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What’s the name of the game?

Goal: a consistent quantum field theory describing gravity on all scales
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Asymptotic Safety as a successful quantum theoy (for nature )

a) non-Gaussian fixed point (NGFP)

◦ controls the UV-behavior of the RG-trajectory

◦ ensures the absence of UV-divergences
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a) non-Gaussian fixed point (NGFP)

◦ controls the UV-behavior of the RG-trajectory

◦ ensures the absence of UV-divergences

b) NGFP has finite-dimensional UV-critical surface SUV

◦ fixing the position of a RG-trajectory in SUV

⇐⇒ experimental determination of relevant parameters

◦ required for predictivity

c) connection to observable low-energy physics:

◦ tests of general relativity (cosmological signatures, . . .)

◦ compatibility with standard model of particle physics at 1 TeV

(light fermions, Yukawa couplings, Higgs potential, . . .)

d) structural demands:

◦ background independence, unitarity, . . .

◦ resolution of singularities: (black holes, Landau poles, . . .)
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The Asymptotic Safety sloganizer

Gravity rules!
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The Asymptotic Safety sloganizer

Gravity rules!

Matter matters!

Time matters!
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Perturbative quantization of General Relativity

Dynamics of General Relativity governed by Einstein-Hilbert action

SEH =
1

16πGN

∫

d4x
√
g
[

−R+ 2Λ
]

• Newton’s constant GN has negative mass-dimension
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• Newton’s constant GN has negative mass-dimension

Wilsonian picture of perturbative renormalization:

⇒ dimensionless coupling constant attracted to GFP (free theory) in UV

• introduce dimensionless coupling constants

gk = k2GN , λk ≡ Λk−2

• GFP: flow governed by mass-dimension:

k∂kgk =2g +O(g2)

k∂kλk = − 2λ+O(g)
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• introduce dimensionless coupling constants
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General Relativity is not asymptotically free

– p. 6/33



Quantizing general relativity
[M. H. Goroff and A. Sagnotti, Phys. Lett. B160 (1985) 81]

[A. E. M. van de Ven, Nucl. Phys. B378 (1992) 309]

quantizing the Einstein-Hilbert action

S = − 1

16πG

∫

d4x
√
g R

has a two-loop divergence =⇒ hallmark of perturbative non-renormalizability

Sdiv =
1

ǫ

209

2880

1

(16π2)2

∫

d4x
√
g Cµν

ρσ Cρσ
αβ Cαβ

µν .
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g Cµν

ρσ Cρσ
αβ Cαβ
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the Goroff-Sagnotti challenge mastered:
[H. Gies, S. Lippholdt, B. Knorr, F.S., Phys. Rev. Lett. 116 (2016) 211302]

Γk =
1

16πGk

∫

d4x
√
g (−R+ 2Λk) + σ̄k

∫

d4x
√
g Cµν

ρσ Cρσ
αβ Cαβ

µν + . . .

possess a NGFP with two relevant directions:

NGFPGS : λ∗ = 0.193, g∗ = 0.707, σ∗ = −0.305

θ1,2 = 1.475± 3.043i , θ3 = −79.39 .
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renormalization group flows

in the presence of a foliation
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Technical routes towards asymptotic safety

starting point: path integral over metrics

Z =

∫

Dĝ e−S[ĝ]

• FRGE

∂tΓk[hµν ; ḡµν ] =
1
2
STr

[

(

Γ
(2)
k

+Rk

)−1
∂tRk

]

◦ linear split: ĝµν = ḡµν + hµν

◦ exponential split: ĝµν = ḡµρ
[

eh
]ρ

ν
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◦ linear split: ĝµν = ḡµν + hµν

◦ exponential split: ĝµν = ḡµρ
[

eh
]ρ

ν

• Euclidean Dynamical Triangulations (EDT)

Z =
∑

triangulations

(det ĝ)β e−SEH[ĝ]

• Causal Dynamical Triangulations (CDT)

Z =
∑

causal triangulations

e−SEH[ĝ]
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A fundamental puzzle

FRGE:

• existence of NGFP well-established

• extension to gravity-matter models possible

Causal Dynamical Triangulations (CDT):

