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Abstract

Vesicle-mediated secretion of ions or molecules is a central mechanism of cellular communication,
for example in processes such as neurotransmission or hormone release. These events are inher-
ently stochastic: vesicle fusions lead to bursts of variable sizes, releasing discrete packets of trans-
mitters that are subsequently cleared or degraded. The dynamics are intrinsically time-directed due
to the interplay of spontaneous bursts and continuous degradation. Using generating functions
and a recursion relation, we derive an exact solution for the full time-dependent probability dis-
tribution of a general batch arrival-degradation model. This framework also enables a full analysis
of first-passage times to a concentration threshold representing downstream activation. We show
that activation kinetics are not determined by mean dynamics alone, but depend sensitively on the
temporal statistics of arrival events, batch-size variability, and degradation. In particular, different
arrival processes with identical mean rates can lead to qualitatively distinct first-passage behavior,
reflecting the role of time-asymmetric fluctuations. We also discuss extensions incorporating vesi-
cle depletion. Our results provide a transparent link between stochastic release dynamics and acti-
vation timing in vesicle-mediated signaling.

1. Introduction

Biological cells communicate through many different channels, including biochemical, adhesive and
mechanical signals [1]. The prototypical type of cell-cell communication is the release of a biochemi-
cal signal, e.g. a growth factor or a cytokine, into the surrounding medium, which is then sensed and
processed by other cells [2]. In some biological situations of interest, the release process occurs through
vesicle secretion, such that large numbers of molecules are released at the same time. One example is the
neuronal synapse, where signaling is very local, from the presynaptic to the postsynaptic cell, as shown
schematically in figure 1(A) [3-5]. Another example is endocrine signaling, where hormones are released
into the bloodstream for long-range signaling in the body, as shown schematically in figure 1(B) [6].

In either case, signaling molecules are released through stochastic vesicle fusion events, leading to a dis-
crete, quantized increase in the local molecular count, and are removed through transport and degrada-
tion processes [7]. The resulting dynamics are therefore shaped by spontaneous increases (bursts) rather
than showing smooth deterministic trajectories [8—11]. Bursts of activity also occur in gene expression,
where bursts arise from intermittent promoter activity and finite mRNA lifetimes [12—18], as described
by appropriate stochastic equations [19—-24]. However, in marked contrast to vesicle-mediated release,
transcriptional or translational burst sizes of gene expression are geometrically distributed, often with
time-homogeneous production and degradation rates [25, 26], while the molecular count of a single
vesicle is more naturally described by binomial statistics, reflecting the finite number of release sites and
probabilistic vesicle fusion [9, 27-30].
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Figure 1. Stochastic burst-degradation dynamics in cellular communication. (A) Synaptic signaling: Neurotransmitter molecules
are released in discrete batches from synaptic vesicles into the synaptic cleft following neuronal stimulation. Molecules dif-
fuse, bind to postsynaptic receptors, and are cleared by uptake or enzymatic degradation. (B) Endocrine signaling: Hormone-
containing vesicles in an endocrine cell release bursts of molecules into the bloodstream. The hormones are transported,
degraded, or diluted, and activate distant target cells once the local concentration exceeds an effective threshold. (C) The
molecule count in these systems becomes a stochastic variable (blue line) that is shaped by batch-release jumps and expo-
nential decay due to degradation. Such a stochastic description is crucial to describe downstream activation that is triggered

if the molecule count exceeds a certain value (red area), as deterministic predictions and typical variations around it (gray
area) may fail to capture the threshold-crossing event. (D) Schematic of the stochastic burst-degradation model. Molecules are
removed from the system at a degradation rate +y, while bursts occur at a (generally time-dependent) rate «(t). Each burst adds
m molecules to the system with probability g,,, which tends to be a multimodal distribution as a consequence of multi-vesicle
release. The number of released molecules m from a burst is added to the number 7 of existing molecules.

Postsynaptic neurons or hormone-receiving cells respond once the molecular count exceeds a cer-
tain threshold, making the timing of such threshold crossings a central observable [31-34] (figure 1(C)).
From a physical perspective, vesicle-mediated signaling is an example of a strongly non-equilibrium
transport process, where the molecular count is shaped by spontaneous burst events and continuous
degradation. This leads to intrinsically time-directed dynamics, which are not described well by mean
production and degradation rates alone.

The problem of the molecule count reaching a critical threshold can be naturally formulated in
terms of first-passage times (FPTs) describing the stochastic time required to reach a target for the first
time [35-37]. While FPTs are relatively well studied for diffusion processes and continuous stochas-
tic dynamics [38, 39], the burst-driven systems require a discrete description shaped by the interplay
of spontaneous releases, burst size statistics and molecular degradation. Recent work has made signif-
icant progress in understanding these contributions, including a derivation of exact FPT distributions
in stochastic protein accumulation models [21] and analytical descriptions of quantal release statistics
in synaptic transmission [40]. These studies highlighted the importance of stochasticity in such burst-
degradation systems, but primarily focused on steady-state or time-homogeneous settings. However, a
general model that incorporates both arbitrary release statistics and time-dependent rates to describe
stochastic molecule counts and threshold-crossing events has not been analyzed yet.

To incorporate these aspects into a general framework, we here study a general batch arrival-
degradation process as a minimal mathematical model for such systems [41-43]. The molecule count is
described as a stochastic variable, which is increased in discrete jumps due to spontaneous release events
and decreased by ongoing degradation (figure 1(D)). The framework analyzed here allows us to con-
sider arbitrary burst profiles, including binomial distributions describing single-vesicle releases, but also
more complex and potentially multimodal distributions, which can arise due to multivesicular release
and heterogeneity in release probability or vesicle content [44, 45]. Moreover, for neurons in particular,
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the vesicle release rate is generally time- and history-dependent, reflecting short-term memory driven

by presynaptic Ca’" dynamics and vesicle-pool depletion [46, 47]. In an extension of our model, we
show that vesicle depletion can be included in the description by treating the number of docked vesicles
(which are the vesicles that are already positioned at the membrane and which can readily fuse upon the
arrival of an action potential) as an additional stochastic variable, typically with a constant replenish-
ment rate [40, 48—54], although extensions to include molecule-dependent rates, vesicle undocking and
repair steps have also been proposed [55-59].

A central question that our model allows us to address is how different batch arrival statistics lead to
qualitatively different downstream activation profiles as a consequence of non-trivial threshold-crossing
behavior. In particular, we investigate how different time statistics of bursts shape activation for pro-
cesses with identical mean behavior but different arrival statistics. We find that these differences alone
can lead to qualitatively distinct activation profiles, highlighting the role of the batch-arrival statistics for
FPTs in these systems. Hence, the resulting activation cannot be predicted from deterministic dynamics
alone and requires a careful mathematical treatment of the resulting FPT distributions. These findings
are complementary to recent work which has highlighted that intrinsic noise can be decisive in predict-
ing the timing of cellular events [21, 60]. In particular, Ham et al [22] demonstrate that stochasticity can
accelerate or delay the mean FPT relative to deterministic predictions.

