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Abstract

We review recent theoretical work that analyzes experimental measurements of the shape,

fluctuations and adhesion properties of biological cells. Particular emphasis is placed on the

role of the cytoskeleton and cell elasticity and we contrast the shape and adhesion of elastic

cells with fluid-filled vesicles. In red blood cells (RBC), the cytoskeleton consists of a two-

dimensional network of spectrin proteins. Our analysis of the wavevector and frequency

dependence of the fluctuation spectrum of RBC indicates that the spectrin network acts as a

confining potential that reduces the fluctuations of the lipid bilayer membrane. However, since

the cytoskeleton is only sparsely connected to the bilayer, one cannot regard the composite

cytoskeleton–membrane as a polymerized object with a shear modulus. The sensitivity of RBC

fluctuations and shapes to ATP concentration may reflect topological defects induced in the

cytoskeleton network by ATP. The shapes of cells that adhere to a substrate are strongly

determined by the cytoskeletal elasticity that can be varied experimentally by drugs that

depolymerize the cytoskeleton. This leads to a tension-driven retraction of the cell body and a

pearling instability of the resulting ray-like protrusions. Recent experiments have shown that

adhering cells exert polarized forces on substrates. The interactions of such ‘‘force dipoles’’ in

either bulk gels or on surfaces can be used to predict the nature of self-assembly of cell

aggregates and may be important in the formation of artificial tissues. Finally, we note that

cell adhesion strongly depends on the forces exerted on the adhesion sites by the tension of the

cytoskeleton. The size and shape of the adhesion regions are strongly modified as the tension is

varied and we present an elastic model that relates this tension to deformations that induce the

recruitment of new molecules to the adhesion region. In all these examples, cell shape and
see front matter r 2005 Elsevier B.V. All rights reserved.
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adhesion differ from vesicle shape and adhesion due to the presence of the elastic cytoskeleton

and to the fact that active processes (ATP, molecular motors) within the cell modify

cytoskeletal elasticity and tension.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Biological cells must fulfill a complex and dynamically changing set of
requirements in order to survive, function and reproduce. For example, red blood
cells (RBC) must adapt to the relatively wide range of capillary sizes found in blood
vessels; they must be at the same time deformable while maintaining their cellular
integrity and function. Epithelial cells that form tissues that cover the internal and
external surfaces of organs (e.g., skin cells, lining of the lungs, intestines) must
adhere to substrates and to each other under a wide variety of circumstances; their
adhesion properties can be regulated by the cell which simultaneously senses the
chemical and mechanical properties of its environment. Fibroblasts that maintain
connective tissue and play an important role in wound healing have their own
internal mechanisms for regulating the elastic forces that they exert. While the
structure and physical properties of biological cells must ultimately be described by
the known laws of chemistry and physics, there are important differences between
conventional ‘‘dead’’ materials and living matter. Even if one focuses (as does this
article) on the physical structure and dynamics of cellular components and not on
the more complex problem of genetics and development, it is necessary to consider
and to account for cell function when describing cell structure. This distinguishes
‘‘live’’ matter from the usual systems treated by materials physics.

In this review, we summarize recent theoretical progress that relates the physics of
cell elasticity to cell structure, function and adhesion. From the point of view of
materials physics, biological cells have some common features with artificial ‘‘soap
bubbles’’ or other self-assembled amphiphilic systems [1]; both are characterized by a
membrane that isolates the contents from the environment. However, in contrast to
swollen micelles, microemulsions and vesicles—systems that have been intensively
investigated both theoretically and experimentally using the tools and concepts of
soft matter physics—the cytoplasm of the cell is not a simple fluid. The interior of
cells contains the cytoskeleton, an elastic gel composed of crosslinked, long-chain
protein molecules; this gives the cell shear rigidity and shape integrity. In most cells,
the cytoskeleton [2] is composed of several components, including actin,
microtubules and intermediate filaments, each of which have different elastic
properties [3] that can be used by the cell in a variety of circumstances. As mentioned
above, the cell can regulate its elasticity by varying the self-assembly of the
macromolecules that form the cytoskeleton. In addition, the cytoskeleton can exert
forces on the cellular environment; this is important in the regulation of adhesion.
Force generation that leads to tension in the actin network arises from the action of
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myosin molecular motors that are activated by ATP to change conformation and
exert forces on the actin filaments.

Recent experiments [4,5] show that, in contrast to artificial vesicles that exert only
normal forces when adhering to a substrate, adhering cells show both normal and
lateral forces. The normal forces arise from the action of either specific adhesion
molecules or non-specific interactions (e.g., van der Waals interactions or
macromolecular adsorption) while the lateral forces arise from elastic deformations
of the adhesion region by cytoskeletal forces. These lateral forces regulate the size
and shape of the finite-sized, discrete adhesion regions (in some cases called focal
adhesions (FA)) [5] and allow a cell to probe and to adjust the strength of the
adhesion to its physical environment. FA are large (micron-sized), discrete cell-
matrix adhesion regions that contain transmembrane adhesion receptors of the
integrin protein family. For mechanically active cells like fibroblasts with mature
FA, there could be hundreds of FA distributed mainly along the cell rim; the forces
associated with these FA keep the cell under tension. The physical origin of the
mechanosensor in the cell and the conversion of elastic information to a biochemical
response that recruits additional proteins to the adhesion region is an important
problem in cell biology today [5].

These forces that arise from the tension in the actin cytoskeleton tend to polarize
the tense actin filaments that in this context are termed stress fibers. Thus, one can
sum over all the local FA and, in a coarse-grained picture, model such an adhering
cell as a pair of nearly equal and oppositely directed contraction forces (termed an
elastic force dipole) with typical forces of 100 nN over a scale of tens of microns. For
stationary cells, Newton’s law implies that the vector sum of all the forces must
vanish and the dominant remaining forces will be dipolar in nature. Due to the
anisotropic nature of the actin fibers of the mechanically active, cellular
cytoskeleton, the force dipoles are themselves anisotropic. An interesting physics
problem [6,7] concerns the interactions and self-assembly of many such force dipoles;
this corresponds to the interactions of many cells, each of which adheres to an elastic
medium such as a substrate or in a three-dimensional gel. These dipoles interact via
the elastic deformations of the medium, and can form chains or other self-assembled
structures. Because these interactions are long-range, the details depends on the
boundary conditions and sample shape. In addition, the interaction strength depends
on the elasticity of the substrate as well as on its deformations: for example, cells
have been observed to migrate toward stiffer substrates and to rotate on elastically
strained media [8]. The physics of cell adhesion and the interactions of cells in elastic
media are important for the understanding of tissue formation and engineering [9] as
well as wound healing and metastasis.

At the level of the individual cell, the competition of adhesion forces and the
tension and bending properties of the bilayer membrane determine the shapes of
adhering cells. Here again, the cytoskeletal elasticity plays a role and makes this
problem different from the adhesion of artificial vesicles. In particular, the shear
modulus of the cell contributes to the line tension at the cell–substrate interface.
Analysis of measurements of the shape of adhering cells as a function of the
cytoskeletal elasticity explained the observations [10] of an interesting shape
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transition in cells that were treated with a drug that depolymerized (and thus reduced
the elasticity of) the actin cytoskeleton. The resulting sun-like structure of the cell
then showed a further pearling instability in which the characteristic wavelength
depends on the cytoskeletal elastic modulus.

The coupling between the elastic cytoskeleton and the fluid, lipid membrane is
important for understanding the mechanical properties and fluctuation spectrum of
the cell [12,13]. The details of the cytoskeleton components and their geometry vary
between cells, but there are general features that are common to all: the fluid bilayer
is attached to the cytoskeleton through specialized [14] membrane proteins, confined
to small attachment patches of � 10–50 nm each, that can be relatively sparse
(� 100 nm apart in the RBC [11]). The cytoskeleton, that can either be a three-
dimensional actin gel that fills the entire cell volume or a thin, quasi-two-dimensional
protein network as in RBC, is usually much stiffer than the bilayer, and its gel-like
structure gives it a shear modulus. The fluctuations of that part of the bilayer that is
attached to the cytoskeleton are therefore confined in the normal and lateral
directions. It is interesting to see how this highly inhomogeneous potential affects the
entire membrane, including those sections that are not directly attached to the
cytoskeleton.

RBC have a two-dimensional cytoskeleton composed of an approximately
hexagonal network of crosslinked, spectrin protein molecules. Measurements of
the thermal fluctuations of the cell membrane result in amplitudes much larger than
one would expect [1,15–17] if one would attribute the full shear modulus of the
spectrin network to the bilayer membrane. Increasing the shear modulus of the
spectrin network by the addition of additional crosslinking agents has a negligible
effect on the observed fluctuation amplitudes [17]. Recent models of RBC
fluctuations [12,13,18] showed that the sparse nature of the coupling of the two-
dimensional cytoskeleton of RBC to the membrane allows significantly larger
membrane fluctuations. The cytoskeleton results in an effective membrane tension
[12,13,19] as well as a soft potential that confines the membrane fluctuations. Again,
in contrast to ‘‘dead matter’’, the cytoskeletal elasticity is regulated by ATP that can
change the nature of the actin–spectrin crosslinks. Defects in the cytoskeleton
induced by ATP may explain the increase in fluctuations as the amount of ATP in
RBC is increased [18,20]. Other cytoskeletal elastic effects that determine RBC shape
include the formation of fold-lines [18,21] in RBC that are confined to narrow
capillaries and to changes in the overall RBC shape [22–24] (echinocyte or discocyte
formation). These effects are controlled by ATP thus indicating how non-
equilibrium processes are critical in determining even the steady-state shape of
biological cells.

