Violating Bell’s inequality with
Langevin dynamics in a deep
belief network
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Spin-72 Systems

Two spins: Three spins:
four configurations eight configurations

One spin:
two configurations
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Spin-72 Systems

* Wave function as weighted sum over all product states

W)= ) ey iylia - in)

i1 0N

* Look for functional Hilbert space
01V >C (g .in) =y iy = fly o i; W)

| Analogy to Machine Learning! l
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Machine Learning

Netflix Prize
» Predict user ratings for films based on
previous ratings

NETFLIX

Machine

Films rated

. Rating for a
by user

== Learning . )
given film

System
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Pattern Recognition
» |s there a cat in the picture?

Color Machine
value for =P Learning == Cat or not
each pixel System
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Quantum Dynamics and Machine Learning

[Carleo and Troyer, Science 2017]

* Represent Spin-Y system using artificial
neural networks

e Use unsupervised learning to find
ground states and calculate dynamics

e Where is the simulation method
efficient?

 Where does it struggle?
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Neural-network quantum states

[Carleo and Troyer, Science 2017]
R L S T 0

lllN vz
Restricted Boltzmann machine:

* N visible variables v W, . G =) e FlH
Visible varianles v, ‘ ! i.j

* M= aN hidden variables h;
E[vz, h] = —Z UlZWl,]h] — z a; viZ - z b]h]
L J

iL,j

* Biases a;, bj and weights W; ; as
variational parameters

Cpz = 2i V] 1_[ 2 cosh (bj + Z viZWi’j>
j i

vy, hje{—l,l}
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Neural-network quantum states

[Carleo and Troyer, Science 2017]

OE
We,(p+1) = Wi(p) — Va—Wk

Imaginary time evolution

Ground state search

Random initial weights Learn to represent ground state

Stochastic gradient descent:

Sample states from |c,|? o :
optimize weights

Wave function

Initial ground state weights Represent time evolution

Time evolution _ _
Calculating expectation values:

0E
W, (t + At) = W, (t) — iAt ———

P

~ 1 1 oW,

— z 12 ~ = Z k

<0) - Z{z:}(?(v ewr| P Zo(vl’) Real time evolution
vZ p=
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Transverse Field Ising Model (TFIM)
H= _zﬁizﬁiz-l-l —hxzi:aix

T i
\ V4
\ /l
\\ ,
\ )
‘\ Quantum critical
\ )
\ /
\ /
‘ I —— T T
\ /
\
LOW T v, LOW T
Magnetic long-range orde?i / 8uanium Earamaﬁnet
0 h. =1 Suddenquench Py

Picture from: S. Sachdey,
Quantum Phase Transitions
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e Quantum critical pointath, =1

* Analytical solutions available
[Lieb, Calabrese,...]

e Quenches studied in detail
[Karl, Cakir et al. PRE 2017]

 Hard for MPS based methods

Half chain entanglement entropy
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Neural-network quantum states

[Carleo and Troyer, Science 2017]

OF
Wi(p +1) = Wi(p) — )/a—Wk

Imaginary time evolution

Ground state search

)

Stochastic gradient descent:
optimize weights

If necessary: Monte r
Carlo Markov Chain

—

Time evolution . .
Calculating expectation values:

0E

) & Wy (t + At) =Wk(t)—iAtW

A\ _ L Z 2 & 2 z B

(0) = Z{z: O(*)cy7| p Z 0(v3) Real time evolution
p=1

vZ}
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Quenches in the TFIM

Analytical solutions, N=10

Correlation length

ANN, M=N

ANN, M=6N

exact

2.0 =
1.0 = hJ‘.f — h_,v_f = 0.5 h.r.f = 2
’ 1.5 =
< 0.5 t=2 I
N *» 1.0 =
" =
O
0.0 =
0.5 =
—0.5 =
! T T
0 2 #) 4 - 10
¢ I @ >
_1 1 hx
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Ca (t) =(6{6,q

