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Objective: Dark Matter Structure Growth
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Motivation

Dark matter density contrast power spectrum
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Figure: Initial BBKS and today's power spectrum; simulation by Smith et al. [8];
both in an EdS universe with DM only
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Figure: Initial BBKS and today's power spectrum; simulation by Smith et al. [8];
both in an EdS universe with DM only
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Motivation

Linear structure growth
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Figure: Initial BBKS spectrum linearly evolved until today, compared to simulation by Smith et
al. [§]
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RKFT

Resummed KFT

based on Lilow et al. [7, 6]
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RKFT

Kinetic Field Theory

Non-relativistic description of N particles moving in phase-space
— Phase-space trajectories X;(t) = (§j(t), pj(t)) for the particles j € {1,..., N}

x(t) =Y (09§
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RKFT

Kinetic Field Theory

Non-relativistic description of N particles moving in phase-space
— Phase-space trajectories Xj(t) = (gj(t), pj(t)) for the particles j € {1,..., N}

N

x(t)=Y %) ® &

j=1

© Deterministic dynamics: E.o.m. E[x(t)] =0
@ Interaction potential
@ Stochastic initial conditions x® = x(t()
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RKFT

Kinetic Field Theory — Assumptions for DM structure growth

Non-relativistic description of N particles moving in phase-space
— Phase-space trajectories X;(t) = (gj(t), pj(t)) for the particles j € {1,..., N}

x(t) =Y %)@

@ Deterministic dynamics: Hamilton's e.o.m. E[x(t)] = 0 in expanding background

E[x] = x — IV H[x]
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RKFT

Kinetic Field Theory — Assumptions for DM structure growth

Non-relativistic description of N particles moving in phase-space
— Phase-space trajectories X;(t) = (§j(t), pj(t)) for the particles j € {1,..., N}

x(t) =Y Z(0) 9§

@ Deterministic dynamics: Hamilton's e.o.m. E[x(t)] = 0 in expanding background
E[x] = x — IV, H[x]

@ 1-particle interaction potential: Newtonian
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RKFT

Kinetic Field Theory — Assumptions for DM structure growth

Non-relativistic description of N particles moving in phase-space
— Phase-space trajectories X;j(t) = (gj(t), pj(t)) for the particles j € {1,..., N}

@ Deterministic dynamics: Hamilton's e.o.m. E[x(t)] = 0 in expanding background
E[x] = x — IVH[x]

© 1-particle interaction potential: Newtonian

@ Initial conditions x( := x(t)) drawn from a probability distribution P(x()
o Statistical properties of macroscopic density field are given
o Poisson sample the positions i;.(') from these fields
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RKFT

Kinetic Field Theory — Assumptions for DM structure growth

Non-relativistic description of N particles moving in phase-space
— Phase-space trajectories Xj(t) = (gj(t), pj(t)) for the particles j € {1,..., N}

@ Deterministic dynamics: Hamilton’s e.o.m. E[x(t)] = 0 in expanding background
E[x] = x — IV, H[x]

@ 1-particle interaction potential: Newtonian
@ Initial conditions x(? := x(t?) drawn from a probability distribution P(x()
— Partition function for t > t;

7= /dx(i)P(x(i)) /(_) Dx 52N [x(t) — XN (D t)]

= / dx(i)P(x(i)) / " DxDy eXEW]
x! U
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RKFT

Kinetic Field Theory — Assumptions for DM structure growth

Non-relativistic description of N particles moving in phase-space
— Phase-space trajectories Xj(t) = (gj(t), pj(t)) for the particles j € {1,..., N}

@ Deterministic dynamics: Hamilton’s e.o.m. E[x(t)] = 0 in expanding background
E[x] = x — IV, H|[x]

@ 1-particle interaction potential: Newtonian
@ Initial conditions x(? := x(t?) drawn from a probability distribution P(x()
= Partition function for t > t;; with ¢ = (x,Xx)

Z = /dx(i)P(x(i))/(_) Dx 6(D2dN) [X(t) _x(r:l)(x(i)7 t)]

- / dx?DP(xM) / o DY X Eb
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RKFT

Collective field description

@ Collective density field

N
cbp((_fn tr) = Z(SD(@ - C_I;(tr))
j=1
o Collective response field
N
¢B(Jr> tr) = Z)ij(tr) : Vq(SD(Efr - Ef}(tr))
j=1
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RKFT