Our paper is organized as follows. In section 2, we introduce our model. In section 3, we apply the
generating function method to derive a general analytical solution for the time-dependent probability
distribution, in terms of a recurrence relation between the occupation probabilities. In section 4, we
then express conditional threshold-crossing probabilities as a convolution of stochastic decay and the
burst size distribution and specify the latter in terms of vesicle release statistics and quantal variabil-
ity. We then apply this framework to several biologically relevant scenarios: we compare fixed-interval
and homogeneous Poisson spike trains and cover the example of an exponentially decaying release rate
and show that variability in the timing of release events strongly facilitates threshold crossing. Moreover,
we illustrate that stochastic trajectories can reach thresholds significantly earlier than suggested by their
deterministic dynamics. Lastly, section 5 extends the description to incorporate the effect of vesicle
depletion and captures its impact as a correction to the release statistics and activation dynamics. We
finally close with a summary and discussion in section 6.

2. Model

We study a model in which vesicle release is assumed to occur independently at a (potentially time-
dependent) rate k(t), corresponding to a general time-inhomogeneous Poisson process. Each vesicle
fusion event triggers the release of m molecules with probability g,,. In interneuronal signal transmis-
sion, the triggering event for vesicle releases is the arrival of an action potential (which is a traveling
wave of a transient reversal in the membrane potential) in the presynaptic neuron. This can release mul-
tiple vesicles, so the release size distribution g depends both on the number of vesicles released and the
number of molecules per vesicle. The molecules are subsequently removed by dilution, absorption or
degradation, occurring at a rate v per molecule, so that the total loss rate is proportional to the molecu-
lar count. This leads to the reaction network for a burst shown in figure 1(D). Note that each burst adds
m molecules to the existing number n of molecules. The resulting dynamics are intrinsically asymmet-
ric: the increase of the molecular count is driven by spontaneous bursts while it decreases as a result of
ongoing degradation, leading to asymmetric stochastic dynamics with unidirectional transitions.

The probability p,(t) of having n molecules in the environment at time ¢ obeys the following master
equation:

df; = — (K +y0) pu+v (n+1) pus1 + K (q+p) [n] . (1)

In the last term, we use the discrete convolution to represent the different burst sizes:

(q+p)[n] = anfmqm = anfmqm . (2)
m=0 m=0

Note that the sum can be extended because p,(t) = 0 if n < 0. While the two terms in equation (1) with
~ correspond to a simple one-step process of continuous degradation, the two terms with x correspond
to the bursts and balance each other, because each burst takes from the state n and gives to the state
n+m.
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One can non-dimensionalize time by rescaling it as vt — t, introducing the dimensionless parameter
Ar) = %, to obtain:

dpy,
dt

=—(n+N)pnp+ (n+1)par1 +A(g*p)[n], 3)

leaving A(#) as the only free parameter of the system. Multiplying by n and summing over n on both
sides of the master equation yields a differential equation for the mean molecule count:

o) =)+ A1) () @

where (m) = > mq,, denotes the average forward jump size. This is solved by

(n) (t) = noe ™" + (m) /[ds A(s)e’. (5)

0

For constant A, this becomes
(n) () =noe™ "+ (M)A (1—e™") (6)

and the deterministic long-time limit is (m)\. However, as illustrated in figure 1(C), stochastic tra-
jectories fluctuate around this mean and can transiently reach molecule counts significantly above the
deterministic limit. This implies that random activation of downstream processes with higher thresholds
becomes possible, highlighting the need for a full stochastic description to capture the system’s behavior
accurately.

In the general framework as formulated here, one can choose any release size distribution q of inter-
est. We briefly discuss some common modeling choices. Following the paradigmatic example of vesicle
release in a neuronal synapse, we decompose ¢ into the distribution g(") of the count of released vesi-
cles (quantal count) and the distribution q(©) of the molecular vesicle content (quantal size). Given that v
vesicles are released, the probability that m molecules are released is (q(C)):;V, where (g(©9)*" is the v-fold
discrete convolution of the quantal size distribution (). Taking the expectation over the quantal count
distribution ¢("), one obtains

w3 (1), (),

As can be easily verified, the mean release size (m) is the product of the mean quantal count (v) and the
mean quantal size (c).

The widely adopted binomial model [28, 61] assumes that upon the arrival of an action potential,
vesicles fuse independently of each other, resulting in a binomial distribution qsv) = Binom(v |V, p),
where V is the number of docked vesicles and p is the individual probability for a docked vesicle to be
released. For now, we assume V to be constant. An extension to settings where the rate of vesicle replen-
ishment is on the order of the release rate, meaning that V itself has to be interpreted as a stochastic
variable [62], is given in section 5.

It is important to note that the quantal size is subject to fluctuations [63], and its exact distribution
is experimentally only partially accessible [64]. The variance o of the quantal size modifies the variance
o2, of the total release size according to

2
e, (8)

{e)

2
m___ 4 —

1
v)
For a binomial quantal count distribution ("), this specializes to:

o2, 1 ] o? 9)
<m>2‘Vp( ‘”+<c>2>'

According to the binomial limit theorem, if the number of releasable vesicles V is not too small, one
may approximate g by a normal distribution with mean (m) and variance o2, (see figure 2).
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Figure 2. Release size distribution q (see equation (7)) with the number of vesicles distributed according to g(*) = Binom(V, p=

0.8) and the number of molecules per vesicle distributed according to ¢(©) = N'({c), 02 = (0.1(c))?). The dashed line represents
a normal distribution with mean (m) = (c) Vp and variance o2, as in equation (9).

