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An interesting system

Long-time evolution of a box with supercritical field energy:

What makes this setting interesting:

◦ Off-central heavy ion collisions, laser systems, highly charged systems, ...

◦ Schwinger pair production, Photo pair production, Lorentz force, Plasma
oscillations, Particle cascades ...
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What are kinetic equations?

◦ Boltzmann (1872): nonequilibrium equation for many particles

∂f

∂t
+ ~v · ~∇X f − ~∇XV (~X ) · ~∇pf = C [f ] ,

in terms of the distribution fct. f (~X , ~p, t)

◦ Dynamical context for particle scattering amplitudes
before formation of asymptotic states, e.g. for 2↔ 2 collisions:

C 2↔2[f ](X , ~p) =

∫
~q,~k,~l

dΩ |M|2
{

[f (X , ~p) + 1][f (X , ~q) + 1]f (X , ~k)f (X ,~l)

− f (X , ~p)f (X , ~q)[f (X , ~k) + 1][f (X ,~l) + 1]
}

◦ Derivation provides the correct collision term with all leading order effects.
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An interesting system

◦ Parametrically leading order collisions O(e2) are not actually dominant
without a macroscopic field because of kinematic suppression:

|M|2δ(k − p + q)δ(p2 −m2)δ(q2 −m2)δ(k2) ≡ 0

◦ For vanishing macroscopic field, the leading order is actually O(e4), i.e.
2↔2 scatterings between γγee and eeee:
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An interesting system

◦ For non-vanishing macroscopic field, the leading order contains
2↔1 scatterings, e.g.

◦ For strong macroscopic field, Aµ ∼ 1/e, the leading order is O(e2) and is
even non-perturbative in the coupling to the field:
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In different regimes, different effects dominate:

◦ 1: 1-loop (Schwinger-) and O(e2)-pair production

Kasper, Hebenstreit, Berges, arXiv:1403.4849 (2014)
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◦ 2: 1↔ 2 O(e2) collisions (seeded cascades) and Lorentz force

Elkina, Fedotov, Kostyukov, Legkov, Narozhny, Nerush, Ruhl (2011)
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◦ 3: O(e4) collisions with Landau–Pomeranchuk–Migdal effect

Arnold, Moore, Yaffe, arXiv:hep-ph/0209353 (2003)

◦ Changing between descriptions: problem of matching
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What did we do?

◦ Derivation of kinetic equations from 2PI QED equations of motion that
are valid for long times, from regime 1 to 2.

◦ Improvement of popular descriptions:
our equations do NOT rely on ...

◦ ... fermion on-shell approximation ← THIS TALK
◦ ... external field approximation;
◦ ... locally-constant field approximation;
◦ ... linear collision terms;
◦ ... kinematic assumptions;

◦ Our equations do rely on ...

◦ ... simple spin tensor structures;
◦ ... late time limit, t0 → −∞;
◦ ... not too large photon occupations � 1/e2;
◦ ... not too large propagator gradients, (∂p · ∂X )G � 1.
◦ ... no large initial higher correlations;
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What is 2PI QED...?

Self-consistent resummation:

G−1 = G−1
0 − Σ

G = G0 + G0Σ[G0]G (Dyson Series)

G−1
0 G = 1 + Σ[G ]G (self-consistent 2PI)

... and why start there?

◦ Allows for nonequilibrium description that captures long time evolution;

◦ Proven to facilitate the derivation in other settings;

◦ Clear separation of spectral and transport phenomena.
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What is 2PI QED? ... some notation:

Spectral functions:

ρµν(x , y) := i 〈[Aµ(x), Aν(y)]〉 ,
ρABΨ (x , y) := i 〈{ΨA(x), Ψ̄B(y)}〉 .

Statistical (transport) functions:

Fµν(x , y) := 1
2 〈{A

µ(x),Aν(y)}〉 − 〈Aµ(x)〉 〈Aν(y)〉 ,
FAB

Ψ (x , y) := 1
2 〈[Ψ

A(x), Ψ̄B(y)]〉 ,

... and the same for Σ, ∆, ΣΨ.