Collective field description

@ Collective density field

N N o
(G, tr) = Z oo (C_fr - El;(tf)) ®y(r) = ¢P(Er> t) = Zeilkr.qj(t’)

Jj=1 Jj=1
o Collective response field

N
¢B(Jr> tr) = Z)ij(tr) : Vq(SD(Efr - Ef}(tr))

=t
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RKFT

Collective field description

@ Collective density field

N N
(G, tr) = Z oo (C_fr - ‘:/;(tf)) ®y(r) = Pplke, tr) = Zeilkr.qj(t’)
j=1

j=1

o Collective response field

N
S5(Gr tr) = Y Xy (t) - Vb (G — Gi(tr))
j=1
o Dressed collective response field
N s
Op(r) = —i v(ke, tr) D Xy - ke T

=t
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RKFT

Collective field description

o Collective density field

N
(G tr) = Z 60(d — @) @,(r) = b,k 1)) = > e )
j=1
@ Collective response field
N
®5(Gr, tr) = D Xy (t) - Vadn (G — Gi(t:))
j=1
@ Dressed collective response field

N
Se(r) = —i v(k, t,)z)‘('pj . kg ke dj(tr)

j=1

Splitting H = Ho + H,, leads to an interaction term

Sy [] = Y] - ©e[]
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RKFT

Overview - Derivation RKFT

@ Microscopic partition function; field ¥ = (x, x)

z= / dx@P(xM) / Dy Sv-olv1HiSy, 1v]
x(1)
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RKFT

Overview - Derivation RKFT

@ Microscopic partition function; field ¥ = (x, x)
7 = /dx(i)P(X(i))/ Dy e Sw.o[¥IHiSy s [¥]
x(7)
o Collective field generating functional; field ® = (®,[¢], P£[])

Zo[H] = /dx(i)P(X(i)) () Dy 00110 OptiH-©
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RKFT

Overview - Derivation RKFT

@ Microscopic partition function; field ¥ = (x, x)
7 = /dx(i)P(X(i))/ Dy e Sw.o[¥IHiSy s [¥]
x(7)
o Collective field generating functional; field ® = (®,[¢], P£[])
Zolt) = [ @xOP(O) [ Dy vt ersine
x()

@ Macroscopic partition function; field p = (¢r, ©3)

7 — /’Dg& &Sl
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RKFT

Overview - Derivation RKFT

@ Microscopic partition function; field ¥ = (x, x)

7 — /dx(i)P(X(i))/ DY el Sw.ol¥IHiSy /(Y]
x(1)
o Collective field generating functional; field ® = (®,[], ®r[¥])
Z@[H] _ /dx(l)p(x(l))/ Dw ei5¢,0+i¢p'®F+iH'¢
(1)
@ Macroscopic partition function; field ¢ = (¢r, ¢©3)

7 = /DSO &Sl

Introduce a formally i-independent field f in Zo

20 = /dX(i)p(X(i))/m Dw/D‘Pf el otieror dp(pr — ®,[4])
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RKFT

Macroscopic field description

Partition function for ¢ = (¢r, ©3)

7 / Dy €511
with n = nf + ng and

S[QO] ; Pay Aa1az Paz + Z ( H wal)v(n)

n0n;r£2' i=1
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RKFT

Macroscopic field description

Partition function for ¢ = (¢r, ©3)

7 / Dy €511
with n = nf + ng and

S[QO] ; Pay Aa1az Paz + Z ( H @s‘h)v(n)

n0n;r£2' i=1

with
pin (1 ng,ng + 1 )= it 1 +1
B..5f...F\ Ly 15, N3 yeees N ! pA.ApF...F( y s N, N1 ey 1)

and the inverse tree-level propagator

_1 0 7-iGY
ALY =, o e’ | (12)
1G,F 1Gpp

where “free” collective-field cumulants

’

onp, 1 ng) = 1 (%) rl:Il, (%) We o[H]

u=

0)
G;E .pF.. F(]‘
H=0

10/27
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RKFT

Macroscopic field description - Tree-level propagator

-1
0 7-iGY Agr-iGO . A A
A1,2 = Fp 172 — R pp A R) 172
(1.2) (zicf,‘;) —iGY (1.2) ( Ag 0 )12

with

Ar(1,2) = Aa(2,1) = (T -iGP)7(1,2)
-y (ic')"(1,2)
n=0

— Infinite resummation of Newtonian interactions!
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RKFT