• phase diagram contains 2nd order phase transition

=⇒ possible continuum limit

Euclidean Dynamical Triangulations (EDT):

• phase transition is 1st order

=⇒ existence of continuum limit questionable
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• extension to gravity-matter models possible

Causal Dynamical Triangulations (CDT):

• phase diagram contains 2nd order phase transition

=⇒ possible continuum limit

Euclidean Dynamical Triangulations (EDT):

• phase transition is 1st order

=⇒ existence of continuum limit questionable

Conclusions:

• measure in partition function can manifestly change physics

• foliation structure underlying CDT is important

construct a FRGE tailored to CDT
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renormalization group flows

in the ADM-formalism
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Introducing time through the ADM formalism

Preferred “time”-direction via foliation of space-time

• foliation structure Md+1 = R×Md with yµ 7→ (t, xa):

ds2 = N2dt2 + σij
(

dxi +N idt
) (

dxj +Njdt
)

• fundamental fields: gµν 7→ (N,Ni, σij)

gµν =





N2 +NiN
i Nj

Ni σij




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FRGE for the ADM-formalism

• fundamental fields: {N(t, x), Ni(t, x), σij(t, x)}

N = N̄ + N̂ , Ni = N̄i + N̂i , σij = σ̄ij + σ̂ij

• symmetry: general coordinate invariance inherited from γµν :

δγµν = Lv(γµν) , vα = (f(t, x) , ζa(t, x))

induces

δN = f∂tN + ζk∂kN +N∂tf −NN i∂if ,

δNi = Ni∂tf +NkN
k∂if + σki∂tζ

k +Nk∂iζ
k + f∂tÑi + ζk∂kNi +N2∂if

δσij = f∂tσij + ζk∂kσij +Nj∂if +Ni∂jf + σjk∂iζ
k + σik∂jζ

k

Non-linearity of ADM-decomposition: symmetry realized non-linearly

=⇒ background Diff(M)-symmetry broken to foliation preserving diffeos

k∂kΓk[hµν ; ḡµν ] =
1
2
STr

[

(

Γ
(2)
k

+Rk

)−1
k∂kRk

]
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renormalization group flows on

cosmological backgrounds
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Off-shell flows in the ADM formalism

Einstein-Hilbert action in ADM variables

Γgrav
k

=
1

16πGk

∫

dtddxN
√
σ
[

KijK
ij −K2 − R+ 2Λk

]

background: flat Friedmann-Robertson-Walker spacetime

N̄ = 1 , N̄i = 0 , σ̄ij = a2(t)δij .

fluctuations: adapted to cosmological perturbation theory

N̂i =ui + ∂i
1√
∆
B , ∂i ui = 0

σ̂ij =hij −
(

σ̄ij + ∂i∂j
1
∆

)

ψ + ∂i∂j
1
∆
E + ∂i

1√
∆
vj + ∂j

1√
∆
vi .
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σ̂ij =hij −
(

σ̄ij + ∂i∂j
1
∆

)

ψ + ∂i∂j
1
∆
E + ∂i

1√
∆
vj + ∂j

1√
∆
vi .

unique gauge-fixing of diffeomorphisms

F = ∂t N̂ + ∂iN̂i − 1
2
∂tσ̂ +

2(d−1)
d

K̄N̂,

Fi = ∂tN̂i − ∂iN̂ − 1
2
∂iσ̂ + ∂j σ̂ji + (d− 2)K̄ijN̂

j ,
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Gauge-fixing in the ADM formalism (flat space)

δ2Γgrav
k

Index matrix element of 32πGk δ
2Γgrav

k

hh −∂2t +∆− 2Λk

v v 2
[

− ∂2t − 2Λk

]

E E −Λk

ψ ψ −(d− 1)
[

(d− 2) (−∂2t +∆)− (d− 3) Λk

]

ψE − 1
2
(d− 1)

[

− ∂2t − 2Λk

]

N̂ N̂ 0

BB 0

uu 2∆

u v −2 ∂t
√
∆

B ψ 2 (d− 1)
√
∆ ∂t

N̂ ψ 2 (d− 1)
[

∆− Λk

]

N̂ E −2Λk
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Gauge-fixing in the ADM formalism (flat space)