This review begins in the next section with a discussion of the elasticity of the two-
dimensional spectrin network of RBC and its implications for the static and dynamic
fluctuations of RBC. The theoretical predictions are compared with experiments that
determine the magnitude of the effective tension and confining potential induced by
the cytoskeleton. The observed increase of the fluctuations with ATP activity and the
release of ATP by deformed RBC is discussed in terms of cytoskeletal defects
induced by ATP.
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In Section 3, the effects of the three-dimensional actin network on the shapes of
adhering cells is discussed. The shape instabilities observed as the cytoskeleton shear
modulus is reduced by the addition of a drug can be quantified and used as a
measure of the integrity of the cytoskeletal network elasticity.

Section 4 reviews the results of an analysis of experimental data that determines
the forces exerted by the stress fibers of adhering cells. The cells can be characterized
as ‘‘force dipoles’’ whose interactions determine the nature of the self-assembly of
cells on substrates in three-dimensional gels.

A model for the origin of the mechanosensitivity of adhering cells is reviewed in
Section 5 in light of experiments that measured the size and shape dependence of
cellular FA on external forces exerted on the cytoskeleton. It is suggested that the
deformations induced in the adhesion region by the stress fibers that are under
tension due to the actomyosin activity in the cytoskeleton can give rise to a
biochemical response in which additional proteins are recruited to the adhesion zone.
2. Elasticity of RBC

The shape of RBC is strongly determined by the mechanical properties of the
cytoskeleton and by ATP activity. The surface of the RBC is a composite material
containing an outer lipid bilayer and an inner, two-dimensional cytoskeleton that is
composed of the protein spectrin [11] attached in a sparse manner to the lipid bilayer
[12,13]. The links of the network consist of flexible spectrin molecules
(R � 80–100 nm), crosslinked at the network nodes by a complex containing a
short ð� 30 nmÞ actin filament, band-4.1 and other proteins [11,14]. We begin with a
discussion of the cytoskeleton effects on the shape fluctuations of RBC and then
consider the role of ATP in enhancing the fluctuations as well as shape changes.

2.1. Shape fluctuations

In this section, we focus on the effects of the inhomogeneous potential of the
spectrin network on the thermal fluctuations of the membrane. These fluctuations
have been measured in RBC [15], and the effective membrane bending modulus k
was found to vary dramatically as a function of the measured wavevector q. These
observations, as well as that of the temporal spectrum [20], have presented a
theoretical challenge since they appear to indicate that the bilayer behaves as if it is
almost detached from the underlying cytoskeleton [12,16]. At the same time, the
membrane acquires a wavelength-dependent surface tension, in addition to its
curvature modulus [12,13]. This tension is much larger than estimated from the finite
size effect [1] sbk=R2: We have found that we can predict these properties using a
simple, well-controlled model.

The simplest description of the membrane neglects the thickness of the
cytoskeleton and the sparse attachments to the bilayer, and treats a bilayer that is
completely attached to a two-dimensional (i.e., zero thickness) cytoskeleton [15,16].
In this case, the membrane has, at all length scales, the bare bending modulus of the
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bilayer and the shear modulus of the cytoskeleton which is of the order of 6�
10�6 J=m2 [25]. This would be expected to show very small thermal fluctuations due
to the large shear restoring force. However, this model is ruled out by the observed
distribution of the fluctuation amplitude among different shape modes and over the
RBC surface [15,16]. We therefore must take into account the relatively weak
coupling between the bilayer and cytoskeleton, due to the sparse connections and the
soft nature of the cytoskeleton shell.

Our model that accounts for the relatively large amplitude of RBC fluctuations
describes the relatively weak potential exerted on the membrane by the soft
cytoskeletal shell, that is sparsely attached to the bilayer. The average bilayer–shell
distance is related to the observed amplitude of thermal fluctuations, and depends on
the undulations of both the bilayer and spectrin filaments. The spectrin filaments
form a connected, quasi-two-dimensional shell that has a three-dimensional
thickness of d � 30 nm; due to the conformations of the soft filaments out of the
plane of the shell. This can be modeled by a restoring force on the bilayer, which we
account for via a harmonic potential. The force acts at all bilayer–spectrin distances
due to relatively delocalized and ‘‘soft’’ nature of the spectrin network. Additionally,
the sparse attachment points of the membrane to this potential induce an effective
surface tension in the bilayer [13]. The resulting free energy is therefore given by [12]

F ’

Z
dS

1

2
sðrhÞ2 þ

1

2
kðr2hÞ2 þ

1

2
gh2

� �
; (1)

where s is the effective surface tension and g describes the confining harmonic
potential. The spectrin filaments behave as entropic springs; they can have random
conformations in the half-space beneath the lipid bilayer, since they are not strongly
adsorbed to the bilayer, except at their ends [26]. This would predict a fluctuation
amplitude given by

hh2
qi ¼

kBT

kqq4
; (2)

where kq is a renormalized bending modulus given by

k=kq ¼
k

kþ sq�2 þ gq�4
; (3)

where the bare bending modulus k � 2� 10�20 J:
We now analyze the static fluctuation spectrum, that is the height fluctuations as a

function of the wavevector q [27]. In the limit of short wavelengths (large q) we find
that the data for the mean-square amplitude is reasonably described by the
expression for a free membrane: hh2

qi ¼ kBT=ðkq4Þ with a bare bending modulus
k � 2� 10�20 J: At the largest wavevectors, the data are noisy due to experimental
limitations. We view this value of k as indicative of the bare value of the bending
modulus of the bilayer, since in this limit, the bilayer is largely free of the sparse
cytoskeleton connections. The amplitude of fluctuations is also small compared with
the average bilayer–cytoskeleton distance of d � 30 nm; so that interaction between
the two is small.
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In the other limit of small wavevectors, we find that the fluctuation
amplitude saturates. In order to find the value of the parameters g and s;
we plot in Fig. 1 the renormalized effective bending modulus kq (Eq. (3)). Using
this plot, we find the ratio g=k: Fitting the data, we get the following values
for the small q range: g � 128� 107 J=m4 and s � 5212� 10�7 J=m2; where the
variability represents the natural spread of values among different cells. Using these
values to fit the experimental data for the absolute amplitude of the static
fluctuations [18], we find that it is enhanced by a factor of � 3; which we attribute
to an increased effective temperature Teff =T � 3 due to the ATP-driven height
fluctuations. Note that exactly the same enhancement factor explains the
measurements of the dynamic fluctuation amplitude in ATP-depleted and ATP-
containing RBC ghosts (in very different experiments) [13,20], showing the overall
consistency of our description.

For comparison, we compare the data for the stomatocyte cell [27]. These cells are
known to have a weakened cytoskeleton and a much expanded bilayer [24]. The first
effect is taken into account by a reduction of the surface tension s and g by � 15%;
since both are linearly dependent on the shear modulus of the cytoskeleton m [13],
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Fig. 1. Calculated normalized effective bending modulus kq (Eq. (3)) compared with the experimental data

[27]: normal cells—circles (solid line), stomatocyte—squares (dashed-dot line), echinocyte—triangles

(dashed line). The vertical dotted line shows the crossover wavevector q0 � ðg=kÞ1=4: The inset shows the

same data in the limit of small q’s, to determine the ratio g=k: The linearity in this plot at small values of q

indicates that the value of g (arising from the cytoskeletal potential) must be non-zero.
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which is reduced by this amount. The weaker cytoskeleton allows the bilayer to have
a shape transition into a stomatocyte, that is characterized by a stretched bilayer
[24]. In this case, ATP-induced defects in the cytoskeleton do not translate into
normal motion of the bilayer, and the effective temperature is therefore found to be
Teff =T � 1:2:

The data for the echinocyte cell [27] fits with our expectation of increased surface
tension and harmonic potential parameters by a factor of � 2:2; compared to the
values for the normal RBC. We also expect the effective temperature to be essentially
given by its bare, thermal value, since ATP activity is absent in the cytoskeleton of
the echinocyte. Indeed, measurements of the effective absolute fluctuation amplitude
are found to be � 3:8 times smaller than for the normal RBC.

