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Real-time simulations

e Real-time simu

lations (Minkowski):

1
(O) =Tr[pO] ==

» Schwinger-Keldysh contour

* Non-equilibrium

* Thermal equilibrium

« Toy model: p(x

) — e —%x2+i/1x

* Measure: () = lJabc O(x)p(x)
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Complex Langevin, Lefschetz thimbles,
flowed manifolds,....
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Langevin equation

* Langevin equation
(Stochastic Differential equation)

dpp
dTL B

(O) = lim

05 ]
0p(x)
<7’](.X, TL)> — Oa

* Fokker-Planck equation (Real)

Fn(x,t;)  with

» Equilibrium distribution of FP — ¢ =%

Fokker-Planck

aS[4]

Langevin

i 1
D¢ ©(¢,7)0(p) = lim —

(n(x, tpn(x', 77)) = 26(x — x)é(z, — 77) .

D(x, 1) = Ly D(x, 1)

dr;, O(¢p(11))

Langevin tirr:e (73

Evolution of the Langevin equation
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Real-time complex Langevin

» Scaling of complex Langevin

Complexifying fields: ¢ — ¢X + i’

Stable solver Regulator

Get control of the numerics Regulate integral

Real-time complex Langevin = Stiff problem

(0) = | 0# e

Re(t)

Understand convergence problem of the
complex Langevin
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Complex Langevin equation
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Regularising real-time contour



Regularisation of real-time contour
1 .
(0) = | 0# e

* Infinitesimal damping term:

_ 1
S=S+iR(p,e), R= 56452

* Tilting of the real-time contour

e Problem with two limits Az — 0, € — 0

* Implicit solver

o : D.A, Larsen, Rothkopf (2021)
No runaway solutions o 105 0

* Regulator due to undershooting

* Kernel (Discussing this later)
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https://arxiv.org/abs/2105.02735

Dynamics in thermal equilibrium

* Strongly coupled quantum anharmonic oscillator \ 1 { a¢ ’ L, A,
with m = 1, 4 = 24 (same as in Berges, Borsanyi, 5= |dx S\ o ] E””Mb — Zﬁb 5,
Sexty, Stamatescu, 2007) ) 0 ' S E

. Regulator: € = 0.6, Contour: # = 1.0, x)"#* = 0.5 —ifs

+ G (&) = ((0)p(S)) — (#(0))(p(&)) for £ < 0.5 i
+ G(8) = (@(0)(S)) — ((0))(p(&)) for & = 1
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Simulations done with the DifferentialEquations.jl library in Julia @ ‘
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https://diffeq.sciml.ai/stable/tutorials/sde_example/

Non-Equilibrium dynamics

 Gaussian initial density matrix with
_ P\ _ Lo\ 1 ¢1 Sl Re
<¢O> — 1’ <¢O> — O’ <¢O¢O> — 1’ <§b0¢0> — Z
(Berges, Borsanyi, Sexty, Stamatescu, 2007) ¢2 S2

e Small coupling A = 1 and regulator 8 = 0.6
» Fullaccess to G, _ and G__(xy) = (¢, P(xy)) — () {P(xy))
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Real-time complex Langevin

4

Complex Langevin equation

dp _.5S[g]

dt | OPp(x)

| ’7(?@ 7:L)

Numerics now under control

Stable solver Regulator Convergence problem

Get control of the numerics Regulate integral Understand convergence problem of the

@ 1 Db iS[4] complex Langevin
(0) = |08 owe

51

Real-time complex Langevin = Stiff problem
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Kernel controlled complex
Langevin



Kernel controlled Langevin equation

* Equilibrium distribution of Fokker Planck — ¢=°!%

0 w0 | o osig

J

D(x, 1) = Ly D(x, 1)

 Freedom in Fokker-Planck equation (Real)

O N0 |9 oS¢l o
COED I 5510 5t g, | B0 = O

* Field independent kernelled Langevin equation

dp 0S[¢] .
i K by v/ Kn(x,7;) with

(n(x, 7)) =0, nlx;, 7pn(xg, 7)) = 26(x; — x)o(7, — 77) -




One-degree-of-freedom model

|
. Simple model § = Eixz, x=—Kix++/Kn
» Optimal kernel for same model: K = ~i3 .
e CLWithK:ix = —x+ e_i%n
4z _dS RN
. Thimble — = — ” P i ° i
dT dx K = e_i%

 Solution X(x,7) = x(cosht —isinht
. For 7 — 0o we have X(x) = xe ‘% = x\/K
 Complex Langevin samples on the thimble 11

» Kernel as a regulator




Free theory

0S ]
— = iM¢p, V=—mp?> m=1
0¢h 2

» Use propagator as kernel: K = 1M ~1

No need for adaptive step-size or
Implicit scheme

1.5 —
1.0 | 9% l I
05 F K=1]
Implicit scheme with
0.0 | adaptive step-size
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Problem of convergence to the
wrong solution




Problem of wrong convergence U

Taking AT —> O (LangeVin time—step) not solution . _CL converge incorrectly at 15 in real-time

||
0.3} * z

Correctness criterion: Boundary terms

0.2 | II=:
Aarts, James, Seiler, Stamatescu (2011) ]

Real-time problems:

0.0

—0.1F}

o Fokker-Planck equilibrium distribution not e'>?