Spectral functions (ρ) encode relevant degrees of freedom,
e.g. in free theory ρ ∼ δ(p2 −M2),
statistical functions (F ) encode their occupations.
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What is 2PI QED?[
ηµσ�x − (1− 1

ξ )∂µx ∂
x
σ

]
F σν(x , y) =

∫ x0

t0

dz Σ(ρ)(x , z)µγF (z , y)γ
ν

−
∫ y0

t0

dz Σ(F )(x , z)µγρ(z , y)γ
ν ,

[
ηµσ�x − (1− 1

ξ )∂µx ∂
x
σ

]
ρσν(x , y) = −

∫ x0

y0

dz Σ(ρ)(x , z)µγρ(z , y)γ
ν ,

[i/∂x − e /A(x)−m]ACFΨ(x , y)CB =

∫ x0

t0

dz Σ
(ρ)
Ψ (x , z)ACFΨ(z , y)CB

−
∫ y0

t0

dzΣ
(F )
Ψ (x , z)ACρΨ(z , y)CB ,

[i/∂x − e /A(x)−m]ACρΨ(x , y)CB =

∫ x0

y0

dz Σ
(ρ)
Ψ (x , z)ACρΨ(z , y)CB ,[

ηµσ�x − (1− 1
ξ )∂µx ∂

x
σ

]
Aσ(x) = −e tr {γµFΨ(x , x)}
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What are distribution functions?

In equilibrium: off-shell fluctuation dissipation relation

Fµνeq (p) = −i [ 1
2 + fB(p0)]ρµνeq (p)

FAB
Ψ,eq(p) = −i [ 1

2 − fF(p0)]ρABΨ,eq(p)

Out of equilibrium: off-shell transport
with Wigner functions G (X , p) :=

∫
d4s e ips G (X + s

2 ,X −
s
2 ):

Fµν(X , p) = −i [ 1
2 + f (X , p)]ρµν(X , p)

FAB
Ψ (X , p) = −i [ 1

2 − fΨ(X , p)]ρABΨ (X , p)

In some circumstances: dynamical reduction to on-shell distributions fcts.

f (X , ~p ) :=

∫ ∞
0

dp02p0δ(p2)f (X , p) = f (X , p) at p0 = |~p |

f ±Ψ (X , ~p ) := f ±Ψ (X ,±p) at p0 = ±
√
|~p |2 + m2

Gregor Fauth 14/29 arXiv:2103.13437



What are distribution functions?
In equilibrium: off-shell fluctuation dissipation relation

Fµνeq (p) = −i [ 1
2 + fB(p0)]ρµνeq (p)

FAB
Ψ,eq(p) = −i [ 1

2 − fF(p0)]ρABΨ,eq(p)

Out of equilibrium: off-shell transport
with Wigner functions G (X , p) :=

∫
d4s e ips G (X + s

2 ,X −
s
2 ):

Fµν(X , p) = −i [ 1
2 + f (X , p)]ρµν(X , p)

FAB
Ψ (X , p) = −i [ 1

2 − fΨ(X , p)]ρABΨ (X , p)

In some circumstances: dynamical reduction to on-shell distributions fcts.

f (X , ~p ) :=

∫ ∞
0

dp02p0δ(p2)f (X , p) = f (X , p) at p0 = |~p |

f ±Ψ (X , ~p ) := f ±Ψ (X ,±p) at p0 = ±
√
|~p |2 + m2

Gregor Fauth 14/29 arXiv:2103.13437



What are distribution functions?
In equilibrium: off-shell fluctuation dissipation relation

Fµνeq (p) = −i [ 1
2 + fB(p0)]ρµνeq (p)

FAB
Ψ,eq(p) = −i [ 1

2 − fF(p0)]ρABΨ,eq(p)

Out of equilibrium: off-shell transport
with Wigner functions G (X , p) :=

∫
d4s e ips G (X + s

2 ,X −
s
2 ):