3. Probability distribution of the molecule count

The generating function of the probability distribution is defined as G(z,t) := >~ pa(£)2" [65].
Applying this transformation to equation (3) converts the master equation into a partial differential
equation for G(z,1):

OInG=(1-2)9,InG+ A (¢) (quzm—1> . (10)

m=0

The solution for G(z,t) subject to the boundary conditions G(z=1,t) = 1 (for normalization) and
for no initial molecular count (p,(f=0) =0, ) is given by:

lnG(z,t)—Zqu()\*B,T)(t)Zk/Otds)\(s), (11)

k=0 m=k

where * denotes the convolution in time and
B (t) = (’]’z) e f (1 fe*f)’"’" (12)

is the binomial probability that k out of m molecules remain after time #. See supplement IA for details
on the derivation. For an arbitrary initial condition p,(t = 0) = J,, ., this result generalizes to:

InG,, (z,t)zlnG(z,t)—l—noln((z—l)e_’—l—l). (13)

Observe that the k-th derivative of InG(z,t) in z= 0 is given by:

ak
where
Q) =" quBy (1 (15)
m=0
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Figure 3. Simulated time evolution of the molecule count distribution p(#) for a constant release rate A(f) = 1. Molecule counts

n are normalized by a fixed vesicle content of 1000 molecules, meaning v := 15, corresponding to a quantal size distribution
of qfnc) = 8m,1000- The number of vesicles released per event follows g(*) = Binom(V = 50, p = 0.2), corresponding to V =
50 docked vesicles each released independently with probability p = 0.2, yielding a mean count of (v) = 10. One sees that the

system first grows in bursts due to the initial condition of no molecules, and then relaxes again.

is the probability that a single burst results in k molecules remaining after time ¢. From this, the proba-
bility distribution follows as:

mi)=esp (e~ [ oA ©). (16)

P =2 G| (17)
= LB 1= Q) (1) (A Q) (D)po 1), a9

where B, (x1,...,x,) denotes the Bell polynomials [66], which satisfy the following recurrence relation:

n
n
B (%1, Xng1) = Z <i)Bni(x17---axni)xi+l- (19)

i=0

This implies the following recurrence relation for p,(t):

pa() =33 ko () (A5 Q) (), 20)
k=1

which allows for an efficient evaluation of the distribution. Figure 3 shows an example plot for
A = const.

Equation (20) makes explicit that the dynamics are governed by two ingredients: the statistics of
burst arrivals and the subsequent decay, encoded in the kernels Q(t), which represent the effective con-
tribution of bursts generating k molecules that survive up to time t, leading to a compact recursive rela-
tion between the occupation probabilities at all times.

If A is constant, corresponding to a homogeneous Poisson process and denoted as (P), one may take
the limit t — oo of equation (20) and obtain the following steady state probabilities (Supplement IB):

o0
ﬂép):exp —/\quHm ,
m=1

(21)
A n—1 o'}
W;SP) = EZ"Tk Z a
k=0  I=n—k
where H,, := > [L | % are the harmonic numbers. From the cumulant generating function K(x) =
InG(e*,t— 00), the steady-state cumulants follow as:
(o) m
RO =AY g DKL (22)
m=1 k=1
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4. First passage to a threshold

4.1. Conditional hitting probability

As illustrated by the results in the previous section, the stochastic dynamics separate intrinsically into
the statistics of release events and molecular degradation in between. We now use this to characterize the
activation of downstream processes as a result of the molecule count exceeding a given threshold. The
FPT probability density, i.e. the distribution of times when a certain threshold is crossed for the first
time, is only accessible via stochastic sampling methods (examples below). As a simpler yet insightful
quantity, we introduce the probability p:‘no(t) that the next release will result in a molecule count of #,
given that the previous release at time ¢ brought the count to #ny. We refer to this quantity as the condi-
tional hitting probability or conditional post-release distribution. Intuitively, it allows us to analyze the hit-
ting of thresholds not on a continuous-time basis, but on a per-release basis: rather than tracking exactly
when the molecule count crosses a threshold, we ask for the probability of a given release event to bring

the count above it. We can rewrite p:lno(t) as the discrete convolution

P (=D au-ipyy, (1), (23)
j=0

of the release size distribution q introduced in section 2 and the conditional pre-release distribution p‘_no(t),
i.e. the probability of having n molecules right before the release. Between release events, molecules
degrade independently with rate unity, meaning that the molecule count follows a linear decay pro-

cess, starting at time ¢ with count ny. Given that a time period 7 passes between releases, the number

of remaining molecules then follows a binomial distribution with N =1, and p =e™7, again denoted as
B}'”(T). Taking into account that 7 is randomly distributed according to a distribution f{(7), we find

P 0= [ dr s B ()

= <B]f”° (T)>T~f(t) '

If, as assumed previously in sections 2 and 3, the release events follow a time-inhomogeneous Poisson
process with rate \(¢), we have f(t) = \(¢) exp (— fot)\(s)ds). From the convolution in equation (23), we
can read that the mean molecule count after the next release is

(24)

gy (8) = (m) +10(e™ ) gy s (25)

where (m) is the average size of the incoming burst and n9(e™") s is the expected number of
molecules that survived up to this point. Similarly, also all higher cumulants of the post-release distribu-
tion plto(t) decompose into two separate contributions from the burst size and the degradation process.
A particularly useful case, illustrated in the following example, arises when the conditional hitting proba-
bility pl—;o(t) loses its time dependence, enabling the analysis of the steady state and the mean recurrence
time.

4.2. Homogeneous Poisson train and fixed-interval train
As a simple and illustrative example, we discuss the release dynamics of a spike train of action potentials
at a constant mean rate \. Figure 4(A) schematically shows the situation as an action potential arrives
at a synapse. Two limiting cases are particularly relevant [67, 68]: First, the time-homogeneous Poisson
train (P) introduced in section 3, where releases are uncorrelated in time, which may apply to sponta-
neous or irregular neuronal activity. Second, the fixed-interval train (F), in which stimulation is perfectly
periodic with inter-spike interval %, as is typical in controlled experimental settings. Example trajecto-
ries of both cases are shown in figure 4(B). Note that the master equation treatment in sections 2 and
3 implicitly assumes events to follow a (time-inhomogeneous) Poisson process and therefore does not
apply to the fixed-interval train. Instead, in supplement ID and IE, we derive formulas for the steady-
state dynamics using an alternative generating function technique.

Here, we again focus on the first-passage problem. We begin by revisiting the conditional pre-release
distribution p|, ~as introduced in equation (24). For the fixed train, we simply have a binomial distribu-
tion with N =g and p = e~ /*:

P =B (1/0). (26)

7
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Figure 4. Comparison of the hitting statistics of a fixed-interval spike train and a homogeneous Poisson spike train with the same
mean release rate A. The count of released vesicles is assumed to follow a binomial distribution g(*) = Binom(V, p) with V = 50
releasable vesicles and release probability p = 0.2. The quantal size distribution ¢(©) is normal with mean (c) = 1000 molecules

per vesicle and o = 0.2(c). The quartiles of the shown distributions were obtained from stochastic sampling (see supplement
III). (A) Upon arrival of a spike, each docked vesicle at the active zone fuses and releases its contents with a certain probabil-
ity p. (B) Qualitative comparison of the trajectories, in the case of releases occurring in fixed intervals (blue) or according to a

separately in section 4.3. (C) Conditional post-release distribution p": of the molecule count (normalized by the mean release
0

size (m)), depending on the previous post-release count rg. (D) Steady state post-release distribution 7+ plotted against the
release rate A. (E) Distribution of times between subsequent hits of the same threshold (recurrence time), for A = 1. Note that

Poisson train.