—0.2 F

Fixing the problem

Boundary terms Scherzer, Seiler, Sexty, Stamatescu (2018+2019)  Modification to CLE

Gauge Cooling Seiler, Sexty, Stamatescu (2013) e (Coordinate Transformations Aartset. al. (2013)

Dynamical StabilisatiOn Attanasio, Jéger (2019) o Kernels S('jderberg (1 988), Okamoto et. al. (1 989)
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Kernelled complex Langevin

.0S[¢] 05|l A
* [nteractive theory: d¢ =K aj dr; + v/ KdW, i af =1M¢—lg(/53

. Free theory propagator kernel for interactive theory: K = iM~!

A
dp = — ¢ + M‘lg¢3 +ViM 1 dw

.y K=1 K=M"! K=M"'0.8,1.8)
..iii!ii !::::.. sl =l .: ............................... :.... .: 0.3 | TeEgeesnssfmmssns NguuEEEnEEEEEEEEg !
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ool l m | E | n e n !.===l vt Solutio | | Solution
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—-0.1F '. i B Re(z?) —0.1 l. B Re(x?) —01r B Re(z?)
n - Im(x?) A  Im(a?) - Im(x?)
—0.2 } " B Re(z(0)z(t)) N N Re(z(0)x(1)) ] N Relz(0)z(1))
"o s B Im(z(0)z(t)) —0.2r N B Im(z(0)z(t)) -0.2 B Im{z(0)z(t))
0 1 > 3 0 1 > 3 0 1 > 3
tp tp tp
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Construct kernel using prior knowledge

e Known information

. LSY™M: Symmetries of the model, ex. (") = const. (known from
Euclidean simulation)

. LEUCl Eyclidean part of real-time contour

. LBT: There should be no boundary terms
* Contour symmetries (Forward-backwards real-time)

* Fokker-Planck eigenvalues?

d
. Minimising using the above loss functions require the derivative d_?; which

iIncludes propagating through the whole simulation.
* Possible due to auto-differentiation and sensitivity analysis

e Currently too expensive due to highly stiff problem (Work in progress)

0.3

0.2

0.1

0.0 r

—0.1r¢

—-0.2 }F

Re

(P(0)p(D))Eycl.

(P(0)p(0))RT

Unknown
Known




Low cost update

 Boundary terms accumulate with too slow falloff in the
distribution.

* Minimising the drift out from origin g
Lp=|D@) - (=¢) = D@19,
» Fast evaluation of the gradient VL,({@})

. Y where
* Gradient descent optimisation

¢ Use LSym, LEUCI, LBT to test result from minimising L,

Boundary terms (LBT) are minimised Holomorphic CL: Correctness

when we minimise L, criterion
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(9*)

Real-time interactive theory

3 0.0}
Lp=|D@)-(-=p)— D@14, v
where D =K Z—S ool (DO)p(1)RT —— Unknown

(P(0)h(D))Eycl.

o
(=
N.—
w

L:w
- [ 1‘ n
o Ly
10° ——
Solution
B Re{z?)
® Im(z?
VY  Relxz(0)x(t))
A Im{x(0)x(t)) 10° N\
\
\
N—— _— - I/
' l ‘
B 5 10 15 20 25 30

Optimisation using L, selecting iteration with best LSym
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Real-time interactive theory results

. . \ 1
» Strongly coupled quantum AHO withm = 1, 4 = 24, / = 1 on a real-time contour S He
: 2
« Form of the kernel K = e478 where A and B are real matrices S
E
 Optimisation using L, selecting iteration with best LSym 4 Fucl .
—7 ﬁ
. Crit . . dS[¢]
ritical points away from the origin: e 0 (Free theory OK) i
X' =1.0 Learréd Kernel xp ' = 1.5 Learrée Kernel xp ' =2.0 Learrée Kernel
1 LIz [L1]]] :
- TTTTIITIIL i w 03 L & T e . 03l
R i _ 7 gw N -
/ ' 0.21 \ 0.2 f )
| 0.1 o1 L
0.0 % Sl 0ol
Solution Solution XTho
R o Refz) 01}
B Re(z? Re(x?)
B Relr e e () oal
B Im(z(0)x(?)) . {{;gggggggg |
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LTrye = 10 = Oruel + 107 = &) rye