Fµν(X , p) = −i [ 1
2 + f (X , p)]ρµν(X , p)

FAB
Ψ (X , p) = −i [ 1

2 − fΨ(X , p)]ρABΨ (X , p)

In some circumstances: dynamical reduction to on-shell distributions fcts.

f (X , ~p ) :=

∫ ∞
0

dp02p0δ(p2)f (X , p) = f (X , p) at p0 = |~p |

f ±Ψ (X , ~p ) := f ±Ψ (X ,±p) at p0 = ±
√
|~p |2 + m2

Gregor Fauth 14/29 arXiv:2103.13437



What are distribution functions?
In equilibrium: off-shell fluctuation dissipation relation

Fµνeq (p) = −i [ 1
2 + fB(p0)]ρµνeq (p)

FAB
Ψ,eq(p) = −i [ 1

2 − fF(p0)]ρABΨ,eq(p)

Out of equilibrium: off-shell transport
with Wigner functions G (X , p) :=

∫
d4s e ips G (X + s

2 ,X −
s
2 ):

Fµν(X , p) = −i [ 1
2 + f (X , p)]ρµν(X , p)

FAB
Ψ (X , p) = −i [ 1

2 − fΨ(X , p)]ρABΨ (X , p)

In some circumstances: dynamical reduction to on-shell distributions fcts.

f (X , ~p ) :=

∫ ∞
0

dp02p0δ(p2)f (X , p) = f (X , p) at p0 = |~p |

f ±Ψ (X , ~p ) := f ±Ψ (X ,±p) at p0 = ±
√
|~p |2 + m2

Gregor Fauth 14/29 arXiv:2103.13437



What are distribution functions?
In equilibrium: off-shell fluctuation dissipation relation

Fµνeq (p) = −i [ 1
2 + fB(p0)]ρµνeq (p)

FAB
Ψ,eq(p) = −i [ 1

2 − fF(p0)]ρABΨ,eq(p)

Out of equilibrium: off-shell transport
with Wigner functions G (X , p) :=

∫
d4s e ips G (X + s

2 ,X −
s
2 ):

Fµν(X , p) = −i [ 1
2 + f (X , p)]ρµν(X , p)

FAB
Ψ (X , p) = −i [ 1

2 − fΨ(X , p)]ρABΨ (X , p)

In some circumstances: dynamical reduction to on-shell distributions fcts.

f (X , ~p ) :=

∫ ∞
0

dp02p0δ(p2)f (X , p) = f (X , p) at p0 = |~p |

��
���XXXXXf ±Ψ (X , ~p ) := f ±Ψ (X ,±p) at p0 = ±

√
|~p |2 + m2

Gregor Fauth 15/29 arXiv:2103.13437



Our strong-field QED kinetic equations

Strong-field photon kinetic equation[
∂

∂X 0
+

~k

|~k |
· ∂
∂ ~X

]
f (X , ~k) = C (X , ~k)

... with the photon O(e2) collision term

C (X , ~k) = e2

∫
p

∫ ∞
0

dk0δ(k2)
{
Pµµ(X , p, p − k)− Pξ(X , p, p − k , k)

}
×
{
f̃Ψ(X , p)[1− f̃Ψ(X , p − k)][1 + f (X , k)]

− [1− f̃Ψ(X , p)]f̃Ψ(X , p − k)f (X , k)
}

... and the strong-field collision kernel

Pµν(X , p, q) = −1
4tr{γ

µi ρ̂Ψ(X , p)γν i ρ̂Ψ(X , q)} .
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... with the photon O(e2) collision term

C (X , ~k) = e2

∫
p

∫ ∞
0

dk0δ(k2)
{
Pµµ(X , p, p − k)− Pξ(X , p, p − k , k)

}
×
{
f̃Ψ(X , p)[1− f̃Ψ(X , p − k)][1 + f (X , k)]

− [1− f̃Ψ(X , p)]f̃Ψ(X , p − k)f (X , k)
}

... and the strong-field collision kernel

Pµν(X , p, q) = −1
4tr{γ

µi ρ̂Ψ(X , p)γν i ρ̂Ψ(X , q)} .
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... for the gauge-invariant fermion spectral function

ρ̂Ψ(x , y) :=W(y , x)ρΨ(x , y) (1)

with Wilson line W(y , x) := e ie
∫ x
y dzµAµ(z) ...