homogeneous Poisson process (orange). The inhomogeneous Poisson process with exponentially-decaying rate (green) is treated

a hit is also recorded if the process crosses the threshold and remains above it until the next jump. (F) FPT from ny = 0 to n, for
A = 1. For comparison, the transient of the mean molecule count is plotted in gray for the fixed-interval train, and in red for the

For the Poisson train, we instead find

P = [T ae B ) ar
0

:)\<n,0) Beta(j+ A\, np—j+1),
J

corresponding to a Beta-Binomial(#g, A, 1) distribution. The cumulants of both distributions are well

(27)

known, and according to equation (23), adding to them the cumulants of the release size distribution

q yields the cumulants of the post-release distribution p|—tlo' For example, we find for mean ji,, and

variance o2

Jr\"o:
F _
], = moe™ X (),
gi_(li)o = nge /A (1 - efl/)‘) —I—afn,

(28)

(29)

8
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®» _ A
iy = M03 7 + (my), (30)
2P _ (MOIH)A )

o + 0o, (31)

I = F D) (A 2)
where (m) is the mean and o2, is the variance of the release size. In particular, the mean post-release
count fi|,, is strictly smaller for the fixed train than for the Poisson train, despite the release rate A
and the release size being the same. Note that this is a direct consequence of the different decay proba-
bilities between releases, as described by equations (26) and (27). Similarly, the variance oi‘ o scales as
O(ny) for the fixed train and as O(n,?) for the Poisson train, implying substantially greater post-release
variability from the Poisson train when the count is far above the steady-state mean. In figure 4(C) we
plot the conditional post-release distributions for different rates A, including the median and quartiles to

illustrate the different shapes of the distributions. pltsp) appears skewed for low and high release rates,

while P;EF) is approximately normal (see supplement IE for a formal argument on why this is the case).

By interpreting p:‘no as a transition probability of a discrete-time stochastic process (Supplements

IC and ID), we obtain analytical expressions for the cumulants of the post-release distribution in steady
state 7. In other words, we examine the distribution 7" of the molecule count after a release without
making an assumption on the molecule count ny after the previous release. In figure 4(D), we plot the
mean and quartiles of 7T over the release rate A\. We observe that the findings for the conditional distri-
bution essentially also apply to the steady state, with the post-release mean for the fixed train

®__ (m
Py =T (32)
being strictly lower than the post-release mean of the Poisson train
= (A +1) (m) (33)

and the Poisson train showing a higher variance.

With the steady state results for the post-release distribution, we turn to the recurrence time to a
threshold, defined as the waiting time between successive release events at which the molecule count
reaches or exceeds a threshold n. According to a standard theorem in Markov chain theory [69], the
mean number of release events needed to reach a molecule count equal to or higher than n is 1/ ﬂ;_n,
where 7'(';" =3¢, ™ . Since the mean time between release events is 1/, the mean recurrence time is
(t) =1/ ()\7‘&';”). As shown in figure 4(E), this time grows super-exponentially with threshold # and is
generally higher for the fixed-interval train compared to the Poisson train, reflecting the lower mean and
variance in the post-release count. As for the post-release distribution, the variability in inter-event tim-
ing causes the recurrence time distribution to be broader for the Poisson train than for the fixed-interval
train.

The same super-exponential growth with threshold, and the contrast between Poisson and fixed-
interval trains, holds qualitatively for the FPT from any lower initial count. As an example, consider a
neuron that is initially inactive (ny = 0) and begins receiving stimulation at ¢t = 0. The FPT is then the
time for the molecule count to first reach a threshold value n. As a reference, we compare the FPT dis-
tribution against the transient evolution of the mean molecule count. For the Poisson train, we apply
equation (5) and find

(nPy (1) = (m)A (1 —e™). (34)

For the fixed-interval train, the mean molecule count after the Nth release event is (n)y = (m) +
e /2n)n_1, where (n)o = 0 and each step accounts for degradation between releases. Solving the recur-
sion and including exponential decay between releases yields

1—e M/
() (1) = m) —— 57", (35)

where T'=t— | At]/A is the time since the last release. In figure 4(F), we compare this to the sampled
FPT distribution. The mean FPT curve (blue and orange) and the transient mean molecule count (red
and gray) intersect at a threshold value below the steady-state mean. For low thresholds, the FPT exceeds
the transient mean time, since some finite time must elapse before the first jump occurs in the stochas-
tic setting. For high thresholds, the stochastic process reaches the threshold earlier and the mean FPT
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Figure 5. Hitting statistics of a time-inhomogeneous Poisson spike train, where the release rate decays exponentially with rate I'
and the mean total number of release events is N. The release size distribution is the same as in figure 4. (A) Example trajectories
for N/~ =10 and I" = 1, with the molecule count # normalized by the mean release size (). (B) Distribution of maximum
threshold reached, compared to the ‘deterministic’ maximum of the mean molecule count in gray. (C) FPT from a count of 0 to
threshold #, provided that the threshold is reached, compared to the transient of the mean molecule count in gray (I' = 5). The
time ¢* when the mean molecule count reaches its maximum is significantly later than the mean FPT.

approaches the mean recurrence time (figure 4(E)), as the influence of the initial condition diminishes.
We also observe that both the recurrence and the FPT distributions for high thresholds converge to a
memoryless exponential distribution. This likely reflects that many individual attempts have to be made
to cross a threshold, and has been rigorously proven in the case of exponential release size distributions
[70].

The results above for the Poisson and fixed-interval trains illustrate how stochasticity in both release
size and release timing shapes the activation of downstream processes. Beyond that, they provide the
foundation for more elaborate models. In supplement IC and IIC, we generalize the results for the pre-
and post-release distribution to the case of gamma-distributed inter-arrival times, which may be used to
model bunched or anti-bunched spike trains. Section 5 extends the results to changing vesicle-pool sizes.