onnection with thimbles

asl¢] -1
. d€b ds [¢] N =—ip=-9¢ . .
Lefschetz thimbles: — = de l Noise coefficient
dT d | \/E = _—1 same as
2t l
slope of thimble
. Simplest model: § = —ix? 1
2 -1 F
. Models with more than one critical point $ = 2i¢2 + —
2 Converges to correct solution Converges to wrong solution
3 3
2F
Optimising L, fora | _ | e Complex Fokker-Planck
constant kernel | F of M N eigenvalues |
K = ei@ il
> . And
Two minimas
A R 0 1 2 3 I R S— 0 1 2 3
Re(z) Re(z)
aslgl  _ix .. aSlgl iz, ..
asl¢l . Ko—22 = o=i5(4ich + 203 Ko—2= = =i (4idh + 23
° KOW=4l¢+2¢3 N d¢ e " 3( l¢ ¢) N d¢ € ( l¢ Cb)
LTrye = 0.218 £0.004 L1rye = 0.0057 = 0.0061 L rye = 0.3086 £ 0.0059
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Correctness cycle

Real Action

4

Aarts, James, Seiler, Stamatescu (2011)

Fokker-Planck for real action Real Langevin equation
-SER

S < = dp = — KVS dv+ HdW

0,P, = 0.K(3, — VS)Py

Equilibrium distribution ¢

Modification to CLE necessary

when Re(4) £ 0

Klauder, Petersen (1985)
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1 A

S = —ox? +—x

4

Boundary terms and kernels

c=—1+4+4i,1=2

« Minimising L; minimise the boundary terms:

. Bi(Y)=(LOGx+iy) ={(V,+VSKV, 00+ iy)>Y LTrue = 10 = O Truel + 13 = (D)

« No boundary terms # true solution when using a kernel; equilibrium distribution not e
Field dependent kernel

- 37 .
K=1 K=e "7 Okano, Schulke, Zheng (1991)
2t
1 .
—~ 19
< 0
S
-
_1 L I
_2 L
3 |
-3 3
Re() < 10} I
20F -
N W Re(L2)
- Im(L,.z)
= w | - Re(L. 2% —157} ;3T
\ L ] 15+ Im<Lc $2> K= 6.77 4
—-05F 0.2 ] | ' — K- 625
_ - g | o - i R U D
<3 B Re(z 2 <) | S 1op (- ¢ 3 -2 -1 0 1 2 3
Q10! ! Im(L, ) R -0.4f | r ad c 8]
" ' —U.lU
! | 0.5 | ' %
| —- Re(L,. ) ;‘
—15F u —0.6 F [ i%{méfc :E%> n —-0.15
n J &\ Le X |
‘.\l.“Hiiiiiiiiiiiiiiiiiiiiiiﬁ Im(L. a?) 0.0 4444____4W _0.20 k
0 ] > 3 5 5 0 ] > 3 4 5 0 1 > 3 4 5 0 ] > 3 2 5
AX,Y), X-V AX,Y), X-V AX,Y), X—Y AX,Y), X—Y

LTrye = 0.888 + 0.008

LTrye = 0.486 £ 0.002

[Trye = 2.15£0.11

LTrye = 0.023 £ 0.024
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Summary and Outlook

Implicit scheme; Stabilise and regularise
real-time CL

Goal: extending real-time convergence CL
Kernel controlled complex Langevin:
* Free scalar theory: ok with kernel

 Optimised kernel in real-time thermal
¢* theory

Minimising drift loss L minimise
boundary terms

Kernels can alter Fokker-Planck
eigenvalue spectrum

Implicit scheme for gauge models

Kernel as appropriately parameterised function

* Field dependent kernel

Improved loss function including more than
one of the critical points

Sensitivity analysis of full complex Langevin
simulation




Thank you



Backward tilted contour

« Follow real axis up to x(r)nax = 2.0 .
—1
e Usingf=10,m=1,1=24

. Im
« Form of the kernel K = ¢41iB

KO KS KlO

).4 | HHE '
)4 #*}} Hi} E fﬁ H i! !iiii i jiiiii:i::::::::i:::::ll: V.3 + L E o Eiii E T re— 5
Wttt qb TR T e iy i gt
Rl Emﬁ ; # Ftgt e A .
iiiji::!il:::iii::iiiiiiii i igi D.2
).2 ; D.2 ii
4
] .1 |
]
3= 0.0
).O \| - Y b
" D.0
pa ﬁgglu‘cion Solution
: Re(x) D.1
o Im(z)
)2 | B Re(z?)
L 0.2 Tm(z?) .2
B Re(z(0)z(t))
; O Im(z(0)z(t))
1 1 1 1 1 1 1 1 1 1 C 1 1 1 1 1 )'3 C 1 1 1 1 1
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
tp tp tp tp
K5 Ky
)4 B ) 3 o L LT 7]
:iﬁ LU L LT s . .3 T Z
.2 b2 L
)2 +
D.1 | p T D.1 | Eoammmny
I bolm B e f
)0 B {*i )0 I | EEERTE
| ) el St
Im(x) Im(x)
Re(x?) Re(z?)
).2 | D.2 | x?) N2+ Im(z?)
z(0)z(t)) Re(z(0)z(t))
Im(z(0)z(t)) Im(z(0)z(t))
. D3 |, D.3 |,
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
tp tp tp tp
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Learning free theory kernel