An extension of the static theory to treat the dynamical fluctuations has been
presented in Refs. [12,28,29]; for the hydrodynamic analysis, the cytoskeleton can be
taken to be a somewhat permeable wall that impedes the water flow; this is in
addition to its role as a source of membrane tension and a confining potential. We
note that our analysis of the dynamic fluctuation data is consistent with an effective
value of the average bilayer–cytoskeleton distance, d � 30 nm; which is determined
by the soft potential strength, g; deduced from our analysis of the static fluctuation
data. The slow water flow appropriate to the measurements of the low frequencies of
dynamic bilayer fluctuations is such that the cytoskeleton is nearly impermeable.
This is because on the slow time scale of the water flow, the spectrin network
fluctuates and effectively covers the entire two-dimensional plane. The transient,
ATP-induced defects are much faster than these slow flows, so that the water is
bounded on one side by the bilayer and on the other side by the spectrin network [12]
which on average is at a distance d from the bilayer. Since the restoring force is
constant, the ATP activity is best taken into account through an increased effective
temperature, i.e., increased agitation force.

2.2. Microscopic model

The phenomenological analysis presented above found that the sparse coupling of
the cytoskeleton and the RBC membrane results in a description of a membrane
characterized by three effective parameters k;s; g: In Ref. [13], we presented a
microscopic model of a bilayer membrane in a periodic potential and showed that
the phenomenological parameters, k;s; g; have their origin in the long-wavelength
limit of that microscopic model. The phenomenological parameters are shown to be
related to the amplitude and wavelength of the potential that the cytoskeleton exerts
on the membrane.

Our simplified microscopic model approximates the membrane cytoskeleton
coupling as a periodic harmonic potential. The point of attachment of the
cytoskeleton to the membrane is through relatively short and rigid protein complexes
[2,11] (e.g., p4.1, p55). The flexible spectrin filaments provide the smooth restoring
force of the cytoskeleton that acts on the membrane and this motivates our harmonic
approximation. The spectrin molecules behave as linear entropic springs, with non-
linearity at large extensions [30], beyond the range of the thermal fluctuations
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discussed here. We studied [13] two extreme situations for the lateral potential: a
series of delta functions and a smooth sinusoidal function.

The Hamiltonian H of the membrane is written as

H ¼

Z
d~r

k
2
ðr2hÞ2 þ

Z
d~r0V ð~r �~r0Þhð~rÞhð~r0Þ

� �
; (4)

where k is the bending modulus and V ð~r �~r0Þ is the external potential that represents
the inhomogeneous coupling to the cytoskeleton. For a localized, harmonic
confining potential, the second term in Eq. (4) becomes V ð~rÞhð~rÞ2: To calculate the
correlations, we use a relation between the linear response of the membrane to a
localized force, f dð~rÞ; and the correlation function for membrane fluctuations [1,13].
The real-space correlation function hhð~rÞhð0Þi is related to the function wð~rÞ
determined by the differential equation

V ð~rÞwð~rÞ þ kr4wð~rÞ ¼ f dð~rÞ : (5)

In Ref. [13] this equation is solved analytically for the case of a two-dimensional
checkerboard potential characterized by a spatial variation proportional to
V 0 cosðGxÞ cosðGyÞ with the single wavevector ~G: The approximation used neglects
the coupling to higher harmonics and predicts an effective bending stiffness k;
effective tension s and effective potential g from an expansion of the height
correlation function to fourth order in wavevector. In the limit of both weak
(V0=G4k51) and strong (V0=G4kb1) confinement, we have

V0 ! 0 : g ! V 0; s ! �
V 2

0

8G6k
; k ! k ;

V0 ! 1 : g !
3V 0

4
; s ! 2kG2; k !

5

4
k : (6)

For weak confinement, both the curvature modulus and the confinement potential g
are easily understood; however, we find a surprising, effective negative surface
tension for weak potentials V0o4kG4: In the limit of strong confinement, we find
that the surface tension saturates to a positive value that is much larger than the
tension due to finite size effects, with a somewhat renormalized bending modulus
and monotonically increasing uniform confinement. The analytical approximation
compares well with a numerical solution for long-wavelength modulations (small
values of ~G) or small modulation amplitudes.

For both small and large values of ~G; it is the ‘‘pulling’’ effect of the
inhomogeneous pinning that induces the appearance of the effective surface tension.
In the limit of V 0 ! 1; the clamping has an effect that is similar to that of positive
tension, s; and the fluctuations are reduced. In the limit V0 ! 0; there appears a
wavevector q0; at which the correlations are maximal; this is similar to the effect of
buckling that a negative tension would induce.

Comparing Ref. [13] with the fits to the static scattering experiments in RBC, we
find in both cases that the predicted surface tension s � 2� 10�7 J=m2 is smaller
than the measured value by a factor of � 3: The calculated surface tension is close to
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the asymptotic value of strong confinement s � 2kG2 (see Eq. (6)). Note also that
the experimental value is about 30 times smaller than the cytoskeletal shear modulus
(m � 6� 10�6 J=m2), while much larger than the surface tension arising from area
conservation of the RBC [12]: s0 ¼ k=R2 � 1� 10�9 J=m2 (taking R � 4 mm for the
RBC radius). The surface tension imposed by the periodic potential is therefore
distinct from both the cytoskeleton shear strength and the area conservation
condition.

We now relate the values of the model parameters G and V0 to the microscopic
structure of the RBC cytoskeleton. The calculated periodicity is of the order of the
observed average distance between cytoskeleton and bilayer connection sites [15]
ð� 150 nmÞ: Additionally, the values of the peak confining harmonic potential
exerted by the cytoskeleton V 0 � 100kG4 can be related to the shear strength per
unit area of the cytoskeleton m: V 0 � mG2 ’ 0:14–0:4� 108 J=m4: The strength of the
confining that the cytoskeleton exerts on the lipid membrane at the coupling site is
related to the cytoskeleton stiffness. This is because it is only the local shape changes
of the cytoskeleton that provide a restoring force to the fluctuations of the lipid
membrane, in addition to the intrinsic bending modulus of the bilayer.

Comparing the behavior of the model with the experiments as a function of
wavevector, we find that the two-dimensional sinusoidal checkerboard potential can
reproduce fairly well the low q behavior, including the appearance of the relatively
large effective surface tension. The measured data, though, shows a more abrupt
change [19] around the crossover wavevector qc (see Fig. 4 of Ref. [13]).

Although the coupling of the cytoskeleton to the membrane occurs at distinct
sites, the checkerboard model gives a surprisingly good approximation of the real
cytoskeleton–bilayer coupling in the RBC, because of the diffusion-induced
fluctuations of these coupling points in the fluid, bilayer membrane. This is probably
because the actual potential is smoothed by the fluctuations of the spectrin molecules
and of the finite size patches that connect them to the membrane.

2.3. Activity and structure

In the absence of ATP, such as in depleted cells or washed ghosts [20], the r.m.s.
amplitude at a given point in space of the bilayer thermal fluctuations (alone) is
hther � 30 nm: When ATP is added, the fluctuation amplitude rises and saturates at
physiological concentrations, giving h � 80 nm: In the previous discussion of the
phenomenological model [12], we have shown that a consistent description of both
the static and dynamic data is possible if we treat the ATP effect as introducing a
higher effective temperature Teff =T � 3: We now consider the origin of this effect.

The consumption of ATP is known to induce large membrane fluctuations [12,20].
Since the hydrolysis of ATP releases DEatp � 13kBT ; it provides more than enough
energy to dissociate the spectrin from the actin at the nodes of the network; that
energy cost is only DEsa � 7kBT : The rate of energy transfer by this mechanism into
shape fluctuations of the membrane is limited by the following quantities: the elastic
energy released in the membrane, the concentration of ATP and the time it takes
for the membrane to dissipate this energy and ‘‘re-attach’’ to the cytoskeleton. The
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ATP-induced dissociations of spectrin are transient, because the dissociated spectrin
can re-associate with the actin filament.

The adsorption of ATP to the phosphorylation sites at the spectrin–actin junctions
can be described by the equilibrium occupation probability; this assumes that the
ATP in the cytoplasm can be treated as a reservoir with concentration nATP:
Standard thermodynamics gives

nd ¼
nATPe�

1þ nATPe�
; (7)

where � (in units of kBT) is the energy to preferentially adsorb at the spectrin–actin
sites as opposed to anywhere else on the membrane surface, and is given by the
following balance:

� ’ ðDEatp � DEsa � kBSf � DEÞ=ðkBTÞ

’ 13� 7þ 1:5þ 1:5 ’ 9 ; ð8Þ

where Sf is the entropy change due to the release of the spectrin filament. The last
term in Eq. (8) represents the mechanical energy released by the spectrin dissociation,
estimated as DE ’ mðR � R0Þ

2
’ 1:5kBT ; where m is the cytoskeletal shear modulus,

R � 80–100 nm is the typical spectrin network spacing and R0 � 70 nm is the ideal
spectrin distance in the absence of the bilayer [18]. Due to the large adsorption
energy, the ATP occupation of the spectrin–actin sites is saturated at relatively low
ATP concentrations, in agreement with experimental data [20]. Dissociation of the
actin–spectrin complex means that on both sides of the dissociated spectrin there are
now five-fold nodes that tend to buckle upwards [31] and can exert a force on the
membrane. Thus, ATP-induced spectrin dissociation converts the stored elastic
energy of the filament into normal motion of the membrane. In addition, the
dissociation can affect the membrane–cytoskeleton coupling proteins; this would
also tend to increase the membrane fluctuations.