4.3. Poisson train with exponentially decaying release rate
As a second example, we study a case in which the release rate is time-dependent. Neuronal activity
often occurs in transient bursts, for example, following a stimulus or during short periods of elevated
excitability [67, 68]. To capture this behavior, we consider a neuron that is inactive for t < 0 and for
t > 0 releases vesicles according to a time-inhomogeneous Poisson process with rate (t) = NTe™'?,
where N = fooo k(t)dt is the mean total number of release events and I' is a relaxation rate. To avoid
vesicle depletion (see section 5), we assume () to be much smaller than the rate of vesicle replenish-
ment. As in section 2, we can non-dimensionalize the release rate by rescaling time as vt — ¢, where vy is
the rate of degradation of molecules, and introduce A(f) = LiUY

Figure 5(A) shows example trajectories of the molecule count for this case, and figure 4(B) compares

them qualitatively to the fixed-interval and the time-homogeneous Poisson train. From equation (5), we
find

_ NT et e

(n()) = S T (36)

for the time evolution of the mean. At +* =1In(T")/(T" — 1), this becomes maximal with (n(*)) =
(m)%’exp(—lnl"/(l" —1)). In figure 5(B), we compare (n(t*)) to the mean of the actual maximum
molecule count reached by the stochastic process. For all relaxation rates I', the true stochastic max-
imum is strictly higher, particularly when N/~ is small, which corresponds to the case of few release
events or fast degradation. In figure 5(C), we compare the transient of the mean molecule count to the
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Figure 6. Extended model including the effects of vesicle depletion. Vesicles are released from a finite pool of V — u occupied sites
that replenish over time at a rate £. The burst size distribution is no longer constant in this case but depends on u.

distribution of the FPT to a threshold, given that the threshold is actually reached. We observe that
thresholds around (n(#*)) and higher thresholds are in fact reached significantly before #*. For lower
thresholds, the dynamics of the mean are only representative if N/~ is large. Together, these results high-
light that the mean molecule count can be misleading in the case of few release events or fast degra-
dation, underestimating the maximum count reached and overestimating the time until a threshold is
crossed.

5. Vesicle depletion

For high release rates, the pool of releasable vesicles can be depleted, and the mathematical descrip-
tion therefore requires a release size distribution q depending on previous release events. Let V be the
total number of release sites and u the number of empty release sites. Following previous work by other
authors [40, 48-54], we assume a constant replenishment rate £ per released vesicle (see figure 6), which
we again non-dimensionalize by applying £ /v — £, where + is the molecular degradation rate.

The extended version of equation (3) then reads

dpu,u
dt

= - (71 + >\ + fU)Pn,u + (Tl + 1)pn+1,u + § (M + l)pn,qul + )\qu,v\u—vpnfm,ufvu (37)

m,y

where g,,, |, now is the probability of releasing m molecules distributed across v vesicles, provided that
V — uy vesicles are available for release. In accordance with the binomial model, we choose

v
Dmv|uy = (q(c))m Binom (v | V—ug,p), (38)

where g(©) is the quantal size distribution with mean (c) and variance 2. We note that a simpler version
of this model, where the quantal size is fixed to {(c), has been covered in recent work by Rijal et al [40]
and other authors [53, 54]. In supplement II, we extend their moment and generating function analysis
to account for a non-vanishing release size variance o> and provide generalized formulas for the mean
molecule count and the post-release distribution.

The steady-state distributions for both the fixed-train and the Poisson train (cf section 4.2) can
change substantially under the influence of vesicle depletion. For example, figure 7(A) shows that for
A =1 and even a low release probability of p = 0.2, the mean and variance of the post-release distri-
bution are significantly altered if the replenishment rate £ is on the order of magnitude of the release
rate A. This is also true for the FPTs to thresholds above the steady state mean, which are plotted in
figure 7(C).

In supplement IIC, we derive the mean and variance of the modified post-release distributions p™.
It turns out that the previous equations (32) and (33) for the steady-state mean p4 with constant vesi-
cle pool remain valid if the mean release size (m) is treated as a function of the release rate A and the
rate of replenishment £. Concretely, (m) factorizes into the mean burst size for a full pool {(c)Vp times
the fraction of occupied vesicle sites in the (model-dependent) steady state. Since the release and degra-
dation rates remain unchanged, the prefactors in equations (32) and (33) are unaffected. For the fixed
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Figure 7. Fixed-train (blue) and the Poisson train (orange), if vesicles are replenished with some finite rate £. (A) Post-release
steady state distribution at release rate A\ = 1 and release probability p = 0.2, as a function of &. Like in figure 4, we plot mean,
median and the 25% and 75% quartiles, which were obtained from stochastic sampling with mean quantal size (c) = 1000,

V = 50 release sites and quantal size variation o, = 0.2{c). (B) Mean post-release counts for different release probabilities p,
mean release rates A and replenishment rates §. The black lines indicate the choice of parameters for which the means for the
fixed train and for the Poisson train coincide. The dashed contour lines mark specific values (see legend). (C) FPT distribu-
tions for A =1, p = 0.2, (¢) = 1000, V = 50 and o = 0.2(c). In blue and orange, we plot the distributions for a high rate of
replenishment £ = 10%, in dark blue and red for a low rate £ = 1.2. (D) Coefficient of variation CV = o/ of the post-release
distributions, plotted following the same scheme as in B.

train, one finds

1—e¢/2
(mB (€)= () Vp- Wa (39)
while for the Poisson train
(1P (1. €) = @V (40)

which is always smaller than the value for the fixed train.

As a consequence, the steady state mean may be higher either for the fixed train or for the Poisson
train, depending on the choice of A, € and p. In figure 7(B), we plot the difference between the respec-
tive means p4 of the post-release distribution for different parameter choices. As indicated by the
dashed contour lines, the mean generally increases with both A and &. In a region where 107! <\ < 10!
(orange shade), the Poisson train tends to give a higher mean, while in a region A ~ ¢ (blue shade), it is
the fixed train. Where both regions intersect (black line), it depends on the release probability per vesicle
p> with high p favoring the fixed train. This makes intuitive sense, since the Poisson train yields higher
means for a given release size (cf section 4.2), especially for intermediate A, but also exhibits clustering
of release events and therefore lower mean release sizes compared to the fixed train. This matters espe-
cially for high p, i.e. if many of the available vesicles are released.

If the release sizes are generally small (A > ¢ and small V), the variability of the post-release distribu-
tion, quantified by the coefficient of variation o/u, may also become near-identical between fixed train
and Poisson train or even slightly higher for the fixed train. Otherwise, as seen in figure 7(D) for the
example V = 50, the variability of the Poisson train is significantly higher.

6. Summary and discussion

In this work, we have derived an exact solution for the fully time-dependent occupation probabilities of
a general batch arrival-degradation model and shown that the activation timing is not determined by the
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mean burst frequency alone, but also by the time statistics of the bursts. Our model for vesicle-mediated
signaling combines the effects of burst-like releases at generally time-dependent rates, arbitrary release
size distributions and molecular degradation. By solving the corresponding master equation with the
generating function approach, we obtained an exact representation of the full time-dependent probability
distribution that could be used to derive an interpretable recurrence relation to evaluate the dynamics.

To study the activation of downstream processes, such as the activation of a postsynaptic neuron or
a hormone-sensing target cell, we introduced the conditional threshold crossing probability and stud-
ied the FPT to a prescribed target for multimodal burst size distributions reflecting the effect of multi-
vesicle releases. We compared the two experimentally relevant cases of a fixed spike train and a homoge-
neous Poisson spike train with the same mean vesicle-release frequency, reflecting the cases of periodic
and irregular excitation of the presynaptic neuron, respectively. Our results show that the two activation
profiles show qualitatively distinct FPT behaviors, due to different fluctuations in the timing of release
events determining the probability of rare fluctuations that result in sufficiently high molecule counts for
threshold crossing. In particular, this illustrates that the mean vesicle-release frequency is insufficient to
fully capture activation profiles. Moreover, this effect also persists for time-dependent release rates, such
as an exponentially decaying activity after an initial stimulus, where threshold crossing is dominated by
early stochastic events and can occur significantly before the maximum of the mean molecule count.