CF*(0)] = e 9/5®

N visible, M hidden neurons

Stefanie Czischek




20.11.2018

iT AZAZ
H=— E 0; Oj+1 —

C2(0)] = e~ /¢

A¢(t) = |€ — Eexactl

exact

B S™

0.5 1.0

ANN, M=N

TFIM in a longitudinal field
hZZaiZ

hy; = 100

hZ,f - 2

ANN, M=10N

)

AE£(t)

2.0 0.0 0.5
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@ {
QCP 0  QcCP h,

Entanglement entropy
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Simulating large spin systems

= h, = 0.5, h,=1
Z& 67, — h, Zaﬁ—hz 67 N =42 xf of
i
=1 Half chain entanglement entropy

e A (a') 04 B (b) 3 - e A

ANN, M=N tDMRG, D=5

S s 2 - tDMRG, D=64

> <N z > <

tDMRG, D=5 0 W tDMRG, D=96

tDMRG, D=128 tDMRG, D=128
|\ J 0 - |\ J

0 5 10
t

Bond dimension D
ND? vs. NM
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Half chain entanglement entropy

ANN, M=N tDMRG, D=5

~

VAN

(t)

tDMRG, D=64

AN

J
N

zz
d

C

tDMRG, D=5 tDMRG, D=96

J
oY

J

tDMRG, D=128

N

M RG, D=128 )

Bond dimension D
ND? vs. NM

20.11.2018

Stefanie Czischek

Cold Quantum Coffee



Neural-network quantum states

[Carleo and Troyer, Science 2017]

OF
Wi(p +1) = Wi(p) — )/a—Wk

Imaginary time evolution

Ground state search

)

Stochastic gradient descent:
optimize weights

If necessary: Monte r
Carlo Markov Chain

—

Time evolution . .
Calculating expectation values:

0E

) & Wy (t + At) =Wk(t)—iAtW

A\ _ L Z 2 & 2 z B

(0) = Z{z: O(*)cy7| p Z 0(v3) Real time evolution
p=1

vZ}
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Going to Langevin Dynamics

Brownian motion: Particle in a fluid Sampling spin states: Walk around in Hilbert space

Hilbert space
i

Analogy to
sampling
Equation of motion: Langevin equation spin states Equation of motion: Langevin equation
mi(t) = —Ax(t) + n(t) mv?(t) = —Av?(t) + n?(t)
TR
Friction coefficient Noise term (representing collisions) What is the force?
Gaussian white noise: Gaussian white noise:
(ni(t)) =0 (i) =0
(ni(On; (") = 22kpT8; j6(t —t") (nf (7 (t)) = 26;;6(t —t")
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Sampling with the Langevin Equation

zZ VA
— eZl aivi +Zi,j vl- Wl,_]h]+Z] b]hj S

CvZ,h =:e

Action: § = —z aiviz — zviZWi,jhj — z bjhj
i i,j J

Langevin
Equations:
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Sampling with the Langevin Equation

FORMULAE

ldea: Complex Langevin equations can be applied to complex actions

Action: S = —2 aiviZ - Z ViZWi,jhj - z bjhj
i i,j J

Complexification:

z ~7 _ . Z .z,
vi _)vi —vi +lvi

h;j — flj = h; + ih} ' . Complexified equations of motion:
. oS(vi - vf)
° o e e +’7ﬁ?=“i+zWi.jhj+%f

l .

J
- oS(h; - hj)

® [ L= — l___J — ZW. .+ s
i [



xqpling with the Langevin Equation

Qo

FORMULAE

lex Cangevin equations can be applied to complex actions

Complexification:

z ~7 _ . Z .z,
vi —)vi —vi +lvl~

hj = h; = h; + ik}

equatlo Qf motion:
as(h —7 ’]

Wi,j h] + ﬂﬁlZ

~SE?/'nm

pZ = My? + ”I,,iz.l J

nfli - nhi + lnh{
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Use Langevin Dynamics for the real part

Action:  S== ) awf = ) viWi;h— ) bih; =:S(Re(a),Re(b), Re(W) + iS' (im(a), Im(b), Im(W")
i 1] j ' '

1
Include phase in
expectation values!

Real le = Re(ai) + Z Re(Wl,])h] + 7’]le
Langevin: ]