When the energy released by spectrin dissociation is added to the thermal
energy kBT that is dissipated by each membrane mode, one predicts [12] an
enhanced effective temperature of the order of the measured factor of Teff =T � 3:
Our estimate is valid under the condition that the ATP-induced processes,
similar to the thermal motion of the membrane, are spatially incoherent.
However, on the length scale of the cytoskeleton network ð� 200 nmÞ itself, the
motion is not thermal and does not satisfy the fluctuation-dissipation theorem [32].
The use of an effective temperature is only correct at larger scales where non-linear
couplings mix the energy of the discrete motion into membrane modes of longer
wavelength.

The local transfer of energy from the ATP to the membrane motion, on the scale
of a single network element, can be estimated from the equation of motion for the
local amplitude h of the membrane fluctuations (in the usual limit of large damping)

_hðtÞ þ omh ¼ xðtÞ ; (9)

where a2 is the area of the membrane contained in one network triangle (the mesh
size of the spectrin network: a � 80 nm), Z is the viscosity of the surrounding fluid
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and xðtÞ is the normalized force, given by xðtÞ ¼ F ðtÞ=ð4a2ZkÞ; where k � 1=a and
F ðtÞ is the actual force on the membrane that comes from the ATP-included
disconnections of the spectrin chains from the network or of the spectrin–membrane
coupling. For disconnections of the spectrin network, the force is derived from the
energy DE discussed after Eq. (8). The first term on the left-hand side of Eq. (9) is the
viscous damping of the membrane due to the surrounding fluid, and the second term
is the restoring force due to the curvature stiffness of the bilayer. Here, Z � 3Zwater is
a slightly enhanced, effective viscosity due to the cytoskeleton confinement of the
membrane fluctuations [12,28].

At the scale of a single spectrin network unit cell, the membrane has a
characteristic fluctuation frequency: om ’ k=4Za3 � 103 Hz: This should also include
the re-association time tre; which is the Zimm time it takes the detached end of the
filament to thermally diffuse back to the attachment site and re-attach [33]. Since the
detached spectrin is confined by the bilayer, only a short segment of the spectrin
molecule can actually diffuse freely. This results in tre � 10�7 s; which can therefore
be neglected.

For the RBC case, where ompt�1 (in normal conditions), we can write [18]

hjhj2iATP ’ a2 DE

k
ma2

k
nd

1þ ðtomÞ
�1

�
a2

6
nd ; (10)

where DE is the spectrin stretching energy defined above. The maximal r.m.s. height
fluctuation due to ATP is hjhj2i

1=2
ATP � a=

ffiffiffi
6

p
� 40 nm: Note that the ATP-induced

amplitude is proportional to the ratio of the tension released in the cytoskeleton and
the curvature modulus of the membrane. This means that the motion on the length
scale of the cytoskeleton network ð� 200 nmÞ is not thermal and does not satisfy the
fluctuation-dissipation theorem [32,34].

The agreement [18] of our model for the effective temperature as a function of the
ATP concentration with the data is rather good, except for low ATP concentrations,
where there seems to be a threshold behavior in the experiments. This could arise
from competing ATP-adsorption sites other than the spectrin–actin nodes, that
effectively lower the available ATP concentration.

In addition to enhancing the membrane fluctuations, ATP-induced transient
defects of the spectrin network are also important in determining the average shape
of RBC [22,23]. ATP is clearly important for maintaining the discocyte shape of a
free RBC, since it has been observed that depletion of ATP causes a change from the
discocyte to the echinocyte shape [24]. This change of shape suggests that the loss of
ATP results in a stiffer cytoskeleton that pulls the bilayer over a smaller cytoskeleton
projected area. The need to accommodate the bilayer area over a smaller projected
area results in the appearance of spicules of the echinocyte shape. In our model, the
physical origin of this effect is simply related to the change in the number of released
spectrin filaments, when the number of defects is reduced as ATP is reduced. We can
estimate [18] this effect by estimating the resulting area difference between the
interior and exterior membrane layers that has been suggested to drive the various
shape transitions of RBC [24]. We relate this area difference to the pulling force that
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the cytoskeleton exerts on the bilayer, and predict its dependence on the ATP
concentration.
3. Cytoskeletal elasticity and cell shape

In the previous section we saw how the cytoskeleton provides a tension and a
harmonic restoring force that affect the shape fluctuations of RBC. Defects in the
cytoskeleton due to ATP activity may increase the fluctuation amplitude as well as
induce shape changes. More dramatic effects [10] related to the reduction of the
cytoskeletal elastic modulus have been observed in fibroblast cells and have been
interpreted theoretically. In these systems, the cytoskeleton is a three-dimensional
actin network whose elasticity is weakened by a drug that depolymerizes the actin
polymers. On the molecular scale, there are many active, non-equilibrium processes
that take place in the cell. However, on the scale of the slow time changes associated
with changes in cell shape (several minutes), the microscopic events can be averaged
to give effective elastic constants and surface tensions whose energetic balance
determines the shape of nearly stationary cells.

The importance of actin in the majority of processes of cell morphogenesis allows
one to probe in detail the changes arising upon gradual disruption of the actin
cytoskeleton, using the drug Latrunculin A (LatA). LatA is known to bind
monomeric actin by sequestering it. One thus controls the level of polymerized actin
by varying the drug concentration [35]. A gradual [10] increase in LatA
concentration leads first to arborization, the formation of numerous radial tubular
protrusions, a phenomenon that has previously been described for other drugs that
actively disrupt the actin cytoskeleton (Fig. 2). Further increase of the LatA
concentration induces an instability of these tubes, converting them into a chain of
pearls. This ‘‘pearling’’ is a general characteristic of fluid tubes under tension, that
can be found in a wide variety of physical systems [36] including phospholipid
bilayers [37]. The theory [10] accounts in a unified manner for both the shape
changes and pearling instability as a function of the drug concentration.

3.1. Experimental observations

SVT2 cells [38] were plated on coverslips and treated with increasing concentration
of LatA, 0:08mMpFp40mM: Untreated cells are polygonal, with lamellipodia and
protrusions concentrated in one or a few locations on the cell periphery as seen in
Fig. 2. Their edges are curved, and the protrusions are at the vertices. This
morphology is disrupted by the addition of LatA in two sequential stages. First, the
outer envelope shrinks to form a round cell body enclosing the nucleus and most of
the cytoplasm, leaving radial tubular processes still attached to adhesion points
(‘‘sun’’ with ‘‘ray’’) as shown in Fig. 2. In the second stage, some of the tubes become
unstable to the ‘‘pearled’’ state characteristic of tense cylinders. Complete recovery
of cell shape occurs upon removal of LatA [10]. The dimensionless pearling
wavelength, lp ¼ 2pR0=kp; where R0 is the unperturbed tube radius, also shows a
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Fig. 2. The figure on the left shows an intact cell attached to a surface at several points (scale bar on the

left figure is 20mm). Note the semi-circular shape in between the attachment points. Arborization and

pearling in an SVT2 cells treated with 2:5mM LatA and fixed in paraformaldehyde are shown. The scale

bar on the right figure is 10mm (from Ref. [10], Copyright (1999), National Academy of Science, USA).
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clear trend with F: Varying F by over two decades in the micromolar range, we
obtained a clear power law behavior kp ¼ ð0:42� 0:3ÞF0:51�0:4 (with F in units of
micromoles of LatA) over most of the range covered.

3.2. Theory

A simplified model for the cell shape as a function of the cytoskeletal
elastic modulus regards the cell as an envelope that is attached to the
substrate at several discrete locations. For relatively small concentrations
of the drug, we assume that the cytoskeletal shear modulus, E, decreases
linearly with the drug concentration F: E ¼ E0 � aF; where E0 is the modulus of
the drug-free cytoskeleton. The balance of forces in the cell will then depend
drastically on the geometry. In its initial natural state, the adhering cell has a
flattened shape, which is a stable configuration. Most of the elastic energy is located
around the edge, due to the deformation of the actin cytoskeleton in that region.
This gives an additional contribution to the effective line tension g: Approximating
the cross-section of the elastic edge as ph2 gives g ’ pEh2; where h is the average cell
thickness near the edge.

One can minimize the total energy g
R
dl þ s

R
dS (elastic line tension of the edge

and the surface tension energy of the entire cell, with the constraint that there are at
least three attachment points) to obtain the force-balance equation s ¼ g=R�:
Volume constraints are included by adjustment of the cell’s vertical height, h. The
equilibrium shape describes a positive curvature circular arc between the adhesion
points, with radius R� ¼ g=s � pEh2=s: Approximating for the untreated cell
R�ðF ¼ 0Þ ¼ 10mm and h � 1mm; while taking for the tension values typically
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measured in cells s ¼ 4� 10�2 erg=cm2 [10], we obtain an estimate of E0 � 100Pa;
consistent with Ref. [39].