Lastly, we also investigated an extension of the model that incorporates vesicle depletion due to a
finite replenishment rate. In this extended model, the number of available vesicles becomes a dynami-
cal variable coupling the burst size distribution to previous release events. Qualitatively, the influence of
stochasticity persists, but depletion can alter the differences between activation profiles, depending on
the replenishment rate and the release probability. This demonstrates that burst statistics have a robust
influence that nevertheless depends on the conditions of the system.

Including the number of available vesicles as a second stochastic variable introduces memory to
the system. Without it, the burst-events are Poisson-like, i.e. memoryless, which is only valid for high
replenishment rates of the vesicles ready for release. This assumption can also be relaxed by allowing
for non-exponentially distributed release times, which we discuss for the analytically tractable case of a
gamma distribution of the release times in supplement IC and IIC for the simple model and the model
including vesicle depletion, respectively.

Our results complement and extend previous work on stochastic burst-degradation processes and
FPTs. While earlier studies have largely focused on steady state distributions or specific burst size dis-
tributions such as geometric distributions in gene expression (21, 24, 26, 71], our framework allows
for arbitrary release statistics and time-dependent burst rates, which are both reflected in our analyti-
cal expression for the time-dependent occupation probabilities. Recent work has shown that the predic-
tion of mean activation times for noisy systems can differ profoundly from deterministic expectations
[22], a fact that is also well-known for diffusion problems in complex environments, where the means
fail to capture the broadness or heterogeneity of the FPT distribution [39, 72, 73]. Extending this idea,
our FPT analysis also reveals that different stochastic systems such as the fixed-interval and homoge-
neous Poisson train vesicle release models can lead to distinct activation behavior despite sharing the
same mean burst frequency. Similar qualitative results were obtained for time-dependent release rates
and also under the inclusion of vesicle depletion, indicating that the statistical nature of release events
constitutes a key parameter of activation dynamics.

From a biological perspective, these findings suggest that variability in neuronal or endocrine sig-
naling may not merely reflect a noisy environment but could actively shape downstream processes, and
irregular or burst-like activation patterns could enhance responsiveness by increasing the probability of
fast activation, while vesicle depletion provides a mechanism to regulate this effect.

So far, our model assumes independent release events and linear degradation, neglecting feedback
mechanisms, spatial transport and receptor dynamics [53, 54, 74]. Extending the framework to include
such effects and potentially interacting signaling pathways may provide further insight into how stochas-
ticity shapes cellular communication in realistic biological settings. More broadly, our framework sug-
gests that asymmetric dynamics on the microscopic level give rise to emergent activation dynamics at the
macroscopic scale.

Finally, our analysis was restricted to a single type of molecule with a single activation threshold,
while in practice vesicle releases often feature more than one species, which may serve as different down-
stream signals [75]. In the future, extensions of our mathematical model to d-dimensional vectors of
molecular counts for d different species may allow us to further explore correlations between their indi-
vidual FPTs. For molecular species that are co-packaged, these correlations are expected to be particu-
larly strong and future research may explore how correlations change due to individual degradation and
diffusion patterns, including in comparison to conventional diffusion.

13



10P Publishing

New J. Phys. 28 (2026) 083301 ] Hauke et al

Acknowledgments

JBV thanks the German Academic Scholarship Foundation (Studienstiftung des Deutschen Volkes) for
support. We also acknowledge support by the Max Planck School Matter to Life funded by the Dieter
Schwarz Foundation and the Max Planck Society.

Data availability statement

The data that support the findings of this study are openly available at the following URL/DOI: https://
github.com/HaukeJan/vesicle-release [76].
Supplemental text available at: http://doi.org/10.1088/1367-2630/ae98a6/datal.

ORCID iDs

Jan Hauke 0009-0003-6032-9852
Julian B Voits 0009-0006-2650-6968
Ulrich S Schwarz 0000-0003-1483-640X

References

[1] Alberts B, Heald R, Johnson A, Morgan D, Raff M, Roberts K and Walter P 2022 Molecular Biology of the Cell (WW Norton &
Company)

2] Su], SongY, Zhu Z, Huang X, Fan J, Qiao J and Mao F 2024 Signal Transd. Target. Ther. 9 196

3] Siidhof T C 2004 Annu. Rev. Neurosci. 27 509-47

4] Siidhof T C and Rizo J 2011 Cold Spring Harbor Perspect. Biol. 3 a005637

5] Rizo J and Xu J 2015 Ann. Rev. Biophys. 44 33967

6] Lang] 1999 Eur. J. Biochem. 259 3—17

7] Bergles D E, Diamond J S and Jahr C E 1999 Curr. Opinion Neurobiol. 9 293-8

8] Brabant G, Prank K and Schofl C 1992 Trends Endocrinol. Metabol. 3 183-90

9] Veldhuis J D, Keenan D M and Pincus S M 2008 Endocr. Rev. 29 823-64

10] Ernst A, Schiitte C, Sigrist S ] and Winkelmann S 2022 Math. Biosci. 343 108760

11] Ernst A, Unger N, Schiitte C, Walter A M and Winkelmann S 2023 Math. Biosci. 362 109023

12] Elowitz M B, Levine A J, Siggia E D and Swain P S 2002 Science 297 11836

13] Ozbudak E M, Thattai M, Kurtser I, Grossman A D and Van Oudenaarden A 2002 Nat. Genet. 31 69-73

14] Raser ] M and O’Shea E K 2004 Science 304 1811-4

15] Raser ] M and O’shea E K 2005 Science 309 2010-3

16] Golding I, Paulsson J, Zawilski S M and Cox E C 2005 Cell 123 1025-36

17] Cai L, Friedman N and Xie X S 2006 Nature 440 358—62

18] Raj A and Van Oudenaarden A 2008 Cell 135 216-26

19] Tunnacliffe E and Chubb J R 2020 Trends Gen. 36 288-97

20] Cao Z and Grima R 2020 Proc. Natl Acad. Sci. 117 4682-92

21] Rijal K, Prasad A, Singh A and Das D 2022 Phys. Rev. Lett. 128 048101

22] Ham L, Coomer M A, Ocal K, Grima R and Stumpf M P 2024 Nat. Commun. 15 5286

23] Szavits-Nossan ] and Grima R 2024 Biophys. J. 123 1034-57

24] Wang Y, Szavits-Nossan J, Cao Z and Grima R 2025 Phys. Rev. Lett. 135 068401

25] Paulsson J 2005 Phys. Life Rev. 2 15775

26] Shahrezaei V and Swain P S 2008 Proc. Natl Acad. Sci. 105 17256-61

27] Del Castillo ] and Katz B 1954 J. Physiol. 124 560

28] Katz B 1969 (Liverpool University Press) pp 5-39

29] Hatamie A, He X, Ewing A and Rorsman P 2024 ACS Meas. Sci. Au 4 629-37

30] Malagon G, Miki T, Llano I, Neher E and Marty A 2016 J. Neurosci. 36 4010-25

31] Johnston D and Wu S M S 1994 Foundations of Cellular Neurophysiology (MIT Press)