... which has its own spectral equation of motion[
i
2
/∇+ /Π−m

]
ρ̂Ψ(X , p) = 0 ,

with the strong-field VGE Annals Phys. 173, 462 (1987) derivatives

∇µ :=
∂

∂Xµ
− e

∫ 1
2

−1
2

dλFµν(X − iλ∂p)
∂

∂pν

Πµ := pµ − ie

∫ 1
2

−1
2

dλλFµν(X − iλ∂p)
∂

∂pν
.
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The scattering kernel is a generalized scattering amplitude

δ(k − p + q)P(X , p, q, k) ∼ |M|2

Mµ
σσ′(X , p, q, k) =

∫
s
e iks ūpσ Γµpq(X + s

2 ) uqσ′

... that contains all possible crossings of O(e2) 1↔ 2 strong-field processes:

... and establishes contact to strong-field Ward identities in vacuum limit.
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Our strong-field QED kinetic equations

Strong-field fermion kinetic equation with force term

i∇µ[f̃Ψ(X , p)ρ̂µΨ(X , p)] = CΨ(X , p)

... with a similar collision term ...

... and everything coupled to the Maxwell equation for the macroscopic field[
ηµσ�X − (1− 1

ξ )∂µX∂
σ
X

]
Aσ(X ) = jµ(X ) ,

with the self-consistent U(1) fermion current

jµ(X ) = 2e

∫
d4p

(2π)4
[1− 2f̃Ψ(X , p)]i ρ̂µΨ,V(X , p) .
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Our strong-field QED kinetic equations
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On-shell vs. off-shell in strong fields

◦ Equations for on-shell photon and off-shell fermion distribution fct.
◦ There is an additional equation for the fermion spectral function,[

i
2
/∇+ /Π−m

]
ρ̂Ψ(X , p) = 0 +O(e2)

(i/∂x − e /A(x)−m)ρΨ(x , y) =

∫ x0

y0

dz Σ
(ρ)
Ψ (x , z)ρΨ(z , y)
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On-shell vs. off-shell in strong fields
◦ Equations for on-shell photon fct. and off-shell fermion distribution fct.
◦ There is an additional equation for the fermion spectral function,[

i
2
/∇+ /Π−m

]
ρ̂Ψ(X , p) = 0 +O(e2)

⇔ (i/∂x − e /A(x)−m)ρΨ(x , y) = 0 +O(e2) .

◦ Gives a dynamic spacetime resolved generalized particle picture.

ρΨ[A](X , p)
A(X )→0−−−−−→ i(2π)(/p + m)δ(p2 −m2)sgn(p0) .

◦ Lesson from simple solutions: No simple peak structure!

Hebenstreit et al (2017, arXiv:1011.1923)
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On-shell vs. off-shell in strong fields

◦ Explicit solution in external field case, Aµ(x) ' Aµv(n · x):

ρΨ,v(X , p) = i

∫
dl K(X , l ; p − ln)δ(p2 −m2 − 2l(n · p)) sgn(p0 − ln0)

K(X , l ; q) :=

∫
ds−e ils

−
e iO(eA) ... (/q + m) ...

... reveals a dispersion relation p0 = l ± εl(~p ),
εl(~p ) := (|~p⊥|2 + m2 + (pz − l)2)1/2 under the l-integral.

◦ Off-shell kinematics instead of δ(k − p + q)δ(p2 −m2)δ(q2 −m2) ≡ 0:

k − p′ + q′ = (l1 − l2)n ,

p2 −m2 = 2l1(n · p) ,

q2 −m2 = 2l2(n · q) .
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On-shell vs. off-shell in strong fields

◦ Dynamics that remain on-shell need long-lived separation of scales

|p∗z | � ~|l∗| ⇒ εl∗(~p
∗) '

√
|~p ∗|2 + m2 .