As seen in both experiment and calculation, R� � E0 � aF indeed decreases with
F: At high values of the drug concentration, F; R� decreases to a value smaller than
the typical distance between adhesion points. In this case, most of the cell volume
retracts into a nearly circularly symmetric region in the center connected to the
adhesion points by thin tubes (see Fig. 2). The shape of the membrane near the cell
center can be shown analytically to be close to a semi-circle, i.e., the distance between
rays at the contact to the cell center is L � 2R�: This prediction is well borne out
experimentally (L=R� ¼ 2 within 10% on average).

At higher concentrations, the low surface to volume ratio favors a change of sign
in the curvature of the outer envelope, the arborization process is complete and we
obtain a ‘‘sun’’ as seen in Fig. 2. This shape has a circular (minimal surface) core
containing the nucleus along with most of the cell cytoplasm, and rays attached to
the original adhesion points.

We next estimate the effect of the elastic modulus on the pearling instability of the
tubular protrusions. It is well known [36] that a fluid cylinder is unstable to
formation of a string of spherical pearls due to their lowered surface energy [1]. This
theory can be generalized to include the additional restoring force due a weak gel in
the interior of the tube; the shear modulus of the gel suppresses the Rayleigh
instability. Using a linear approximation, we consider the stability of a tube with an
initial (undeformed) radius r0; subject to a peristaltic perturbation of its radius, rðzÞ;
of the form rðzÞ ¼ r0 þ u sinðqzÞ � u2=ð4r0Þ; where r0 is the tube radius, q is the
wavenumber of the modulation and u5r0 is its amplitude. The dimensionless
wavevector is k ¼ qr0: Volume conservation is ensured by the term u2=4r0: The area
of the tube, S, is reduced by a factor of dS=S ¼ ðu=ð4r0ÞÞ

2
ðk2

� 1Þ and so the surface
energy gain, per unit area, is Us ¼ sðdS=SÞ: A fluid cylinder under surface tension s
is thus unstable to long-wavelength modes with kp1 [36], and the elastic forces
oppose this instability.

For a gel-filled rod (h ¼ r0), the total elastic energy per unit area UT ¼ ~Eð4u=r0Þ
2

plus higher order terms of order k2 and k4; where ~E ¼ 3Er0=ð1þ sÞ is an effective
cylindrical stretching modulus [10]. For all relevant wavelengths (kp1), the k-
dependent terms may be neglected for systems like cells where the shear modulus is
weak. The new dimensionless criterion for stability is �UT=Usðq ¼ 0Þ ¼ ~E=sX1;
which depends on the tube radius, r0: It is therefore easier to destabilize thin tubes,
requiring less drug and less disruption of the actin cytoskeleton. Since tubes are
typically unstable when r0p1–2mm; and using r0 � h; we get an estimate for the
thickness of the actin cortex hp1mm: This also gives an estimate for the average
Young’s modulus at which pearling occurs, Ep ¼ ð1þ nÞs=ð3r0Þ � 20Pa: This
rigidity is significantly lower than that of an untreated cell. The threshold for
pearling occurs when the rigidity falls below a critical value corresponding to a
critical concentration, Fc; typically of order 3mM:

Within a linear theory, we can find the growth rate of the instability by
considering a small harmonic perturbation to a gel-filled rod uðz; tÞ ¼ ueot sinðqzÞ:
The time rate of change of the surface and elastic energies per unit length
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is _U ¼ poðu2=r0Þ ðsðk
2
� 1Þ þ ~EÞ: The first term represents the tension energy while

the second term is the positive shear rigidity contribution which tends to stabilize the
tube. The growth rate of the instability is determined by equating _U with the viscous
dissipation of the Poiseuille flow of water in the deforming tube, W ¼

Zð16p3=5Þo2k�2u2; where Z is the cytoplasm viscosity. The resulting dispersion
relation takes the form

oðkÞ ¼
5

16p2
k2

Zr0
ðsðk2

� 1Þ þ ~EÞ : (11)

The typical wavenumber of pearling at criticality is given by k2
c ¼ ðs� ~EÞ=s ¼

ðF� FcÞ=ðF0 � FcÞ; where F0 is the drug concentration at which the elastic modulus,
~E; vanishes. The theory predicts not only the observed square root dependence, but
also the measured prefactor that gives an estimate for F0 on the order of 10mM: This
simple theory seems to reasonably estimate the value at which the actin has lost
almost all efficacy. However, the simple linear dispersion relation cannot predict the
full nonlinear dynamic relation relevant at late times.
4. Cytoskeletal elasticity and cell adhesion

Adhesion of live cells to external surfaces [40] plays an important role in many
cellular processes, such as cell growth, differentiation, motility and apoptosis
(programmed cell death) [41]. Cell adhesion is not a passive process, restricted to the
formation of bonds between membrane receptors and extracellular ligands.
Adhering cells actively probe the physical properties of the extracellular matrix;
their cellular contractile machinery participates in the formation of the adhesive
junctions in a manner that is not yet understood. It has been shown that on rigid
surfaces, the interaction of the contractile machinery of the cell and adhesions gives
rise to large and stable junctions, termed focal adhesions (FA). These are associated
with the termini of actin stress fibers and trigger signaling activity that affects gene
expression, cell proliferation and cell survival. On the other hand, soft surfaces
mainly support the development of relatively small, transient, dot-like or fibrillar
adhesions that are involved respectively in cell motility and matrix reorganization. In
addition, observation of the early phase in the assembly of FA shows small,
primordial adhesions, termed focal complexes (FX) as precursors of FA. FX are
formed close to the edge of the advancing membrane protrusions of cells and can
sometimes develop into FA when subjected to mechanical stress due to either cell
contractility or external perturbations [42]. Indeed, the adhesion process has been
shown to be mechanosensitive; cells can probe the physical properties of their
environment and respond by modulating the biochemistry of their adhesions or
migratory activity [7,43,44].

Live cells exert directional, lateral forces on adhesive junctions; these forces
originate from the interaction of the contractile cytoskeleton (actin filaments and
their associated myosin motors) and the adhesion sites (Fig. 3). Adhesions respond
dynamically to the local stresses: increased contractility leads locally to larger
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Fig. 3. Schematic representation of an FA (from Ref. [71], Copyright (2004), National Academy of

Sciences, USA).
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adhesions [5], whereas FA are disrupted when myosin II is inhibited [45]. Conversely,
growth of FA is observed when force is applied externally, e.g., by a micropipette,
rather than internally by actomyosin contractility. The physics challenge in the
understanding of these effects lies in (i) quantifying on a coarse-grained scale the
forces that cells exert on surfaces or in the bulk, (ii) understanding the implication of
these forces for adhesion of a single cell, the interactions among many cells in an
elastic medium and the consequent self-assembled structures that may form and (iii)
predicting the microscopic origin of these forces and why adhesion growth is
sensitive to the magnitude and direction of the internal or external cytoskeletal
stresses.

4.1. Lateral forces at adhesion sites

Biological cells can exert strong physical forces on their surroundings. One
example are fibroblasts, that are mechanically active cells found in connective tissue.
In the early 1980s, Harris and coworkers [46] found that fibroblasts exert
surprisingly large forces on surfaces. They suggested that strong fibroblast traction
is needed in order to align the collagen fibers in the connective tissue. Since cell
locomotion is guided by collagen fibers, this results in a mechanical interaction of
cells. The interplay of fiber alignment and cell locomotion has been analyzed
theoretically in the framework of coupled transport equations for fiber and cell
degrees of freedom [47]. However, it is well known that cellular behavior is also
affected by purely elastic effects, which were not considered in these studies. For
example, stationary cells plated on an elastic substrate that is cyclically stretched
reorientate away from the stretching direction [8], and locomoting cells on a strained
elastic substrate reorient in the strain direction [44]. Recent experiments also show
that adhering cells sense mechanical signals through FA [5,45]. In contrast to
chemical diffusion fields, elastic effects are long-ranged and propagate quickly. They
are known to be important during development, wound healing, inflammation and
metastasis [48].
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The main technique used to measure cellular forces is the elastic substrate
method [49] which was introduced by Harris and coworkers in the early 1980s [46].
A thin elastic film over a fluid is produced; under cell traction the film
shows a wrinkled pattern, which is characteristic of the pattern of forces exerted.
However, deformation data can be analyzed only semi-quantitatively with this
technique, because the buckling of thin polymer films is a nonlinear phenomenon
that is very difficult to treat in elasticity theory. Quantitative analysis of elastic
substrate data was pioneered by Dembo and coworkers. Using linear elasticity
theory for thin elastic films and numerical algorithms for solving inverse problems,
the surface forces exerted by keratocytes could be reconstructed [50]. One key
ingredient of this method is the use of a regularization scheme, because the inverse
problem is ill-posed and is thus highly sensitive to noise in the data for the
displacement.