32] Lodish H F 2008 Molecular Cell Biology (Macmillan)

33] Ghusinga K R and Singh A 2015 Theoretical predictions on the first-passage time for a gene expression model 2015 54th IEEE
Conf. on Decision and Control (CDC) (IEEE) pp 3864-9

[34] Gerstner W, Kistler W M, Naud R and Paninski L 2014 Neuronal Dynamics: From Single Neurons to Networks and Models of
Cognition (Cambridge University Press)

[35] Redner S 2001 A Guide to First-Passage Processes (Cambridge University Press)

[36] Chou T and D’Orsogna M R 2014 First passage problems in biology First-Passage Phenomena and Their Applications (World
Scientific) pp 306—45

37] Bressloff P C 2014 Stochastic Processes in Cell Biology vol 41 (Springer)

38] Metzler R, Redner S and Oshanin G 2014 First-Passage Phenomena and Their Applications vol 35 (World Scientific)

39] Bénichou O and Voituriez R 2014 Phys. Rep. 539 225-84

40] Rijal K, Miiller N I, Friauf E, Singh A, Prasad A and Das D 2024 Phys. Rev. Lett. 132 228401

41] Gillespie C S and Renshaw E 2005 Proc. R. Soc. A 461 1563-81

42] Daw A and Pender J 2019 Queu. Syst. 91 367-401

14


https://github.com/HaukeJan/vesicle-release
https://github.com/HaukeJan/vesicle-release
http://doi.org/10.1088/1367-2630/ae98a6/data1
https://orcid.org/0009-0003-6032-9852
https://orcid.org/0009-0003-6032-9852
https://orcid.org/0009-0006-2650-6968
https://orcid.org/0009-0006-2650-6968
https://orcid.org/0000-0003-1483-640X
https://orcid.org/0000-0003-1483-640X
https://doi.org/10.1038/s41392-024-01888-z
https://doi.org/10.1038/s41392-024-01888-z
https://doi.org/10.1146/annurev.neuro.26.041002.131412
https://doi.org/10.1146/annurev.neuro.26.041002.131412
https://doi.org/10.1101/cshperspect.a005637
https://doi.org/10.1101/cshperspect.a005637
https://doi.org/10.1146/annurev-biophys-060414-034057
https://doi.org/10.1146/annurev-biophys-060414-034057
https://doi.org/10.1046/j.1432-1327.1999.00043.x
https://doi.org/10.1046/j.1432-1327.1999.00043.x
https://doi.org/10.1016/S0959-4388(99)80043-9
https://doi.org/10.1016/S0959-4388(99)80043-9
https://doi.org/10.1016/1043-2760(92)90169-2
https://doi.org/10.1016/1043-2760(92)90169-2
https://doi.org/10.1210/er.2008-0005
https://doi.org/10.1210/er.2008-0005
https://doi.org/10.1016/j.mbs.2021.108760
https://doi.org/10.1016/j.mbs.2021.108760
https://doi.org/10.1016/j.mbs.2023.109023
https://doi.org/10.1016/j.mbs.2023.109023
https://doi.org/10.1126/science.1070919
https://doi.org/10.1126/science.1070919
https://doi.org/10.1038/ng869
https://doi.org/10.1038/ng869
https://doi.org/10.1126/science.1098641
https://doi.org/10.1126/science.1098641
https://doi.org/10.1126/science.1105891
https://doi.org/10.1126/science.1105891
https://doi.org/10.1016/j.cell.2005.09.031
https://doi.org/10.1016/j.cell.2005.09.031
https://doi.org/10.1038/nature04599
https://doi.org/10.1038/nature04599
https://doi.org/10.1016/j.cell.2008.09.050
https://doi.org/10.1016/j.cell.2008.09.050
https://doi.org/10.1016/j.tig.2020.01.003
https://doi.org/10.1016/j.tig.2020.01.003
https://doi.org/10.1073/pnas.1910888117
https://doi.org/10.1073/pnas.1910888117
https://doi.org/10.1103/PhysRevLett.128.048101
https://doi.org/10.1103/PhysRevLett.128.048101
https://doi.org/10.1038/s41467-024-49624-z
https://doi.org/10.1038/s41467-024-49624-z
https://doi.org/10.1016/j.bpj.2024.04.004
https://doi.org/10.1016/j.bpj.2024.04.004
https://doi.org/10.1103/q5sd-tpms
https://doi.org/10.1103/q5sd-tpms
https://doi.org/10.1016/j.plrev.2005.03.003
https://doi.org/10.1016/j.plrev.2005.03.003
https://doi.org/10.1073/pnas.0803850105
https://doi.org/10.1073/pnas.0803850105
https://doi.org/10.1113/jphysiol.1954.sp005129
https://doi.org/10.1113/jphysiol.1954.sp005129
https://doi.org/10.1021/acsmeasuresciau.4c00058
https://doi.org/10.1021/acsmeasuresciau.4c00058
https://doi.org/10.1523/JNEUROSCI.4352-15.2016
https://doi.org/10.1523/JNEUROSCI.4352-15.2016
https://doi.org/10.1016/j.physrep.2014.02.003
https://doi.org/10.1016/j.physrep.2014.02.003
https://doi.org/10.1103/PhysRevLett.132.228401
https://doi.org/10.1103/PhysRevLett.132.228401
https://doi.org/10.1098/rspa.2004.1414
https://doi.org/10.1098/rspa.2004.1414
https://doi.org/10.1007/s11134-019-09603-4
https://doi.org/10.1007/s11134-019-09603-4

10P Publishing

New J. Phys. 28 (2026) 083301 ] Hauke et al

[43] Bhattacharya R N and Waymire E C 2021 Random Walk, Brownian Motion and Martingales vol 52 (Springer)

[44] Silver R A 2003 J. Neurosci. Methods 130 127-41

[45] Rudolph S, Tsai M C, von Gersdorff H and Wadiche J 12015 Trends Neurosci. 38 428-38

