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‣ Goal: Long time-scale dynamics of atomistic 
         systems for …

‣ … protein folding

‣ … bio-molecular design

‣ Traditional ab-initio methods only for  
structures with ~100 atoms

‣ Machine learning potentials hold the promise  
to scale beyond 10.000 of atoms

Introduction
 

which are fully coupled within the model. We demonstrate that this
parametric flexibility is leveraged to let all atoms participate in gen-
erating the energy and force predictions. Our development allows us
to study supramolecular complexes, nanostructures, and four major
classes of biomolecular systems in stable nanosecond-long molecu-
lar dynamics (MD) simulations. All of these systems present phe-
nomena with far-reaching characteristic correlation lengths. We
offer these datasets as a benchmark (called MD22) that presents
new challenges with respect to system size (42 to 370 atoms), flex-
ibility, and degree of nonlocality. Hence, MD22 can be regarded as
the next generation of the now well-established MD17 dataset (22).

RESULTS
Large-scale sGDML algorithm
A data-efficient reconstruction of FFs with strong generalization
properties requires models that implement the appropriate prior
knowledge to compensate for finite reference dataset sizes.
Quantum chemical interactions are highly complex and can thus
not be fully specified even by massive datasets. We therefore
exploit that many complex interactions can be summarized in
terms of simple constraints derived from conservation laws that
are far more effective. GPs provide a particularly1 elegant way of
incorporating such constraints, because they are closed with
respect to linear transformations, such as integral operators or
partial differential equations. A combination of linear constraints
can be written as a new instance of a GP. This principle is used
by the sGDML approach to construct models that implement all im-
portant invariance properties of MLFFs (22). One of its key charac-
teristics is the use of a kernel kÖx; x0Ü à rxkEÖx; x0Ür`

x0 that models
the FF fF as a transformation of an unknown potential energy

surface fE such that

fF à �rfE ⇠ GPâ�rμEÖXÜ;rxkEÖx; x0ÜrT
x0 ä Ö1Ü

Here, μE: ℝd → ℝ and kE : ℝd × ℝd → ℝ are the respective prior
mean and prior covariance functions that define the latent energy¦
based GP. The training on force examples is motivated by the fact
that they are available analytically from electronic structure calcula-
tions via the Hellmann-Feynman theorem, with only moderate
computational overhead atop energy measurements. Force
samples constitute a more efficient way to generate reference data,
which sGDML is able to take advantage of (30). Despite their non-
parametric nature, sGDML FFs generally use around one order of
magnitude fewer parameters than deep neural network architec-
tures with comparable accuracy, making them computationally
less expensive to evaluate (see Appendix C).

GPs can be solved in closed form, because their convex loss func-
tion yields a linear system when its derivative is set to zero (31). The
resulting system α à ÖKá λIÜ�1y is symmetric positive definite by
definition of the kernel function, which allows a solution via Cho-
lesky decomposition (32, 33) (see the ¨Cholesky decomposition©
section). While this approach is efficient and numerically stable, it
does not scale to largematrix sizes due to its quadratic memory cost.
In search for a solution, a variety of approximation techniques have
emerged (34¦41), all drawing on the same insight that kernel matri-
ces often have a comparatively small numerical rank (i.e., a rapidly
decaying eigenvalue spectrum; see Fig. 2) that can be exploited to
formulate a lower-dimensional problem. However, this is only the
case with noisy training data, which causes many degrees of
freedom of the kernel matrix to become dispensable. Ab initio ref-
erence calculations are essentially noise-free, giving rise to kernel
matrices that cannot be compressed without compromising the ac-
curacy of the predictor (42). Therefore, continued efforts are being
made toward enabling exact large-scale GP inference via numerical

Fig. 1. Current global MLFFs only scale to system sizes of a few dozen atoms,
restricted by the computational challenge of having to couple a quadratic
amount of atom-atom interactions. However, accurate ab initio reference data
are available for much bigger systems (light blue area). This work scales global
models with ab initio accuracy to hundreds of atoms, as is demonstrated on exam-
ples from four major classes of biomolecules and supramolecules.