Recently, a novel elastic substrate technique to measure cellular forces at the level
of single FA [5] was developed. A thick polymer film made from PDMS with a
Young’s modulus E � 10–20 kPa and Poisson ratio n � 0:5 was micropatterned by
standard lithographic techniques. Cell traction was generated by stationary, yet
mechanically active cells (human foreskin fibroblasts, cardiac fibroblasts or cardiac
myocytes). The cells are treated to express green fluorescent protein (GFP)-vinculin
that is a protein found in FA and thus indicates the size and shape of the adhesion.
Since traction was never observed near an area deprived of FA, it was assumed that
FA are the main sites of application of force by the cells. This permitted the
development of a numerical procedure to reconstruct discrete forces at the sites of
the FA. Correlation with the lateral size of the FA showed that there exists a linear
relationship between force F and area A of a single FA. This finding translates into a
force of few pN per receptor, which is consistent with recent measurements of the
strength of single molecular bonds at slow loading [51].

Since the adhering cells are rather flat, the tension forces exerted on the substrate
can be considered to be tangential to the plane of the substrate surface. Also, because
surface displacements are much smaller than film thickness, one can use linear
elasticity theory for an elastic isotropic half-space. For incompressible elastic
substrates ðn � 0:5Þ; the resulting displacement of the substrate surface remains
within the plane of the substrate surface [52]. Therefore, the entire elastic problem
becomes two-dimensional. Consistent with the observations, it is assumed that forces
are exerted mainly at the sites of FA. For a single, discrete force density (force per
unit volume) ~f at position ~r; the displacement field ~u at position ~r is

uið~rÞ ¼

Z
d~r0Gijð~r �~r0Þf jð~r

0
Þ ; (12)

where the subscripts refer to the vector components (summation over repeated
indices is implied) and where Gij is the Green function of the elastic isotropic
halfspace—a tensor of rank two:

Gijð~rÞ ¼
3

4pEr
dij þ

rirj

r2

� �
: (13)
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Note that in finite systems, Gijð~r �~r0Þ is an explicit function of both~r and~r0: This is
because the elastic forces can be long range and thus depend on the boundary
conditions. In the case of the half-space, the displacements are mostly in the plane;
there are negligible normal displacements and the translational symmetry is
approximately restored. Here, dij denotes Kronecker delta and E Young’s modulus.
The Poisson ratio has been set to 1

2
; the value for incompressible systems. The indices

i; j take the values 1, 2 corresponding to the x and y directions. One generalizes the
above to treat a set of discrete forces exerted at the sites of the observed FA. One
must solve the inverse problem of predicting the forces, given the observed
displacement and the resulting force pattern turns out to be very sensitive to small
changes in the displacement data. To regularize the problem [53], we use the
reasonable constraint that the forces should not be exceedingly large.

This approach allowed the measurement of cellular forces at the level of FA and
its correlation with aggregation characteristics of the proteins that comprise the FA
[5]. Fig. 4 shows a computer representation of the different data sets used in the
analysis. The square arrangement of the small arrow represents the deformation field
from image processing of the phase contrast pictures of the micropatterned
substrate. The ellipses represent fits to the FA found from image processing of the
GFP-vinculin fluorescence images. The large arrows at the midpoints of the FA
represent the forces calculated from the data for the deformation and the location of
Fig. 4. Forces exerted by fibroblast cells [5] on patterned substrates. The forces are deduced from the

measured deformations of the substrate as described in the text. The arrows indicate the forces exerted by

the FA that are shown as elliptical regions.
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the FA. Typical forces at mature FA of human foreskin and cardiac fibroblasts were
found to vary between 10 and 30 nN. Since each cell can have several hundred FA,
the overall force exerted by a single cell goes up to the mN range. The main result was
that force correlates strongly with aggregation of the proteins that comprise the FA.
One finds a linear relationship between magnitude of force and FA area. The
direction of force usually agreed with FA elongation. For larger areas, force grows in
proportion with area, with a stress constant of 5:5 nN=mm2:

The relation between force and size of the FA indicates that they act as
mechanosensors: forces are used to actively probe the mechanical properties of the
environment [48]. In particular, it has been shown that forces applied at FA are
converted into biochemical signals that trigger signalling pathways (see below),
related to the aggregation behavior of the proteins that comprise the FA.

4.2. Elastic interactions of cells: force dipoles

Anchorage-dependent cells constantly assemble and disassemble FA,
thereby probing the mechanical properties of their environment. Initial protein
aggregates (FX) are the precursors of FA. If the initial clustering is further
stabilized by the properties of the extracellular environment, FX can mature
into FA. In this case, they connect to the actin cytoskeleton and a contractile
force pattern builds up, that is actively generated by myosin II molecular
motors interacting with the actin cytoskeleton. The minimal configuration
of this machinery is a set of two FA connected by one bundle of actin
filaments (stress fiber), that leads to a pinch-like force pattern. In condensed matter
physics, such an object is known as an anisotropic force contraction dipole [54].
The concept of force dipoles has been applied before mainly for the description of
defects and intercalants in ‘‘hard’’ condensed matter systems [55–57]. The concept of
force dipoles has also been used to model active biological particles in a fluid
environment [58–60].

By analogy with electric dipoles, a force dipole, Pij ; is a second rank tensor
defined as the second moment of a spatially distributed force density (force per unit
volume), ~f ð~rÞ;

Pij ¼

Z
d~s sif jð~sÞ ; (14)

where the subscripts refer to the vector components. The elastic deformation field
~uð~rÞ is related to the force distribution and to the Green function as given in Eqs. (12)
and (13). If the force distributions are described in terms of force dipoles, the
displacement field at point ~r due to a dipole at point ~r0 can be written [7] as

uið~rÞ ¼ Gil;k0 ð~r;~r0ÞP0
kl ; (15)

where the extra index denotes a derivative of the Green function with respect to the
variable ~r; a prime on this index indicates that the derivative is with respect to the
variable ~r0: As before, there is an implied summation over repeated indices. The
prime on P indicates that the dipole is located at position ~r0: The interaction of two
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dipoles proceeds via the deformation of the medium; each dipole feels the
deformations induced by the other and this creates an effective interaction between
them. For dipoles that are located at~r and~r0; one can derive the effective interaction
due to the elastic deformation energy of the medium. One finds that the elastic
deformation of the medium contributes to the effective interaction given by the
product of the force dipole and the strain (i.e., the derivative of the displacement ~u)
[7]. This energy, W40; has a contribution from the deformation of the medium by
each dipole and an interaction term, W 0; which is:

W 0 ¼ Pliui;l ¼ PliGij;lk0 ð~r;~r0ÞP0
kj ; (16)

where Pli and P0
kj are the force dipoles located at ~r and ~r0 respectively, ui;l is the

derivative of the displacement component ui with respect to component l of the
position vector ~r and the last two subscripts in the Green function represent
derivatives with respect to~r and~r0 respectively. For translationally invariant systems,
such as an elastic half-space with planar displacements,

Gij;lk0 ð~r;~r0Þ ¼ Gij;lk0 ð~r �~r0Þ ¼ �Gij;lkð~r �~r0Þ : (17)

This interaction energy scales as 1=j~Rj3 where ~R is the distance between dipoles
and is proportional to P2=E; where P is the dipole strength and E is the Young’s
modulus of the medium. Eq. (16) is not the only relevant energy to be considered
since in the case of inert matter one must add to the deformation energy of the
medium an energy proportional to the product of the local force and the local
displacement; this is the direct interaction of the dipole with the environment which
is the driving force for self-assembly, since the elastic energy arising from the
deformation of the medium (W from Eq. (16)) is always positive. The elastic theory
can also describe the interaction of a single dipole with an external strain imposed on
the elastic medium [7].

Recently, we have extended the concept of force dipoles to model the mechanical
activity of cells [6]. Cells in an isotropic environment often show isotropic (that is
round or stellate) morphologies. However, since the FA dynamics is local, even in
this case there is an anisotropic probing process, that can be modeled by anisotropic
force contraction dipoles. The anisotropy of FA dynamics becomes apparent when
stress fibers begin to orient in one preferential direction, either spontaneously during
a period of large mechanical activity, or in response to some external anisotropy, or
during cell locomotion. In this case, cellular dipoles have been measured to be of the
order of P � �10�11 J (this corresponds to two forces of 200 nN each, separated by a
distance of 60mm) [5,61]. In Fig. 5, we show schematic representations of the
physical and cellular cases discussed here.

In order to sense the mechanical properties of their environment, cells can make
use of the fact that these properties modulate the build-up of their own force
patterns. In order to calculate how stress and strain are propagated in the
environment, the extracellular material is modeled using isotropic linear elasticity.
Given this assumption, one can calculate how the stress and strain related to the
force dipoles by solving the elastic equations for the geometry and boundary
conditions of interest [6,7]. In terms of the displacement field, ~uð~rÞ; this amounts to
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(a) (b) (c)

Fig. 5. Schematic representation of physical and cellular force dipoles. (a) Physical case: an intercalated

defect deforms the simple cubic host lattice, thus acting as an isotropic force expansion dipole. (b) Cellular

case: anchorage-dependent cells probe the mechanical properties of the soft environment through their

contractile machinery. Actin stress fibers (lines) are contracted by myosin II molecular motors and are

connected to the environment through FA (dots). Even if cell morphology is round or stellate, different

stress fibers probe different directions of space and compete with each other for stabilization of the

corresponding FA. Therefore, the probing process can be modeled as an anisotropic force contraction

dipole. (c) Cell morphology becomes elongated in response to anisotropic external stimuli, during

locomotion or spontaneously during times of strong mechanical activity. Then most stress fibers run in

parallel and the whole cell acts as an anisotropic force contraction dipole. (Reprinted with permission from

Bischofs and coworkers [7], Copyright (2004) by the American Physical Society.)
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solving the linear second-order differential equation

D~uð~rÞ þ ð1þ LÞrr �~uð~rÞ ¼ �
~f ð~rÞ

m
; ~r in V ; (18)

where the body forces, ~f ; on the right-hand side are determined by the distribution
force dipoles and where L ¼ l=m is the ratio of the Lamé coefficients [7]. Note that
this equation is difficult to solve because the second term on the left-hand side
couples the different components of the displacement vector.