δ2Γgrav
k

+ Sgf

Index matrix element of 32πGk

(

δ2Γgrav
k

+ Sgf
)

hh −∂2t +∆− 2Λk

v v 2
[

− ∂2t +∆− 2Λk

]

E E 1
2

[

−∂2t +∆− Λk

]

ψ ψ
(d−1)(d−3)

4

[

− ∂2t +∆− 2Λk

]

ψE − 1
2
(d− 1)

[

− ∂2t +∆− 2Λk

]

N̂ N̂ −∂2t +∆

BB −∂2t +∆

uu 2
[

−∂2t +∆
]

u v ✘
✘
✘
✘−2 ∂t

√
∆

B ψ
✭
✭
✭
✭

✭
✭✭

2 (d− 1)
√
∆ ∂t

N̂ ψ (d− 1)
[

−∂2t +∆− Λk

]

N̂ E −∂2t +∆− 2Λk
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RG flows in the ADM formalism

Einstein-Hilbert action in ADM variables

Γgrav
k

=
1

16πGk

∫

dtddxN
√
σ
[

KijK
ij −K2 − R+ 2Λk

]

background: flat Friedmann-Robertson-Walker spacetime

N̄ = 1 , N̄i = 0 , σ̄ij = a2(t)δij .

fluctuations: adapted to cosmological perturbation theory

N̂i =ui + ∂i
1√
∆
B , ∂i ui = 0

σ̂ij =hij −
(

σ̄ij + ∂i∂j
1
∆

)

ψ + ∂i∂j
1
∆
E + ∂i

1√
∆
vj + ∂j

1√
∆
vi .

unique gauge-fixing of diffeomorphisms

F = ∂t N̂ + ∂iN̂i − 1
2
∂tσ̂ +

2(d−1)
d

K̄N̂,

Fi = ∂tN̂i − ∂iN̂ − 1
2
∂iσ̂ + ∂j σ̂ji + (d− 2)K̄ijN̂

j ,

well-defined Hessian Γ
(2)
k

with relativistic propagators
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beta functions for the gravity-matter system

βg =(2 + η) g ,

βλ =(η − 2)λ+
g

4π

[

(

3 + 4
1−2λ

+ 6−10λ
Bdet(λ)

)(

1− η
6

)

− 8
]

anomalous dimension of Newton’s constant:

η =
16πg B1(λ)

(4π)2 + 16πg B2(λ)

and

B1(λ) ≡− 41
9

+ 11
6 (1−2λ)

− 5
6 (1−2λ)2

+ 3−5λ
3Bdet(λ)

+ 7−124λ+196λ2

24Bdet(λ)
2

B2(λ) =
1
36

+ 11
24 (1−2λ)

− 5
36 (1−2λ)2

+ 3−5λ
12Bdet(λ)

+ 7−124λ+196λ2

144Bdet(λ)
2
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Einstein-Hilbert-truncation on cosmological background
J. Biemans, A. Platania and F. Saueressig, arXiv:1609.04813
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adding minimally coupled matter fields
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Minimally coupled matter fields in ADM

Supplement Einstein-Hilbert action by

• NS minimally coupled scalar fields

Sscalar =
1

2

NS
∑

i=1

∫

dtddxN
√
σ
[

φi ∆0 φ
i
]

• NV abelian gauge fields (gauge-fixed)

Svector =
1

4

NV
∑

i=1

∫

dtddxN
√
σ
[

gµνgαβF i
µαF

i
νβ

]

+
1

2ξ

NV
∑

i=1

∫

dtddxN̄
√
σ̄
[

ḡµνD̄µA
i
ν

]2
+

NV
∑

i=1

∫

dtddxN̄
√
σ̄
[

C̄i ∆0 C
i
]

• ND Dirac spinors

Sfermion = i

ND
∑

i=1

∫

dtddxN
√
σ
[

ψ̄i /∇ψi
]

.
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beta functions for the gravity-matter system

βg =(2 + η) g ,

βλ =(η − 2)λ+
g

4π

[

(

3 + 4
1−2λ

+ 6−10λ
Bdet(λ)

)(

1− η
6

)

− 8 + dλ

]

anomalous dimension of Newton’s constant:

η =
16πg B1(λ)

