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Nonthermal fixed points
Prüfer et al., Nature 563, 217 (2018)

See also: Erne et al., Nature 563, 225 (2018), 
Glidden et al., Nature Phys. 17, 457 (2021).

      See also: Kurkela et al., PRL 115, 182301 (2015),
Micha et al., PRL 90, 121301 (2003),
Berges et al., PRL 101, 041603 (2008).

Universal self-similar scaling far from 
equilibrium:

2

Berges et al., PRL 114, 061601 (2015)



Far-from-equilibrium quantum fields

We consider                                and                  in this work.
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Solve quantum evolution equations of



Closed time path for initial value problems
Expectation values require only the initial density matrix via the von Neumann equation

Nonequilibrium generating functional 
for a Gaussian density matrix at initial 
time:                        Berges AIP (2004)   
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2PI Effective action
Classical action

Legendre transformation

2PI effective action
1-loop quantum 
corrections

2PI diagrams

Evolution equation via stationarity principle:
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How to describe real-time processes ?

2PI considers a self-consistent resummation of the propagator Schwinger-Dyson equation

which allows for the description of nonequilibrium phenomena by capturing the long time 
evolution.
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2PI Equations of motion
The 2PI equations for spectral and statistical dynamics read via

With , effective mass
and self-energies expanded to NLO in 1/N:
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Large-N expansion

Figure adapted from Alford (2004) 8



Perturbations around the universal scaling 
solution
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Far-from-equilibrium quasi-particles

Wigner transform with and

Tower of quasi-particles

Interpretation as phase fluctuations of a macroscopic 
zero mode rotating in N-component field space.

10Boguslavski et al., PRD 101, 091902 (2020)



Linear response around the universal scaling 
solution

To leading order in gradients, the diagonal 
contribution to the response rate is

Perturbations described by time-dependent 
response rate:
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where



Interpretation via scattering processes
Elastic scatterings describe the leading contribution to the on-shell linear response rate (with               ) 

with contributions from

and

Two-to-two scattering with

with
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s-channel:



Comparison with on-shell linear response

Initial kick at
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with rate integral

Dynamics of perturbations are described by



Universal scaling of perturbations
The on-shell rate integral exhibits scaling

where the scaling function can be described by

For a given momentum , the positive (stable) 
contribution will eventually outgrow
the negative (unstable) term for all 
non-zero momenta in the scaling regime.

Scaling instability
14



Summary
We studied the dynamics of perturbations around nonthermal fixed points, which revealed the 
presence of both stable and unstable perturbations.

Linear response theory allowed us to demonstrate that unstable dynamics arises from a 
competition between elastic scattering processes among different quasi-particle states.

We discovered the phenomenon of a scaling instability. As a consequence, the system shows 
attractor behavior after                      for any non-vanishing momentum      .

Our results demonstrate from first principles that self-organized scaling (no fine-tuning) can 
be realized in the presence of both stable and unstable directions for the dynamics.
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Outlook
Investigate this phenomenon for non-relativistic system, access via experimental platforms 
with ultra-cold quantum gases in the many-body regime with sufficiently large volumes.
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