The most critical part of the model is the way in which physical or cellular force
dipoles react to stress and strain in their environment. This subject has been treated
extensively for the case of atomic defects in traditional condensed matter systems
[55–57]. Here defects are usually modeled as isotropic force expansion dipoles. The
equilibrium configuration follows by minimizing the sum of the elastic energy of the
strained medium and the direct interaction energy between force dipole and elastic
environment. The first term represents a restoring force and raises the energy (i.e., its
sign is always positive), while the second term is a driving force that reduces the total
energy (i.e., its contribution will always be negative). The total interaction between
two dipoles has the form of Eq. (16) but with a negative sign due to the effect of the
local force–displacement interaction.

The equilibrium configuration will correspond to the minimum of the total energy
as a function of position and orientation of the force dipoles, which results in an
effective, so-called elastic interaction between the force dipole and other dipoles,
sample boundaries or external strain fields. One central result of these studies is that
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the direct interaction between isotropic force dipoles in an isotropic elastic
material vanishes [54] and that they interact through a boundary-induced (image)
interaction that varies on the length scale of the sample size (leading to macroscopic

modes) [55]. For anisotropic force dipoles, the direct elastic interaction does not
vanish. Recently, we have predicted that the competition between direct and image
interactions should lead to hierarchical structure formation, with the direct
interaction leading to structure formation on a length scale set by the elastic
constants and similar to that of electric quadrupoles [6]. We suggested that such a
behavior should be expected for artificial or inert cells, that is for physical particles
with a static force contraction dipole, but without any internal dynamic or
regulatory response.

In contrast to this physical case, the effective behavior of active cells
usually follows from dynamic and highly regulated non-equilibrium processes
inside the cell. More recently, we have shown that despite this severe complication, it
is still possible to describe the active response of mechanosensing cells in an
elastic material in the same framework as the physical case [7]. Motivated
mainly by recent experiments with elastic substrates [43,44,62], we have
suggested that effective cellular behavior can be described as simple preference for
large effective stiffness in the environment (including both rigidity and tensile
prestrain). Moreover, one can show that this principle is equivalent to minimization
of the energy which the cells have to invest in straining the environment in order to
build-up the force dipole used for probing the mechanical properties of the
environment, but not the energy due to the direct force–displacement interaction.
This results in an interaction energy between two force dipoles with a positive sign as
given in Eq. (16).

One likely explanation for the observed active behavior of cells is that the build-up
of force at FA is more efficient in a stiff environment. Since this approach allows one
to use the same framework as in the physical case, we were able to derive elastic
interaction laws between cells and their elastic environment which are in good
agreement with experimental observations for fibroblasts both on elastic substrates
and in hydrogels. In particular, the direct elastic interaction between cells has been
predicted to be similar to that of electric dipoles, leading to strings of cells [7]. This is
not the case for inert dipoles (due to the difference in the sign of their interaction)
where more compact structures are predicted [6,7].

Bischofs and coworkers [7] considered in detail the interactions of cells with
external strain fields, sample boundaries or other physical force dipoles/cells.
Although there are marked conceptual differences between the physical and cellular
cases, they both involve the elastic boundary value problem to predict the resulting
structure formation. Since cells are modeled as anisotropic force dipoles, these
calculations are in general more involved than similar calculations for isotropic force
dipoles. Moreover, in contrast to earlier calculations for the physical case, one is
interested not only in the effect of free but also of clamped boundaries, which are
known to induce mechanical activity of cells [63].

For example, consider a cell inside an elastic half-space. This cell is characterized
by a distance d to the surface, an angle y with respect to the surface normal and a
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force dipole moment P. Exactly solving the corresponding elastic equations leads to

W ¼
P2

256pEd3
ðan þ bn cos

2 yþ cn cos
4 yÞ ; (19)

where E is the Young’s modulus and where the coefficients an; bn and cn are
complicated functions of the Poisson ratio n calculated for both free and clamped
boundary conditions in Ref. [7]. The result scales quadratically with P because the
cell effectively interacts with its boundary-induced image. Minimizing the interaction
energy, W, predicts that cells orient parallel and perpendicular to free and clamped
boundaries, respectively, as has been observed before in many experiments.
Although this result is somehow intuitive [cells prefer (avoid) clamped (free)
boundaries because they effectively increase (decrease) the stiffness of the
environment], it is important to note that our calculations not only predict the
most favorable organization, but also the elastic differences cells sense when probing
different positions and orientations.

The different energies and opposite sign of the interactions for the case of inert
force dipoles and active cell force dipoles lead to interesting differences in their
behavior. For example, active cells are attracted and repelled by clamped and free
sample boundaries, respectively. In the case of inert dipoles, this behavior is inverted.
The predictions for the elastic response cells explain several experimental findings
reported in the literature [7] and can be used for rational design of tissue equivalents.
Again, it is important to note that the application of soft matter physics principles to
biological matter requires consideration of the active processes. In the case of cell
elastic interactions, this means that only the deformation energy of the medium is
important in determining the effective cell–cell interaction. This is in contrast to the
case of inert dipoles where the total energy must be considered.
5. Theoretical model for mechanosensitivity of adhesion

5.1. Cell adhesion mechanosensitivity

The experiments described above indicate that adhering cells exert lateral forces
on adhesion sites due to the internal tension of the cytoskeletal stress fibers. The size
and anisotropy of the adhesion sites are correlated with these forces and this makes
adhering cells quite different from adhering vesicles which have no internal stresses.
The coupling of the internal stresses which can be regulated by the cell (e.g., via
actin–myosin activity or actin polymerization) means that the cell can respond to the
elasticity of its adhesive environment. As we saw previously, this regulates not only
the local adhesion of a given cell, but also the interactions of many cells and their
subsequent self-assembly into larger scale structures. Recent experiments have
shown that external forces can also cause the anisotropic growth of FA. Independent
of the origin of the stress (e.g., internal contractility [5], shear flow [64], micropipette-
induced shear stress [45]), small adhesions grow into FA, that elongate in the
direction of the force. The FA grows via a biochemical process that is very sensitive
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to the force applied to the adhesion region by the cytoskeleton, and the origin of this
mechanosensitivity is an important problem in cell biology since adhesion influences
cell viability.

Our model (see Fig. 3) assumes that the biochemical response of adhesions
to cytoskeletal stresses originates from the stress-induced elastic deformation
of the adhesion site. These force-induced deformations modify the local
density of the proteins found in and around the adhesive junction, and thus their
interactions. We suggest that this, in turn, can trigger a conformational
change or a molecular reorganization that initiates the biochemical cascade
responsible for the aggregation of new proteins and the directional, anisotropic
growth of the adhesion. As a specific example, transmembrane, integrin proteins
could be the mechanosensor [42], since they are connected to the extracellular matrix
and are elastically deformed by cytoskeletal forces; this deformation can activate
conformational or organizational changes which enhance their binding with plaque
proteins [41].

In addition to the fact that adhesion to an anchoring surface makes a junction
sensitive to shear [65] (even if the latter is composed of fluid-like assemblies of
molecules), several observations support the view we propose. First is the
observation that independent of the origin of the stress, small adhesions grow into
FA, that elongate in the direction of the force. This anisotropy is predicted by our
theory since stress-induced deformations are correlated with the applied force and
exert different effects on the proximal (front) and the distal (back) aspects of the
adhesive junctions.1 In our model, where we relate the biochemical response to
deformations, this anisotropy also leads to an anisotropic addition (or loss) of
proteins. Moreover, the size and the strength of the adhesive junctions depend on the
elastic properties of the extracellular matrix [66,67]. Our model predicts that the
extent and the nature of the adhesion is sensitive to the mechanical properties of the
underlying matrix: a local force applied to an adhesive junction induces a pure
translation of the junction (and thus no deformation) if the extracellular matrix is
very soft, whereas strongly grafted adhesions on a rigid matrix are elastically
deformed by local, lateral stresses.