◦ Everywhere: products fΨ(X , p)K (l) remain zero off-shell, if:
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Main progress brought by our equations:

We have ...

◦ ... learned how to systematically combine collisions with the strong-field
derivatives of the collisionless VGE formalism Annals Phys. 173, 462 (1987);

◦ ... a unified kinetic description of strong-field dynamics of regime 1 and 2;

◦ ... knowledge of all approximations;

◦ ... the ability to alleviate these approximations,
in particular to describe inhomogeneous fields;

◦ ... contact between 2PI gauge-fixing and strong-field Ward identities.

Gregor Fauth 28/29 arXiv:2103.13437



Main progress brought by our equations:

We have ...

◦ ... learned how to systematically combine collisions with the strong-field
derivatives of the collisionless VGE formalism Annals Phys. 173, 462 (1987);

◦ ... a unified kinetic description of strong-field dynamics of regime 1 and 2;

◦ ... knowledge of all approximations;

◦ ... the ability to alleviate these approximations,
in particular to describe inhomogeneous fields;

◦ ... contact between 2PI gauge-fixing and strong-field Ward identities.

Gregor Fauth 28/29 arXiv:2103.13437



Main progress brought by our equations:

We have ...

◦ ... learned how to systematically combine collisions with the strong-field
derivatives of the collisionless VGE formalism Annals Phys. 173, 462 (1987);

◦ ... a unified kinetic description of strong-field dynamics of regime 1 and 2;

◦ ... knowledge of all approximations;

◦ ... the ability to alleviate these approximations,
in particular to describe inhomogeneous fields;

◦ ... contact between 2PI gauge-fixing and strong-field Ward identities.

Gregor Fauth 28/29 arXiv:2103.13437



Main progress brought by our equations:

We have ...

◦ ... learned how to systematically combine collisions with the strong-field
derivatives of the collisionless VGE formalism Annals Phys. 173, 462 (1987);

◦ ... a unified kinetic description of strong-field dynamics of regime 1 and 2;

◦ ... knowledge of all approximations;

◦ ... the ability to alleviate these approximations,
in particular to describe inhomogeneous fields;

◦ ... contact between 2PI gauge-fixing and strong-field Ward identities.

Gregor Fauth 28/29 arXiv:2103.13437



Main progress brought by our equations:

We have ...

◦ ... learned how to systematically combine collisions with the strong-field
derivatives of the collisionless VGE formalism Annals Phys. 173, 462 (1987);

◦ ... a unified kinetic description of strong-field dynamics of regime 1 and 2;

◦ ... knowledge of all approximations;

◦ ... the ability to alleviate these approximations,
in particular to describe inhomogeneous fields;

◦ ... contact between 2PI gauge-fixing and strong-field Ward identities.

Gregor Fauth 28/29 arXiv:2103.13437



Main progress brought by our equations:

We have ...

◦ ... learned how to systematically combine collisions with the strong-field
derivatives of the collisionless VGE formalism Annals Phys. 173, 462 (1987);

◦ ... a unified kinetic description of strong-field dynamics of regime 1 and 2;

◦ ... knowledge of all approximations;

◦ ... the ability to alleviate these approximations,
in particular to describe inhomogeneous fields;

◦ ... contact between 2PI gauge-fixing and strong-field Ward identities.

Gregor Fauth 28/29 arXiv:2103.13437



Questions?
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Appendix
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◦ 2PI loop expansion is independent of the macroscopic field:

◦ 2PI loop expansion breaks down for too large photon occupations:
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What is 2PI QED?

