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Self-similarity

• Example from statistical field theory: 2D Ising model

supercritical, T > Tc

rescaling (RG)
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Figures adapted from D. Tong: Lectures on Statistical Field Theory

https://www.damtp.cam.ac.uk/user/tong/sft.html
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Self-similarity

• Example from statistical field theory: 2D Ising model

critical, T = Tc

rescaling (RG)

• Self-similarity/scale-invariance! Without going into details, for
correlators, that roughly means

G(n)(spi) = s−κnG(n)(pi), s ∈ R+
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Figures adapted from D. Tong: Lectures on Statistical Field Theory

https://www.damtp.cam.ac.uk/user/tong/sft.html


Self-similarity

• Promote to nonequilibrium =⇒ nonthermal fixed point (for simplicity,
n = 2):

G
(
s−1/βT, szω, sp

)
= s−α/βG(T, ω,p), s ∈ R+,

or
G(T, ω,p) = TαGs

(
T βzω, T βp

)
,

with T = (t+ t′)/2 – central time (∼ evolution time), ω – frequency, i.e.,
Fourier transform with respect to relative time t− t′
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Self-similarity

• Promote to nonequilibrium =⇒ nonthermal fixed point (for simplicity,
n = 2):

G
(
s−1/βT, szω, sp

)
= s−α/βG(T, ω,p), s ∈ R+,

or
G(T, ω,p) = TαGs

(
T βzω, T βp

)
,

with T = (t+ t′)/2 – central time (∼ evolution time), ω – frequency, i.e.,
Fourier transform with respect to relative time t− t′

• In particular, for equal-time correlator

G(t,p) = tαGs

(
tβp

)
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Figures adapted from D. Tong: Lectures on Statistical Field Theory

https://www.damtp.cam.ac.uk/user/tong/sft.html


Non-thermal fixed points and initial conditions

• Equilibrium criticality =⇒ fine-tuning of relevant couplings
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Non-thermal fixed points and initial conditions

• Equilibrium criticality =⇒ fine-tuning of relevant couplings
• Nonequilirbium criticality (in closed systems) =⇒ extreme initial
conditions
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Non-thermal fixed points and initial conditions

• Equilibrium criticality =⇒ fine-tuning of relevant couplings
• Nonequilirbium criticality (in closed systems) =⇒ extreme initial
conditions

Direct thermalization

Self-similar dynamics
“Far from equilibrium”
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Figure adapted from M. Prüfer, P. Kunkel, H. Strobel, S. Lannig, D. Linnemann, C.-M. Schmied, J. Berges,
T. Gasenzer, M. K. Oberthaler, Nature 563, 217 (2018)

https://doi.org/10.1038/s41586-018-0659-0


Universal self-similar dynamics
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Figure taken from I. Chantesana, A. Piñeiro Orioli, T. Gasenzer, PRA 99, 043620 (2019)

https://doi.org/10.1103/PhysRevA.99.043620
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scale separation

n(t, p) = (t/tref)
αns([t/tref ]

βp)universal scaling dynamics:

∼ p−κ
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Figure taken from I. Chantesana, A. Piñeiro Orioli, T. Gasenzer, PRA 99, 043620 (2019)

https://doi.org/10.1103/PhysRevA.99.043620


Universal self-similar dynamics
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Numerical simulation of a U(3)-symmetric Gross-Pitaevskii
Bose gas in d = 3 dimensions
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Figure taken from AM, C.-M. Schmied, T. Gasenzer, PRA 99, 063622 (2019)

https://doi.org/10.1103/PhysRevA.99.063622


Universal self-similar dynamics
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Experimental investigation of an SO(2)×U(1)

spin-1 Bose gas in d = 1 dimension
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Figure taken from M. Prüfer, P. Kunkel, H. Strobel, S. Lannig, D. Linnemann, C.-M. Schmied, J. Berges,
T. Gasenzer, M. K. Oberthaler, Nature 563, 217 (2018)

https://doi.org/10.1038/s41586-018-0659-0


Prescaling

Direct thermalization

Self-similar dynamics
Far from equilibrium

Close to equilibrium

Scaling

log
(
tβp

)

lo
g
[t
−
α
n
(t
,p
)]

t4
t3
t2
t1

log p

lo
g
n
(t
,p
)