(4π)2 + 16πg B2(λ)

and

B1(λ) ≡− 41
9

+ 11
6 (1−2λ)

− 5
6 (1−2λ)2

+ 3−5λ
3Bdet(λ)

+ 7−124λ+196λ2

24Bdet(λ)
2

+ 1
6
dg

B2(λ) =
1
36

+ 11
24 (1−2λ)

− 5
36 (1−2λ)2

+ 3−5λ
12Bdet(λ)

+ 7−124λ+196λ2

144Bdet(λ)
2

Type I regulator:

dg = NS −NV −ND , dλ = NS + 2NV − 4ND
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Gravity-matter fixed points are quite common

dg = NS −NV −ND , dλ = NS + 2NV − 4ND
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multi-fixed point systems exist
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most matter sectors are in a good region!

model NS ND NV g∗ λ∗ θ1 θ2

pure gravity 0 0 0 0.78 +0.32 0.50± 5.38 i

Standard Model (SM) 4 45
2

12 0.75 − 0.93 3.871 2.057

SM, dark matter (dm) 5 45
2

12 0.76 − 0.94 3.869 2.058

SM, 3 ν 4 24 12 0.72 − 0.99 3.884 2.057

SM, 3 ν, dm, axion 6 24 12 0.75 − 1.00 3.882 2.059

MSSM 49 61
2

12 2.26 − 2.30 3.911 2.154

SU(5) GUT 124 24 24 0.17 +0.41 25.26 6.008

SO(10) GUT 97 24 45 0.15 +0.40 19.20 6.010

– p. 27/33



renormalization group flows on

CDT backgrounds S
1
× S

d
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Off-shell flows in the ADM formalism

Einstein-Hilbert action in ADM variables

Γgrav
k

=
1

16πGk

∫

dtddxN
√
σ
[

KijK
ij −K2 − R+ 2Λk

]

background: S1 × Sd

N̄ = 1 , N̄i = 0 , σ̄ij = σ̄ij(r)|Sd .

fluctuations: adapted to cosmological perturbation theory

N̂i =ui + D̄i
1√
∆
B , D̄i ui = 0

σ̂ij =hij + D̄i
1√
∆
vj + D̄j

1√
∆
vi +

(

D̄iD̄j + 1
d
σ̄ij∆

)

ψ + 1
d
σ̄ijh .

unique gauge-fixing of diffeomorphisms

Sgf =
1

32πGk

∫

dtddy
√
σ̄
[

F 2 + Fiσ̄
ijFj

]

F = ∂t N̂ + D̄iN̂i − 1
2
∂tσ̂ , Fi = ∂tN̂i − D̄iN̂ − 1

2
D̄iσ̂ + D̄j σ̂ji

– p. 29/33
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Phase diagrams on S1
× S3

Type I, linear Type I, exponential
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Type II, linear Type II, exponential
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IR completion of the flow: Type II - linear

-4 -2 0 2 4 6 8
ln k

0.01

1

100

104

106

L

-4 -2 0 2 4 6 8
ln k

10-6

10-5

10-4

G

flow approaches quasi-fixed point C:

• dimensionful Newton’s constant: limk→0Gk = 0

• dimensionful cosmological constant: limk→0 Λk = 0

!!! transition to IR-phase at Hubble-horizon scales !!!
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outlook
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CDT correlation functions
[J. Ambjørn, et. al., Phys. Rev. D 94 (2016) 044010]

Best measured correlation functions build from spatial volumes V3:

• expectation value of volume profiles: 〈V3(t) 〉

• correlators for volume fluctuations: 〈 (δV3(t)) (δV3(t′)) 〉

S1 × S3

S1 × T 3

now within reach of the FRGE based on the ADM-formalism

– p. 33/33



CDT correlation functions
[J. Ambjørn, et. al., Phys. Rev. D 94 (2016) 044010]

Best measured correlation functions build from spatial volumes V3:

• expectation value of volume profiles: 〈V3(t) 〉

• correlators for volume fluctuations: 〈 (δV3(t)) (δV3(t′)) 〉

S1 × S3

S1 × T 3

now within reach of the FRGE based on the ADM-formalism

Thank you!
– p. 33/33
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