Fig. 2. Eigenvalue spectrum of the regularized sGDML kernel matrix Kλ (ma-
lonaldehyde, σ=12, λ=10−10) before and after preconditioning P−1Kλ with an
increasing number of inducing points k (2.5, 5, and 7.5% of the total number
of training points m). Note that regularization lifts the null-space of the original
kernel matrix to λ. Because the same regularization is applied to the precondi-
tioner, the spectrum of P−1Kλ is thus bounded from below by 1. The dominant
part of the spectrum is increasingly attenuated by the preconditioner, reducing
the condition number of the matrix and thus accelerating convergence of the
CG algorithm. a.u., arbitrary units.
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‣ Molecular dynamics:  
Dynamics driven by the interatomic forces

‣ Atomic positions  
and numbers 

‣ Force field:  
Assigns a force to each atom 

‣ Potential energy surface:  
Born-Oppenheimer 

Potential Energy Surface
crosses over a transition state (“ridge”) from one minimum
into another (Figure 3).

Knowledge of the PES therefore also allows to predict how a
system evolves over time. For example, by studying a thermal
ensemble of molecules starting from the same minimum on the
PES, it is possible to determine which fraction of them will
reach different minima and in what time frame, allowing to
assess their reactivity and which products are formed. It is also
possible to deduce the macroscopic thermodynamic properties
of a system by studying how it behaves at an atomic level. In
such molecular dynamics (MD) simulations, a classical
treatment of nuclear dynamics is sometimes sufficiently
accurate. In case of significant nuclear delocalization, which
may occur in systems with light atoms, strong bonds, or for
shallow potential energy landscapes,81 nuclear quantum effects
(NQEs) must be included as well. Even then, methods like
path-integral MD establish a one-to-one correspondence
between the properties of a quantum object and a classical
system with an extended phase space, eliminating the need to
solve the nuclear SE.82−84

At each time step of a dynamics simulation, the forces Fi
acting on each atom i must be known so that the equations of
motion can be integrated numerically (e.g., using the Verlet
algorithm85). They can be derived from the PES by using the
relation Fi = −∇riE, that is, the forces are the negative gradient
of the potential energy E with respect to the atomic positions ri
(see also Section 2.1.2). Forces can also be used to perform
geometry optimizations, e.g., to find special configurations of
atoms which correspond to critical points on the PES. For
example, the height of a reaction barrier can be computed from
the energy difference between the saddle point (transition

state) and either of the two minima (equilibrium structures)
which are connected by it.
Although the BO approximation simplifies the SE, even

approximate solutions can be computationally demanding, in
particular for large systems containing many degrees of
freedom. Thus, it is often unfeasible to derive ab initio
energies and forces for each time step of an MD simulation.
For this reason, analytical functions known as force fields
(FFs), are typically used to represent the PES, circumventing
the problem of solving an equation altogether. The difficulty is
then shifted to finding an appropriate functional form and
parametrization of the FF. ML methods automate this
demanding and time-consuming process by learning an
appropriate function from reference data.

2.1.2. Invariances of Physical Systems. Closed physical
systems are governed by various conservation laws that
describe invariant properties. They are fundamental principles
of nature that characterize symmetries that must not be
violated. As such, conservation laws provide strong constraints
that can be used as guiding principles in search of physically
plausible ML models. The basic invariances of molecular
systems are directly derived from Noether’s theorem,86 which
states that each conserved quantity is associated with a
differentiable symmetry of the action of a physical system.
Typical conserved quantities include the total energy
(following from temporal invariance) as well as angular and
linear momentum (rototranslational invariance). Energy
conservation imposes a particular structure on vector fields
in order for them to be valid force fields with corresponding
potentials. Namely, forces must be the negative gradient of the
potential energy with respect to atomic positions. This relation
ensures that when atoms move, they always acquire the same
amount of kinetic energy as they lose in potential energy (and
vice versa), i.e., the total energy is constant (the work done
along closed paths is zero). The conservation of linear and
angular momentum implies that the potential energy of a
molecule only depends on the relative position of its atoms to
each other and does not change with rigid rotations or
translations. Another invariance (not derived from Noether’s
theorem) follows from the fact that, from the perspective of the
electrons, atoms with the same nuclear charge appear identical
to each other. They can thus be exchanged without affecting
the energy and forces, which makes the PES symmetric with
respect to permutations of some of its arguments. To ensure
physically meaningful predictions, ML-FFs must be made
invariant under the same transformations as the true PES by
introducing appropriate constraints.
2.2. Machine Learning Foundations

A question that frequently arises for researchers new to the
field of ML concerns the difference of ML modeling to plain
interpolation in the noise free regression case. After all, the
Shannon sampling theorem gives bounds for the number of
“training samples” needed to reconstruct a band-limited signal
exactly.87 Since the regression tasks considered in this review
use ab initio data as reference, they can be considered
practically noise-free. Furthermore, PESs are usually smooth,
which means there is a well-defined frequency cutoff in the
spectrum of this “signal”. Thus, both requirements for Shannon
interpolation are satisfied and it should in principle be possible
to reconstruct FFs via interpolation of the training samples
without error, provided there are enough of them.