Γ[A,D,∆] = S [A] + (Tr ln - terms) + Γ2[A,D,∆]

Γ2[A,D,∆] = (sum of all 2PI diagrams with D,∆,A,V0)

δΓ

δAµ
= 0

δΓ

δDµν
= 0

δΓ

δ∆
= 0

Σ[D,∆] := 2i
δΓ2

δD
ΣΨ[D,∆] := −i δΓ2

δ∆
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The self-energies in these equations are loop expanded self-consistently

and defined from the 2PI loop expansion of the effective action
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Dµν(x , y) = Fµν(x , y)− i
2sgnC(x0 − y0)ρµν(x , y) (2)

Dµν(x , y) := 〈TCAµ(x)Aν(y)〉 (3)
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Vacuum theory only needs retarded (or advanced) propagators:

Dµν
R (x , y) = θ(x0 − y0)ρµν(x , y) (4)

Dµν
A (x , y) = −θ(y0 − x0)ρµν(x , y) (5)
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What is 2PI nonequilibrium QED?

◦ Hierarchy of complexity from nonequiblibrium to equilibrium to vacuum

ρ(t0)
thermaliz.−−−−−−→ ρβ =

e−βH

Tre−βH
β→∞−−−→ |Ω〉 〈Ω|

Tr {ρ(t0)O(x)} = g(x) Tr {ρβO(x)} = const.

Tr {ρ(t0)O1(x)O2(y)} = g(x , y) Tr {ρβO1(x)O2(y)} = g(x − y)

...

◦ Nonequilibrium QED is necessary to describe basic electromagnetic
settings with dynamic macroscopic field 〈A〉 = A(x) in QFT language.
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Structure of our strong-field QED kinetic equations
Kinetic equations are Wigner transformed equations of statistical
propagators with spectral functions on their equations of motion

∫ ∞
0

dk0

(2π)

∫
d4(x − y) e ik(x−y) 1

4ηµν

[
(FEOM)µν(x , y)− (FEOM)νµ(y , x)

]
,∫

d4(x − y) e ip(x−y)W(y , x) 1
4tr
[
(FEOM)Ψ(x , y)− γ0(FEOM)†Ψ(y , x)γ0

]
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Fermion collision term:

CΨ(X , p) = e2

∫
d3k

(2π)3

∫ ∞
−∞

dk0δ(k2)sgn(k0)× (6)

×
{
fΨ(X , p − k)f (X , k)[1− fΨ(X , p)]

− [1− fΨ(X , p − k)][1 + f (X , k)]fΨ(X , p)
}
×

×
{
Pµµ(X , p, p − k)− Pξ(X , p, p − k , k)

}
,
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Gauge-invariant fermion functions

Wγ(y , x) := exp

(
ie

∫
γ
dzµAµ(z)

)
, (7)

F̂Ψ,γ(x , y) :=Wγ(y , x)FΨ(x , y) , (8)

ρ̂Ψ,γ(x , y) :=Wγ(y , x)ρΨ(x , y) (9)

W(y , x) = exp

(
iesµ

∫ 1
2

−1
2

dλAµ(X + λs)

)
, (10)

ĜΨ(X , p) :=

∫
s
e ipsW(y , x)GΨ(x , y) . (11)

ĜΨ(X , p) = GΨ(X , p + eA(X )) +O(e0∂p · ∂X ) . (12)
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Gauge-invariant fermion functions

F̂Ψ(X , p) = −i [ 1
2 − f̃Ψ(X , p)]ρ̂Ψ(X , p) . (13)

With W(x , y)W(y , x) = 1 and W(x , x) = 1

Σµν(x , y) = e2tr{γµ∆(x , y)γν∆(y , x)}
= e2tr{γµ∆̂(x , y)γν∆̂(y , x)} . (14)

jµ(X ) = −e lim
s→0

tr{γµFΨ(X + s
2 ,X −

s
2 )}

= −e lim
s→0

tr{γµF̂Ψ(X + s
2 ,X −

s
2 )} , (15)
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Pµνv (X , p, q, k) = δ(k2)sgn(k0)

∫
dl1

(2π)

∫
dl2

(2π)
(16)

