling (Morse and Lubensky’92)

=⇒ stability of the ordered fixed point

FRG approach (Coquand, Essafi, Kownacki, D.M.’17): new fixed
point not seen within perturbation theory

new failure of perturbative approach ?
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Conclusion

Perturbative approaches of membranes fail in several situations

D = 2 far from the upper critical dimension Duc

Duc is fractional

missing of fixed point ?

. . .

The FRG seems efficient in all these cases . . . but
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Prospects

self-avoidance (David, Duplantier, Guitter, Le Doussal, Wiese)

H = H0 +
b

2

∫
dDx dDy δ(r(x)− r(y))

=⇒ disappearance of the – high T – crumpled phase ?

problem: non-locality in D-space

graphene-like systems: interaction between electronic and
membranes degrees of freedom

=⇒ fermionic matter coupled to fluctuating metric

H = −i
∫
d2x
√
g Ψ̄ γaeia(∂i + Ωi)Ψ

with: gij = δij + 2uij
(Coquand, Le Doussal, D.M., Radzihovsky) 34 / 34
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