Macroscopic field description - Tree-level propagator
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Figure: Comparison of the tree-level propagator (power spectrum)
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RKFT

Macroscopic field description - Tree-level propagator
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RKFT

Macroscopic field description - Tree-level propagator
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RKFT

Macroscopic field description - Tree-level propagator
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RKFT

Macroscopic field description - Tree-level propagator
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Figure: Comparison of the tree-level propagator (power spectrum)

ndel NPRG Approaches in Resummed KFT

12 /27



RKFT

Non-perturbative ansatz

RKFT can describe the power spectrum on large scales perturbatively.
— We flow to smaller scales, i.e., higher k.
— We need a UV regulator.

SRKFT[¢)] Calg] — L, (4]

A= Ao oA A=A

Figure: Starting from SgkeT at A = Ag the scale-dependent effective action 'y includes modes
(blue) of successively higher wave vectors k.

Full effective action by integrating the Wetterich equation

A1
M¢] = AJL”LO/A dX Al A[¢] + Tag[9]
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CTP formalism

Closed time path formalism and the Keldysh-rotated basis
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CTP formalism

Closed time path and rotated basis

Generating functional
2R = [P eni{siee 1+ [0 e ()
sLewem (80 8N EE)

C+

Figure: lllustration of the Schwinger-Keldysh contour C up to a time t’
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CTP formalism

Closed time path and rotated basis

Generating functional

20,/ = [ D" i {sle" w1+ (670070 (7))

—J7(x)
SLewee(Gf ) EO)

Rotation to a “physical basis” (Chou et al. [2])
+ 1 1
Py . ¥ — (2 2
(3)=2() =)

C-‘r

Figure: lllustration of the Schwinger-Keldysh contour C up to a time t’
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CTP formalism

Closed time path and rotated basis

Generating functional

Z[J,R] = /DangZJ expi {5[@,92] + /X(<p(x)7 3(x)) (583)
1

#3 ] oty (Blen) - Rlon) (200 )

Rotation to a “physical basis” (Chou et al. [2])
+ 1 1
Y\ ¥ — (2 2
()=2() Y

C+

Figure: lllustration of the Schwinger-Keldysh contour C up to a time t’
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CTP formalism

RKFT is a nonequilibrium theory

Identification

() = ()
¥/ (rRKFT) Y/ (cTp)

Cumulants of RKFT have the same properties as a general nonequilibrium theory.
— Causality
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CTP formalism

Cumulants in the rotated basis

Schwinger functional
W[J,R] = —iln Z[J, R]
Abbreviated notation
)= 55709
One-point function
W' (x) = ¢'(x)
WP (x) = ¢°(x)

Propagators
W (x,y) = iF(x,y)
W™ (x,y) = G®(x,y) = p(x, )0(x° = y°)
W (x,y) = G*(x,y) = p(x, y)0(y° — x°)
W (x,y) = iF(x,y)
Symmetries
G (xy) =GNy, x),  F(xy)=F(y,x),
M. Ziindel NPRG Approaches in Resummed KFT

statistical propagator
retarded propagator
advanced propagator

anomalous propagator

F(x,

y)=

F(

Y5 X)
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Nonequi fRG

Ansatz 1: Nonequilibrium fRG

Paper: Berges and Mesterhazy [1]
“Introduction to the nonequilibrium functional renormalization group”
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Nonequi fRG

Flow equation

Wetterich equation in the Keldysh-rotated basis
Falg] = —3 T{GL - RE+ 6L - RE 4 i - RE 4 i - R}
Sufficient to choose the regulator as
R o< RA(K%) RyF =0
W.E. simplifies

My = —%Tr{GfRf + GLR{Y

=—i Tr GRY
Second derivative
£o8 5G5an 33
X,ab — ,he
P splag)
“f8 i52G§ch SR
Xab — T A, he
’ 3¢50,
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Nonequi fRG

Propagators

GR = — (M + RE) - 158(rP + Rf)*lrﬂf

iFn = = [ = (T2 + RO (Y + RE)]

|
G = [(rfﬂ + R - TI(re 4+ RE)” 1r§ﬁ] B
[
iFy = = [F87 = (0 + RO + RY)]