Prescaling

log
(
tβp

)

lo
g
[t
−
α
n
(t
,p
)]

t4
t3
t2
t1

log p

lo
g
n
(t
,p
)

Cold Quantum Coffee, 26.05.2020 Aleksandr Mikheev 15

Figure adapted from M. Prüfer, P. Kunkel, H. Strobel, S. Lannig, D. Linnemann, C.-M. Schmied, J. Berges,
T. Gasenzer, M. K. Oberthaler, Nature 563, 217 (2018)
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C.-M. Schmied, AM, T. Gasenzer, PRL 122, 170404 (2019)
A. Mazeliauskas, J. Berges, PRL 122, 122301 (2019)

https://doi.org/10.1103/PhysRevLett.122.170404
https://doi.org/10.1103/PhysRevLett.122.122301
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Scaling violations
=⇒ scaling function not yet established
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U(N)-symmetric Bose gas

• U(N)-symmetric Gross-Pitaevskii model

ĤU(N) =

∫
ddx
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†
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]
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• Correlation functions
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⟨
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⟩
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Extracting prescaling

• We want to probe for scaling at different length/momentum scales
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Extracting prescaling

• We want to probe for scaling at different length/momentum scales
• Scaling violations are more pronounced in real space,

g(l)(r, t) =

∞∑
n=0

c(l)n (r − r0)
n, l = 1, 2
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Extracting prescaling

• We want to probe for scaling at different length/momentum scales
• Scaling violations are more pronounced in real space,

g(l)(r, t) =

∞∑
n=0

c(l)n (r − r0)
n, l = 1, 2

• Scaling =⇒ single scale, kΛ(t) ∼ t−β , so that

cn(t) = cn [kΛ(t)]
n ∼ t−nβ

• Presence of scaling violations =⇒ multiple scales, kΛ,n(t) ∼ t−βn , so
that

cn(t) = cn [kΛ,n(t)]
n ∼ t−nβn

• Now we have a set of scaling exponents, βn(t) = β + δβn(t), with
δβn(t)

t→∞−−−→ 0

• System prescales when δβn ≃ 0 for some n

• Scaling and prescaling are observable-dependent!
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Numerical results
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Figure taken from C.-M. Schmied, AM, T. Gasenzer, PRL 122, 170404 (2019)

https://doi.org/10.1103/PhysRevLett.122.170404
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Figure taken from C.-M. Schmied, AM, T. Gasenzer, PRL 122, 170404 (2019)
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Figure taken from C.-M. Schmied, AM, T. Gasenzer, PRL 122, 170404 (2019)

https://doi.org/10.1103/PhysRevLett.122.170404


Summary and outlook

• System may reach asymptotic scaling dynamics at relatively early times
at certain length/momentum scales =⇒ partial fixed points?

• Relevant degrees of freedom can be much more sensitive to scaling
=⇒ Goldstone excitations?

• Check symmetries (both spacetime and internal) =⇒ Ward identities?
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C.-M. Schmied, AM, T. Gasenzer, PRL 122, 170404 (2019)
AM, C.-M. Schmied, T. Gasenzer, PRA 99, 063622 (2019)
C.-M. Schmied, AM, T. Gasenzer, Int. J. Mod. Phys. A, 34 (29), 1941006 (2019)

https://doi.org/10.1103/PhysRevLett.122.170404
https://doi.org/10.1103/PhysRevA.99.063622
https://www.worldscientific.com/doi/abs/10.1142/S0217751X19410069


Auxiliary slides



Correlation functions in real space
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Figure taken from C.-M. Schmied, AM, T. Gasenzer, PRL 122, 170404 (2019)

https://doi.org/10.1103/PhysRevLett.122.170404


“Flow” of scaling exponents

. . .

. . .

κl∈M⊂N

κm∈M̄=N\M

NTFP
Prescaling

κn(t) =
g(1)
n (r0,t)

g
(1,NTFP)
n (r0,t)

or
κn(t) =

⟨kn⟩(t)
⟨kn⟩NTFP(t)
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