×
∫
p′,q′

δ(p′2 −m2)sgn(p′0)δ(q′2 −m2)sgn(q′0)(2π)8

× δ(p − p′ − l1n)δ(q − q′ − l2n)Qµν(X , l1, l2; p′, q′)

with the remaining kernel

Qµν(X , l1, l2; p′, q′) :=

∫
ds−1 e il1s

−
1

∫
ds−2 e il2s

−
2

× T µνp′q′(X , s
−
1 , s

−
2 ) e−i [Np′ (X ,s

−
1 )+Nq′ (X ,s

−
2 )] . (17)
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− 4T µνp′q′(X , s
−
1 , s

−
2 )

:= tr

{
γµ
[
1 +

e/n /Av(X + s1
2 )

2(n · p′)

]
(/p
′ + m)

[
1−

e/n /Av(X − s1
2 )

2(n · p′)

]
γν
[
1 +

e/n /Av(X + s2
2 )

2(n · q′)

]
(/q
′ + m)

[
1−

e/n /Av(X − s2
2 )

2(n · q′)

]}
,

Nq(n · X , n · s)

:=

∫ n·s
2

−n·s
2

dλ

(
eA(n · X + λ) · q

n · q
− e2A2(n · X + λ)

2(n · q)

)
.
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with the field-dependent Dirac matrix

K(X , l ; q) :=

∫
ds−e ils

−
e−iNq(X−,s−) (18)

×
[
1 +

e

2

/n /Av(X + s
2 )

(n · q)

]
(/q + m)

[
1− e

2

/n /Av(X − s
2 )

(n · q)

]
and the field-dependent phase factor

Nq(n · X , n · s) (19)

:=

∫ n·s
2

−n·s
2

dλ

(
eA(n · X + λ) · q

n · q
− e2A2(n · X + λ)

2(n · q)

)
.
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∫
p,q
δ(k − p + q)Pµνv (X , p, q, k) (20)

=

∫
p,q,l

δ(p2 −m2)sgn(p0)δ(q2 −m2)sgn(q0)δ(k2)sgn(k0)

× δ(k − p + q − ln)Qµνvac(X , l , p, q) ,

Qµνvac(X , l , p, q) (21)

:=

∫
ds− e ils

− T µνpq (X , s,−s) e−i [Np(X ,s)+Nq(X ,−s)] .
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p0 = l ± εl(~p )⇔ p+ =
|~p⊥|2 + m2

2p−
+ l (22)

εl(~p ) := (ε2(~p ) + l2 − 2lpz)1/2 (23)

= (|~p⊥|2 + m2 + (pz − l)2)1/2 .

and plane-wave fermion and antifermion distribution functions

f −Ψ (X , l , ~p ) := fΨ(X , p) at p0 = l + εl(~p ) , (24)

f +
Ψ (X ,−l ,−~p ) := 1− fΨ(X , p) at p0 = l − εl(~p ) . (25)
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Gauge fixing parameter and Ward identities

Pξ(X , p, q, k) := (1− ξ) 1
k2 kµkνPµν(X , p, q) , (26)

Mµ
σσ′(p, q, k) =

∫
x
e ikx ūpσ Γµpq(x) uqσ′ , (27)

∫
d4X

∫
s
e iks =

∫
d4xe ikx

∫
d4ye−iky . (28)

k · Mσσ′ = ūpσ/nuqσ′

∫
l
(2π)4 δ(k − p + q − ln)×

×
∫

d(n · x)
∂
(
e iΦ[Av]

)
∂(n · x)

, (29)

Φ(n · x) := l n · x +

∫ n·x

−∞
dλ
(eA(λ) · q

n · q
− e2A2(λ)

2(n · q)

)
−
∫ n·x

−∞
dλ
(eA(λ) · p

n · p
− e2A2(λ)

2(n · p)

)
, (30)
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k − p′ + q′ = (l1 − l2)n , (31)

p − p′ = l1n , (32)

q − q′ = l2n , (33)

p2 −m2 = 2l1(n · p) , (34)

q2 −m2 = 2l2(n · q) , (35)

(p′ − q′)2 = −2(l1 − l2)(n · k) . (36)
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