M. Ziindel NPRG Approaches in Resummed KFT

20 /27



Nonequi fRG

Propagators

GR = — (M + RE) - 158(rP + Rf)*lrﬂf

iFn = = [ = (T2 + RO (Y + RE)]

|
G = [(rfﬁ + R - TI(re 4+ RE)” 1r§ﬁ] B
[
iFy = = [F87 = (0 + RO + RY)]

Sources J set to zero:

R f Ry—1

G)\,ab = _(ré\; + R)\ )ab = a—=<---p
A f) Ay—1

GLap = —(MY + R = a--—-—b

. R A

|F>\,ab: (GA rfﬁG)\)ab = a—~e—p
iFx=0
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Nonequi fRG

a b b a a b a b
BORSORIEE)
¥ N \\ N
b a a b 2 Ab 2 Ab
rﬁib:—i{< ‘ ) ’ J " '\./]
A—”\* \4 »’l N ¥ N
b a b
C@J @ - )
N ¥ N
b a b
a<—>b

”3 @}
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Nonequi fRG

Simplifications

@ Vertex expansion up to Ny =4
o Static vertices I® = §®) and I® = 5®) — only Ff\z) flows
@ Statistical spatial homogeneity: n-point functions depend only on n — 1 wave vectors
@ Statistical isotropy decreases the number of arguments further
Example: 1st term
P70 (ki ta, 1) = —iGX (/s tg, te) - RY(1) - GX (1 te, ta)
TRPH(1, k, cos B; ty, ta, te) - GL(K; te, tr)
. Fiﬁf(ﬂ_{— l_\', k,cosV; tr, ts, tg)

with 6 = £(k, 1) and 9 = £(k — I, k)
This yields:

@ 7 dimensional integration: Five time integrals and one integral over / and the angle 6
o For each grid point: (), k, ta, tp)
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Nonequi fRG

Numerical implementation

Solve integro-differential equation

R
L R
Aab 0¢p,a00s,6

2 ~R
I-_fg . 9 G)\,ch S5R

= -] c
\,ab 5¢f,a(s¢,8,b A, h
with initial values at scale A = Ao
— . ~(0
Mo =—(A ) =—(T—iGY)
My = —(87")gs =G
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Nonequi fRG

Numerical implementation

Solve integro-differential equation

28 — 4762 G;‘?’Ch th
Asab 068,008
G . 0GR g

= =R\
Asab Ora0ppb

o MC Vegas integration on RHS

o Explicit Euler to integrate over the scale evolution: l.e.,

r(z)

Ant1

=T 4+ nir = M) TO [T, Ry, A
@ Then, inversion of propagator on a time grid
6 = (% + R
and statistical propagator given by

iFx = Gy GY

M. Ziindel NPRG Approaches in Resummed KFT
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Nonequi fRG

Results

So far: Only tree-level, as the contributions from the flow are too small.

Chosen parameters:
e t1,t €[0,7.0] = z € [1100, 0] on a linear axis with 70 points resolution,

o k € [1073AMpc™?,10*°AMpc] on logarithmic axis with 140 points resolution,
together with k € [0,1072hMpc™!] on linear axis with 5 points resolution,

@ )\ € [0.01AMpc™*,10.0hMpc™!] on a logarithmic axis with 50 points resolution.
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Nonequi fRG

Chosen UV-Regulator

o Shape: Exponential regulator (with ¢ = 1, b = 2), yuv = \?/k?

o) — .y
YT ep{yPy — 1

Regulator 20 Derivative of regulator

107
18

10"
16

107
& < 14

10t
12
107 10

107 T T T T 08 T T T T
107 1072 107 10° 10t bl 10 107 107t 10" 10t bl
k[hMpc?] k[hMpc?]

Figure: Exponential UV-regulator r(yyv)
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Nonequi fRG

Chosen UV-Regulator

@ Shape: Exponential regulator (with c =1, b = 2), yyv = )\2/k2

.y

W el

o Amplitude
Ra(k) =T (K) r(y)
@ Time-dependence: local

Rx(k; ta, ty) o< 6(ta — tb)

Since Fff(k; ta, ts) = —1, Vta, k, A, the regulator is

Y
o7 7 9o(ta = 1)

Ra(k; ta, tp) = —

M. Ziindel NPRG Approaches in Resummed KFT
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Nonequi fRG

Discussion

Thanks for your attention! | am happy about questions and ideas.
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