Figure 3. Top: Two-dimensional projections of the PESs of different
molecules, highlighting rich topological differences and various
possible shapes. Bottom: Cut through the PES of keto-malondialde-
hyde for rotations of the two aldehyde groups. Note that the shape
repeats periodically for full rotations. Regions with low potential
energy are drawn in blue and high energy regions in yellow. Structure
(a) leads to a steep increase in energy due to the proximity of the two
oxygen atoms carrying negative partial charges. Local minima of the
PES are shown in (b) and (c), whereas (d) displays structural
fluctuations around the global minimum. By running molecular
dynamics simulations, the most common transition paths (F1, F2, and
F3) between the different minima could be revealed.
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‣ Reducing time from 1s to 10ms reduces simulation time from 12d to 3h

Molecular Dynamics Simulation
Molecular Dynamics for the Impatient

Select initial positions and velocities

Compute interatomic forces

Update the positions and velocites

Calculate observables of interest

Update time step ti = ti-1 + dt

repeat T times
(T ~ 106)

Density functional theory

Machine learning potentials

Classical force fields

103

10-3

100

Time [s]

~ 10-1 fs



‣ Approximate the PES  
 
        

‣ Find the optimal set of parameters  given  
reference samples  
 
 

‣ Use energy and forces

θ*

forces in small- and medium-sized molecules. However, in the future,
the GDML model should be combined with an accurate model for in-
termolecular forces to enable predictive simulations of condensed mo-
lecular systems.Widely used classicalmechanistic force fields are based on

simple harmonic terms for intramolecular degrees of freedom. Our
GDMLmodel correctly treats anharmonicities by using no assumptions
whatsoever on the analytic form on the interatomic potential energy
functions within molecules.
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Fig. 1. The construction of ML models: First, reference data from an MD trajectory are sampled. (A) The geometry of each molecule is encoded in a descriptor.
This representation introduces elementary transformational invariances of energy and constitutes the first part of the prior. A kernel function then relates all descriptors
to form the kernel matrix—the second part of the prior. The kernel function encodes similarity between data points. Our particular choice makes only weak assump-
tions: It limits the frequency spectrum of the resulting model and adds the energy conservation constraint. Hess, Hessian. (C) These general priors are sufficient to
reproduce good estimates from a restricted number of force samples. (B) A comparable energy model is not able to reproduce the PES to the same level of detail.

Ground truth Samples Vector field Conservative field Solenoidal field

f

f Helmholtz decomposition

Fig. 2. Modeling the true vector field (leftmost subfigure) based on a small number of vector samples With GDML, a conservative vector field estimate f̂ F is
obtained directly. A naïve estimator f̂

!
F with independent predictions for each element of the output vector is not capable of imposing energy conservation constraints.

We perform a Helmholtz decomposition of this nonconservative vector field to show the error component that violates the law of energy conservation. This is the
portion of the overall prediction error that was avoided with GDML because of the addition of the energy conservation constraint.
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Fig. 4 Construction of the sGDML model. (1) The data used for training, {xi , Fi}M
i=1, is created

by subsampling molecular dynamics trajectories (blue dots). The forces are represented by green
arrows on top of each atom. (2) The set of molecular permutation symmetries, {Pa}Sa=1, are
extracted from the training set by the multi-partite matching approach. This e�ectively enhances
the size of the training set by a factor S and symmetrizes the PES. (3) The force field is trained by
solving the linear system for {↵j}. The reconstructed PES is obtained by analytical integration of
the force predictor.

model will be attenuated while errors in predicted forces from E-ML models will be

amplified [68, 69]. Another intuitive proof of this e�ect was reported from signal
processing theory point of view in the GDML original article [65]. This fundamental
result highlights the irrefutable advantage of gradient domain learning over energy
based learning, which evince the robustness and stability of such ML framework.