* Able to find kernel for all real-times when only one critical point at the origin

4

_0.100
e K | f _ _A+iB 0 N
ernel 1orm K i 4 0.075
50 0.050
0.025
100 )
~0.025
150
I . ~0.050
= " [ il O
1.0 i || | | IIIlll"l"""”||!||"|"l!"||i""""|""h|||" T 500 -0.075
oy i n , ,.uuugl ;
1 J'-II' I 4 ";u 'I|::"""""'"'"""::::"'"'"mmllh:..u:::|||. l 0.5 ~0.100

0.5

Optimising L, using

- a o LT N . -
I il A iu!' i;fl I ||!Iig:j' l|":| . L
0ol .|"I:||u!"|,..:::= i - ¥ . :|| | Al constant kernel 0.0
o \ NS ||||||||I"" 2 *'l"' "
~05 | 7 L '| g I||||||||||||| i g : : ~0.5 |
- w3 i | Y L) 30 iterations
—-1.0 10t
0 5 10 15 20 0 5 10 15 20
t, 7
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Kernel form after optimisation

* Free theory up to 10 In real-time

Learned kernel -0.100
++ -0.075 .
1.0 |
Y =3 0.050
. a4 0.5 |
0.025
EE 0 0.0 | §
++
_ —0.025 o5 |
X,
Y E —0.050
- ~-1.0 t
—0.075 -
EE 0 5 12 15 20
Y —0.100 b
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Field dependent kernel

Need to add extra derivative term

c=—14+Bi,1=12

0.5}

- no Kernel Re

—0.5F 4 FnoKernelIm

—— const. Kernel Re N
const. Kernel Im

= field Kernel Re

—1.0}F ~Hfield Kernel Im :

-

0 1 2 3 4

dp
d_TO = K[¢]

-

K =
o]

f(Xz) — ¢ —x*(—0/2)

oS[¢]

o0

N oK|¢]

o

4]

++/ KPS

faD)e % + ——(1 = fixD)e

Okano, Schulke, Zheng (1991)

c=4i, =2

c=—1+4i.1=2
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Construct kernel

 Can we find a kernel by using prior knowledge about the Complex Langevin
and the model

- In thermal ¢* we know:

. (x) =0and (x*) = Re(x?) = const.
« Euclidean correlation G(&) for & > 2 Zz N | ‘
. Minimize L(K) = Z 11O, — (O(K)Y| | :: \/ — R
» Matrix kernel, starting out with K, = 1 L ; ; ; : . Ksé 5 3
 Update K, based on VL(K)) o.3-j”““HH+i
. Contour: f = 1.0, x)"®* = 1.0 Zi

* Field dependent kernel
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10

1
S = —ox
2

c=4i, A =2

(Ptrye = 0.150077 — i0.307646

K =e¢ i3

(x*) = 0.154 = 0.005 — i(0.306 + 0.005)

- 27

K=e "3
(x?) = — 0.160 = 0.004 — i(0.314 = 0.004)
3r o - - - - i

0.2

—-0.2 F

—04Ft

More info about simple model results

|

Re(L. x?) Im(L,. z?)
0.0 = .‘lll.“,"mlnlﬂll-llllﬂllﬂll
.
0.2 | .*.
/-/
e R EEE AR R R IR \&_; —0.4
|| CQ .
—-0.6 | -
\ .
B i i3 \ o - —in/3
- K= 23 / K= 3
—08 | .
2 3 4 5 0 1 2 3 4 5
QAXY), X=Y QAUXY), X=Y
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Low cost update scheme

Make configuration using K, = I {¢l.0}

Updating the kernel

dgp = Ky 9,S[¢p] +/KodW

S
Ly=|D(@)- (=)= |D@)||¢]]
Update kernel based on gradient of the loss function

VL 0
where D =K— xkLp ({#°})
5¢ Loop N times (index k)

Make configuration using K: {Cbl-k}

Update kernel based on gradient of the loss function

ViLp ({9})

Measure 1.SYM [ Eucl BT

Pick out the iteration with the smallest
;Sym jEucl ;BT
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