5.2. Description of the model

The total force transmitted by FA has been shown to be proportional to their
surface area [5], suggesting that the region over which stress fibers act grows with the
junction. As a model, we consider the adhesion and its membrane-associated
integrins as an elastic, thin film grafted at its bottom surface and stressed by a local
lateral force on its top surface; ‘‘local’’ means here that the force only acts on a finite
region of the adhesive junction, which, as explained below, needs only to be
somewhat smaller than the total area of the adhesion by a few thicknesses of the FA
(typically, a few tens of nanometers). One possible scenario is that the integrin layer
1The front and back edges of the adhesion are defined relative to the direction of the force induced by

stress fibers. They should not be confused with the front and the back of a moving cell (see Fig. 3).
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forms in advance of the adhesion protein plaque and the associated stress fibers, so
that the stressed region is smaller than the adhering integrin cluster [68].

The localization of the force is a crucial aspect of our model, since a
homogeneously applied stress would give rise to a uniform shear of the adhesive
junction and a translational motion of the surrounding lipid membrane. Since the
latter is not grafted to the surface, no anisotropic density changes in the protein layer
can occur and no directional, force-induced biochemical response can arise from a
homogeneous lateral stress. By contrast, a local, tangential stress induces a
compression at the front edge and an expansion at the back of the stressed region
because the unstressed part is also grafted and cannot slide. In this case, a lateral
force induces anisotropic density changes in proteins located inside or close to the
stressed region. The resulting, stress-induced deformation profile can be calculated
using continuum elasticity theory [65]. Our model assumes that this change in density
triggers the biochemical response responsible for the growth or dissolution of FA.
Anisotropic variations of density thus give rise to different molecular dynamics in
the front and back regions near the edge and can result in either overall growth or
shrinking of the FA as shown below.

We first consider a quasi-two-dimensional model of FA in which the elastic thin
film is represented by particles that interact via springs of stiffness k0 (see Fig. 6). The
particles are bound to the anchoring surface by springs of stiffness kb; that measure
the resistance to normal shear and are therefore related to the normal shear modulus.
Each particle in our model is a protein complex consisting of one integrin molecule
and the associated intracellular proteins that connect it to the actin cytoskeleton; this
we define as the minimal complex of proteins needed for the adhesion to grow. The
elastic properties of the extracellular matrix and its connection to the anchoring
surface are included by fixing the anchors to the surface via a sinusoidal potential
which, in the limit of small displacements, reduces to a spring-like interaction where
km is the stiffness of the anchorage close to the equilibrium position. The case of a
layer grafted onto a rigid and immobile extracellular matrix (discussed next) is found
by taking the limit km ! 1:
x

un-1 u n u n+1

a

k 0

kb

f

Fig. 6. One dimensional chain of interacting particles bound to anchors, as a model for FA grafted to an

extracellular matrix. The potential V ðxÞ accounts for the grafting properties of the extracellular matrix.

The distance a between the anchors is the integrin-integrin spacing and un is the displacement of the nth

particle from its position in absence of force. (From Ref. [71], Copyright (2004), National Academy of

Sciences, USA.)



ARTICLE IN PRESS

S.A. Safran et al. / Physica A 352 (2005) 171–201 197
5.3. Predictions of the model

In a one-dimensional version of this approach (Fig. 6, which can easily be
generalized to a two-dimensional layer), the mechanical equilibrium for such a
system of particles pulled by a force F ðxÞ is, in the continuum limit,

k0a
2 d

2u

dx2
� kbu þ F ðxÞ ¼ 0 ; (20)

where k0 is the spring constant connecting the particles to each other and kb accounts
for the restoring force due to the connections to the fixed and rigid extracellular
matrix. We solve Eq. (20) for a gate-shaped field of force of amplitude, f, per unit
length and width L; that is, the force is only non-zero for �L=2oxoL=2: This force
profile corresponds to the local pulling force due to stress fibers, and induces the
following spatial variation of the local, average density, dFðxÞ; relative to the
undeformed density F [65]:

dF
F

ðxÞ ¼ �
du

dx
¼

fffiffiffiffiffiffiffiffiffiffi
kbk0

p
sinh x

‘ e
�L=2‘ if jxjoL=2 ;

sinh L
2‘ e

�jxj=‘ signðxÞ if jxjXL=2 :

(
(21)

Eq. (21) is derived for the case of a stiff matrix (km ! 1) and shows that the
deformation decreases exponentially with a range ‘ ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffi
k0=kb

p
: Remembering that

an actual adhesion has a finite thickness fixes the order of magnitude of ‘: force-
induced deformations must vanish at the bottom surface due to the grafting
boundary condition appropriate to the case of an immobilized extracellular matrix.
Thus the range ‘ is of the order of the thickness of the junction ð� 100 nmÞ: The
representation of the adhesion as an infinite elastic medium pulled by a force acting
on a finite region of size L is therefore valid once the actual size of the adhesion is
larger than L þ 2‘; where ‘ � 100 nm5L:

The three-dimensional case is treated more rigorously in Ref. [65] using a
full elastic treatment of a thin film subject to a surface force, F, on its top
surface with zero displacement boundary conditions at the bottom surface where the
film is grafted to the substrate. The density, dF; at the top surface is anisotropic and
varies as

dF �
F

E

h

‘


 �3
e�r=‘ffiffiffiffiffiffiffi

r=‘
p cos f ; (22)

where f is the azimuthal angle, E is the Young’s modulus of the film, h is the film
thickness, r is the distance from the edge of the applied force and, as above, ‘ is
related to the thickness and a function of the film elastic constants [65]. This predicts
a highly anisotropic response to the force in two dimensions and is consistent with
the observation that the FA grow only in the direction of the applied force. The
variation of density due to a local stress is only significant close (within a distance ‘)
to the edges of the stressed area. The predicted anisotropy means that changes in
density are therefore much smaller on the sides of the stressed area perpendicular to
the force, in accord with observations [45].
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Typical estimates of the theoretical parameters include the following: (i) An
assumption that each particle in our model contains one integrin, so that a ranges
from 20nm (close packing) to 80 nm [69]. (ii) Stiffness, kb; of each protein complex is
calculated from the Young’s modulus, E, of the assembly of proteins: kb ¼ Ea2=h;
where h is the vertical thickness of the adhesion and E is in the range 103–106 Pa [70].
The rigidity of a particle of area a2 is therefore in the range 10�3–102 mN=m: (iii) The
force per unit length, f, on each particle is extracted from the measurement in Ref.
[5]: f ¼ 5:5 nN=mm2 � a: The estimates imply that the variations of density induced
by the stress dominate variations induced by thermal fluctuations by at least one
order of magnitude.

5.4. Growth of FA

The main hypothesis of our model is that force-induced deformations trigger
the biochemical response of FA, via conformational (e.g., activation of integrins)
and/or organizational changes (e.g., binding of plaque proteins) of molecules
embedded in a narrow region of size ‘ where the density varies. This local
activation increases the rate of association of free proteins within this area.
The competition of the elastic and biochemical energies determines whether
additional proteins will join the FA. Within our model, the addition of a protein
complex of size a to the FA results in a deformation with an elastic energy cost DEel

proportional to f 2a2=2k where k ¼ kbkm=ðkb þ kmÞ (where km is defined above) is an
effective elastic constant that includes the finite stiffness of the extracellular matrix
[71]. We now suppose that the association of a free protein complex to the front edge
of the adhesion releases an energy DEa that depends on the change in density at the
front edge of the stressed region. In the absence of density variations, the probability
of attaching a new particle is unchanged, and DEa ¼ 0: For small variations of the
density, DEa can be taken to vary linearly with the change in density at the edge. This
energy also scales with the free energy of reaction of one protein complex, e. Adding
a protein complex to an adhesive junction thus involves an overall variation of free
energy:

DE ¼
f 2a2

2k
� e

fffiffiffiffiffiffiffiffi
kk0

p : (23)

We first discuss the case where eo0: aggregation of new particles to an
existing adhesion is thermodynamically unfavorable (DE40 always), and an
additional input of energy is required to stabilize the protein cluster. Such
input of energy may come from fluctuations arising from active processes in the
surroundings, as opposed to thermal fluctuations which are small compared to the
required energies. However, on the time scale of growth of an adhesion (10–20min),
only a limited amount of external energy is available and the adhesions can only
grow to a finite size. For this thermodynamically unfavorable growth process,
increasing the force f per unit length thus leads to smaller adhesions. This is in
contrast to the observations [45], so we conclude that FA do not correspond to the
case where eo0:
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FA can only grow when the overall free energy of Eq. (23) is negative,
corresponding to e40—i.e., favorable aggregation energy and an exothermic, local
chemical interaction. However immobilization of the extracellular matrix ðkm ! 0Þ
or very large forces can lead to positive value for DE; and, if large enough, may
arrest the growth process, even if e40: This effect is indeed observed: large forces
disrupt FA [72]. The analysis presented here can be generalized to predict the kinetics
of growth of FA ahead of the pulling force applied by the cytoskeleton or an external
force and the dissolution of FA in back of the force [71]. Alternative models of the
kinetics of growth of FA that use a uniform model for the applied force have also
been suggested [73]. Although the primary trends predicted for the anisotropic
growth and its dependence on the substrate elasticity agree with the experimental
observations, quantitative comparison of the model and both static and dynamic
experiments will lead to further refinement and enhance our understanding of the
physics of adhesion.
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