[46] Zucker R S and Regehr W G 2002 Ann. Rev. Physiol. 64 355-405

[47] Regehr W G 2012 Cold Spring Harbor Perspect. Biol. 4 2005702

[48] Pulido C, Trigo F F, Llano I and Marty A 2015 Neuron 85 15972

[49] Rosenbaum R, Rubin J and Doiron B 2012 PLoS Comput. Biol. 8 1002557

[50] Loebel A, Silberberg G, Helbig D, Markram H, Tsodyks M and Richardson M 2009 Front. Comput. Neurosci. 3 689

[51] Fuhrmann G, Segev I, Markram H and Tsodyks M 2002 J. Neurophysiol. 87 140—8

[52] Ali S, Prasad A and Das D 2025 Phys. Rev. E 111 014405

[53] Gambrell O, Vahdat Z and Singh A 2024 Feedforward regulation of interneuronal communication 2024 IEEE 63rd Conf. on
Decision and Control (CDC) (IEEE) pp 607-12

[54] Gambrell O and Singh A 2025 Analysis of neuronal firing in stochastic models with adaptive thresholds 2025 European Control

Conf. (ECC) (IEEE) pp 582-7

[55] Gambrell O and Singh A 2025 Modulation of interneuronal communication by presynaptic feedback mechanisms 2025 IEEE 64th
Conf. on Decision and Control (CDC) (IEEE) pp 974-9

56] Zhang C and Peskin C S 2015 Proc. Natl Acad. Sci. 112 14954-9

57] Zhang C and Peskin C S 2020 Commun. Pure Appl. Math. 73 3—62

58] Vahdat Z, Gambrell O, Fisch J, Friauf E and Singh A 2025 PLoS Comput. Biol. 21 e1013067

59] Gambrell O and Singh A 2025 Consequences of decoy site repair on stochastic fluctuations in neurotransmission 2025 American
Control Conf. (ACC) (IEEE) pp 1406-11

[60] Ghusinga K R, Dennehy ] J and Singh A 2017 Proc. Natl Acad. Sci. 114 693—8

[61] Quastel D 1997 Biophys. J. 72 728-53

[62] Hennig M H 2013 Front. Comput. Neurosci. 7 45

[63] Edwards R H 2007 Neuron 55 835-58

[64] Gordleeva S, Dembitskaya Y, Kazantsev V and Postnikov E B 2023 Sci. Rep. 13 15660

[65] Van Kampen N G 1992 Stochastic Processes in Physics and Chemistry vol 1 (Elsevier)

[66] Comtet L 2012 Advanced Combinatorics: The art of Finite and Infinite Expansions (Springer)

[67] Dayan P and Abbott L F 2005 Theoretical Neuroscience: Computational and Mathematical Modeling of Neural Systems (MIT Press)

[68] Borgers C 2017 An Introduction to Modeling Neuronal Dynamics vol 66 (Springer)

[69] Norris J R 1998 Markov Chains vol 2 (Cambridge University Press)

[70] Brémont J 2026 Phys. Rev. Lett. 136 107101

[71] Friedman N, Cai L and Xie X S 2006 Phys. Rev. Lett. 97 168302

[72] Mattos T G, Mejia-Monasterio C, Metzler R and Oshanin G 2012 Phys. Rev. E 86 031143

[73] Godec A and Metzler R 2016 Sci. Rep. 6 20349

[74] Franks K M, Stevens C F and Sejnowski T ] 2003 J. Neurosci. 23 3186-95

[75] Nusbaum M P, Blitz D M and Marder E 2017 Nat. Rev. Neurosci. 18 389-403

[76] Hauke J, Voits ] B and Schwarz U S 2026 Code and data for ‘Activation in vesicle-mediated signaling shaped by batch arrival statis-
tics’ Github (available at: https://github.com/HaukeJan/vesicle-release)

15


https://doi.org/10.1016/j.jneumeth.2003.09.030
https://doi.org/10.1016/j.jneumeth.2003.09.030
https://doi.org/10.1016/j.tins.2015.05.008
https://doi.org/10.1016/j.tins.2015.05.008
https://doi.org/10.1146/annurev.physiol.64.092501.114547
https://doi.org/10.1146/annurev.physiol.64.092501.114547
https://doi.org/10.1101/cshperspect.a005702
https://doi.org/10.1101/cshperspect.a005702
https://doi.org/10.1016/j.neuron.2014.12.006
https://doi.org/10.1016/j.neuron.2014.12.006
https://doi.org/10.1371/journal.pcbi.1002557
https://doi.org/10.1371/journal.pcbi.1002557
https://doi.org/10.3389/neuro.10.027.2009
https://doi.org/10.3389/neuro.10.027.2009
https://doi.org/10.1152/jn.00258.2001
https://doi.org/10.1152/jn.00258.2001
https://doi.org/10.1103/PhysRevE.111.014405
https://doi.org/10.1103/PhysRevE.111.014405
https://doi.org/10.1073/pnas.1513160112
https://doi.org/10.1073/pnas.1513160112
https://doi.org/10.1002/cpa.21847
https://doi.org/10.1002/cpa.21847
https://doi.org/10.1371/journal.pcbi.1013067
https://doi.org/10.1371/journal.pcbi.1013067
https://doi.org/10.1073/pnas.1609012114
https://doi.org/10.1073/pnas.1609012114
https://doi.org/10.1016/S0006-3495(97)78709-5
https://doi.org/10.1016/S0006-3495(97)78709-5
https://doi.org/10.3389/fncom.2013.00154
https://doi.org/10.3389/fncom.2013.00154
https://doi.org/10.1016/j.neuron.2007.09.001
https://doi.org/10.1016/j.neuron.2007.09.001
https://doi.org/10.1038/s41598-023-42882-9
https://doi.org/10.1038/s41598-023-42882-9
https://doi.org/10.1103/bbh8-n8dt
https://doi.org/10.1103/bbh8-n8dt
https://doi.org/10.1103/PhysRevLett.97.168302
https://doi.org/10.1103/PhysRevLett.97.168302
https://doi.org/10.1103/PhysRevE.86.031143
https://doi.org/10.1103/PhysRevE.86.031143
https://doi.org/10.1038/srep20349
https://doi.org/10.1038/srep20349
https://doi.org/10.1523/JNEUROSCI.23-08-03186.2003
https://doi.org/10.1523/JNEUROSCI.23-08-03186.2003
https://doi.org/10.1038/nrn.2017.56
https://doi.org/10.1038/nrn.2017.56
https://github.com/HaukeJan/vesicle-release

	Activation in vesicle-mediated signaling shaped by batch arrival statistics
	1. Introduction
	2. Model
	3. Probability distribution of the molecule count
	4. First passage to a threshold
	4.1. Conditional hitting probability
	4.2. Homogeneous Poisson train and fixed-interval train
	4.3. Poisson train with exponentially decaying release rate

	5. Vesicle depletion
	6. Summary and discussion
	References