J
h] = Re(b]) + Z viZRe(Wi,j) + nhj
[

Calculate observables:  (() = 1 OW*)cyzC 48 ,
(for diagonal operators) & {vZ’} vZ v

P P P P
1 ol (1,2 ol ~ N ol (1,2
~ S ,hy, )—iS'(v%,h - is'(v$,h,)—iS'(v4,h
~ Fz Z O(vzzo)el (vp p) l (Vq q)(Sv;Za,v?, , P = Z z e ( [4 p) ( q q)(svzzg,vf,
q=1

p=1q=1 p=1



Measuring in different bases

FORMULAE

Expectation values of diagonal operators:

P P
A 1 rol Z _a:cl Z
(67) = Zvi2|cvzlz ~ Ez Z vfpels (v%,hp)—iS (vq;hq)(yv%,vg A o o
{v} p=1q=1 P = z z els (vp'hp)_ls (vq'hq)5v%,vg

But what about operators in other bases, such as () or (61-3’)? p=1q=1

= Locally rotate quantum state:

VZWh+avZ+bh+is(w vZ —v* —vZ4+1
vZ,h
VZWh+avi+bh+is(wYv?—1
Cyy = e 2 )
vZ h

a
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Setting up a deep belief network (DBN)

vZWh+avZ+bh+i%(vxvz—vx—vz+1)

Cpx = e
vZ,h
VZWh+avZ+bh+itwYv%—1
Cyy = z e 2 )
vZ h

Z Z
Cpz = Z eV'Whtav®+bh

h
Equations of motion:
v* =Y = 0+ n*/Y (only complex phase)
v? = Re(W)h + Re(a) + n?
h = v*Re(W) + Re(b) + n"
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The Bell-pair state

1
1 — if Z _ _ 1,2
) =M+ = ) ulvfvh) = ce=i77 ' 1T
{v?} 0 else
There are many possible
choices for the weights!
Choice for complex weights: Choice for imaginary weights:
» n . 7T
Wl,l = We - li, W1,1 = l(_(,()o + Z),
. 71- " 7T
W2,1=a)€+l'z’ W2,1=l(a)o +Z),
1T =0 a,- =0
a, =i—, a, =0, ! ’ 2 ’
by = im
1 — )
| |
w, = =C0S "~ |—
_1o [ © 2 V8
We = > sin NG
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Quantum entanglement: Bell’s inequality

CHSH-inequality (J. Clauser, M. Horne, A. Shimony, R. Holt):

Complex weights

5.0
Beusu = (A1®B,) + (A,®B,) + (4,8B,) — (A,®B,) <2 inaclassical system 5 2
- o
& a
Choose: = 0%
~ ]
Ay =6f o 25 ,
A, = ;f —5.0
D — - -4 -5 0 5
li’ - \/1_( 0-2) Re(W1,1)
B = ? (0'2 + O'ZZ) 50 Imaginary weights
2
2.5
3 &
< 00 0z
= Beusy = V2[{6F6%) — (676%)] = 2v/2 > 2 for the Bell-pair state € 95 Z
—5.0
-5 0 5
Im(W, ;)
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Violating Bell’s

Complex Weights

Imaginary Weights

X basis

Magnetization

.i
R

Z basis

X basis

20.11.2018

Re(W; 1)

Correlation

"

-5

Re(w; )

Exact solution

inequa

{Zol0)

Magnetization
P 1

-5 0 5
Re(w; )

Im(w; 1)
Cold Quantum Coffee

Sm Iled r

=5 0
Re(w, )
esults

L N N

lity with a DBN

2

NV

((

Absolute error
[ E

Re(w; )

T 7

1 B it

« 4 > |le

i & e %

i £ =

i IF' 2 0
2
[
Y
'.:)j
0

Correlation

Re&'vl,l)

tobn)) v

({8

=5

0
Im(W; 1)
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Violating Bell’s

Correlation

1

EN

Eioﬁ
-1

—

v v
W S o
'q—Jwé
; -1
x
i)
Q_m 1
E'g':_
O_Q§U
O ¢ g
-1
3
wvn =
o £
.EDN 1
()
= 0
- 3
O
-‘—:.‘2':-‘2
0 v =
g4
1
N
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Magnetization

_
-

Re(W; 1)

_|__

-1

0
Re(w; )

Exact solution

_
M

Im(Wi 1)

1

-1

0
Im(W; ;)

inequality with a DBN

Magnetization Correlation

—_

=)
(2olo)

-1 0 1

Im(w; 1)

Im(w; 1)
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Magnetization

i

—1

0
Re(w; 1)

1

((Zo)) ¥

Correlation

&

o

0
Re(w; 1)

Absolute error

-1
Im(W; 1)
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Violating Bell’s

Beusu = V2[(6
(Vp)]
s
-
oo
g -
=]
> §.
@ i)
o o
=
(@)
O
(7))
s
<
&0
=
- s
c E
)0}
(¢o}
£
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167)—(6767)]

n

RE{Wl,l}
Exact solution

5.0

2.5

0.0

—2.5

—5.0
-5 0 )

Im(w, ;)

inequa

Q]

o
HSHDQ‘

o

=
HS HDQ

(]

|
N

Re(W: 1)
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HSHDg

|
)

\]

HS HC}g

|
N

lity with a DBN

Re(w, 1)
Absolute error

RSSO

e R

N e
(HSHOg) 7

I
v

)

(HSHDQ

jam)
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Violating Bell’s

Beusu = V2[(67

Complex Weights

Imaginary Weights

20.11.2018

Re(W-.,,)

|I'T‘I(W2,1]

65 ) — (67 67)]
1
0
—1
RE{Wl,l}

Exact solution

3

2

1

; _
-1 0 1

Im(w, ;)

[RV]

o
HSH
SH24

Q]

inequa

lity with a DBN

b

o
HSHD
dumscg

o
HSHD
duregg
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Re(w, 1)
Absolute error

N e
(HSHOg) 7
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Outlook: Connection to the BrainScaleS group

Langevin dynamics

neuromorphic hardware

BUT:

> We still need to evaluate the phase e ™! to calculate
expectation values

» This needs to be done on a classical computer

» Can the evaluation be done in an efficient way such that the

sampling is the bottleneck? /_ Sampling, 1 hidden neuron

Evaluation, 1 hidden neuron
=== Sampling, 3 hidden neurons
== = Evaluation, 3 hidden neurons
=== Sampling, 6 hidden neurons
== = Eyaluation, 6 hidden neurons

Sampling, 20 hidden neurons

Evaluation, 20 hidden neurons

Sampling, 100 hidden neurons

k— = Evaluation, 100 hidden neurory
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» Sampling can be done in a very efficient and fast way on the

10? 5

Total computation time [s]

10° 10° 10* 107 10°
Number of samples

Mean computation time [s]

» Sampling with Leaky-Integrate-and-Fire (LIF) neurons can be described via

» Huge sample sets can be created in short times (help with sign problem?)

1077 4
107 4 S —
F
i
A R
/ \
/ \
1n—5 / \ -
07 bk-r—1-~==fp=-=-- -
! \
/ \
! . ___L_'_____ ——-—
2= \ n ==
L_::: :='—_ﬂ----- -:__,_
10° 10% 10* 10° 10°

Number of samples
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Conclusion

» We can use Langevin dynamics in a deep belief network to sample spin states which show
gantum entanglement

» With this ansatz we can go to deeper and more complex networks
» We can perform measurements in different bases

» We still need to evaluate the phase separately, this can end up in the sign problem

» We can create many samples efficiently with the neuromorphic hardware, but for large
T

networks the evaluation becomes expensive a; +i

(Hgllf)g) v

~

Complex Weights

- - - v - ﬂ
F & BN 3% [ Z
-2 T &)
4 ey ; : ¥ v
-5 0 5 =5 0 5
Re(w: 1) Re(w; 1)
Sampled results Absolute error E

=}

(Biog)y

Imaginary Weights
Im(Wa)

=]
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