<latexit sha1_base64="1X0A18D5cgzJr7w805tuFzslTKc="></latexit>

{(Rk, Zk, Ek}Dk=1

<latexit sha1_base64="syKRl8rBn122D1RMh+rkwfh6MDI="></latexit>

E = fpes(R,Z) ⇡ f✓⇤(R,Z)

<latexit sha1_base64="ojI+nBrE/8f88MwhUPQnhz/vPG0="></latexit>

✓⇤ = min✓

ndataX

k=1

⇣
f✓(Rk, Zk)� Ek

⌘2

[2]

[3]

[3] Chmiela, Stefan, et al. Nature communications 9.1 (2018): 1-10.



‣ ML model is only as good as the data  
it is trained on

‣ High quality reference data becomes  
more and more expensive

‣ Reference data is a precious good

‣ Data efficiency: Require as little data  
as possible to yield good results

Reference Data
„Garbage In Garbage Out“

inference time (ms)Computational Cost
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‣ Given a data set with molecular geometries

‣ Bring it into adequate structure

‣ Given the atomic positions R, construct neighbourhood for each atom as

‣                        with 

Molecules as Graphs
Machine Learning Potentials
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‣ Neural networks for data that has a graph like structure

‣ Represent molecule as directed graph with

‣ Node values

‣ Edge values 

‣ Embed the graph:

‣ Node features  
with 

Message Passing Neural Networks
Machine Learning Potentials

This is where ML diverges from signal interpolation theory.
In practice, there is often not enough data available to fully
capture all the necessary information for a perfect reconstruc-
tion. In that case, the goal of ML methods is not to recover the
training data, but rather to estimate the true process with its
underlying regularities that also describes all new and unseen
data; this is often denoted as generalization. The key to
generalization is selecting a model based on the well-known
principle of Occam’s razor, i.e., the notion that simpler
hypotheses are more likely to be correct.88 The capacity of the
model can be controlled using the bias−variance trade-off89 (a
compromise between expressiveness and complexity) and is
practically done by exercising model selection techniques (see
Section 2.2.3) such as cross-validation that leave out part of the
data from the ML training process and use it later to obtain a
valid estimate of the generalization error.30,90 The reason why
regularization is often needed is that ML algorithms are
universal approximators that can approximate any continuous
function on a closed interval arbitrarily close. Since for a finite
amount of reference data infinitely many such functions are
thinkable, a regularization mechanism is often needed to select
a preferably simple function from the vast space of possibilities.
ML methods typically rely on the fact that nonlinear

problems, such as predicting energy from nuclear positions,
can be “linearized” by mapping the input to a (often higher-
dimensional) “feature space” (see Figure 4).90−93 Note that

such feature spaces are explicitly constructed for kernel-based
learning methods (see Section 2.2.1) or learned respectively
for deep learning models94 (see Section 2.2.2). Kernel-based
methods achieve this by taking advantage of the so-called
kernel trick,92,95−98 which allows implicitly operating in a high-
dimensional feature space without explicitly performing any
computation there. In contrast, artificial neural networks
(NNs) decompose a complex nonlinear function into a
composition of linear transformations with learnable parame-
ters connected by nonlinear activation functions. With
increasingly many of such nonlinear transformations organized
in “layers” (deep NNs), it is possible to efficiently learn highly
complex feature spaces.
While NNs tend to require more training data to reach the

same accuracy as kernel methods (see Figure 5),99 they
typically scale better to larger data sets. In general, neither
method is strictly superior over the other,100 and both have
advantages and disadvantages that must be weighed against
each other for a specific application. Recently, it has even been
discovered that in the limit of infinitely wide layers, deep NNs
are equivalent to kernel methods, which shifts the main
differentiating factor between both methodologies to how they
are constructed and trained101,102 and makes deep NNs
accessible to kernel-based analysis methods.103,104

In the following, kernel methods and neural networks are
described in more detail to highlight the most important
properties that differentiate both methodologies.

2.2.1. Kernel-Based Methods. Given a data set
{(yi; xi)}i = 1

M of M reference values ∈ 5yi for inputs

∈ 5x ,i
D kernel regression aims to estimate *y for unknown

inputs *x . For example, for PES construction, y is the potential
energy and x encodes structural information about the atoms,
i.e., their nuclear charges and relative positions in space.
Popular choices for such “descriptors” are vectors of internal
coordinates, Coulomb matrices,28 representations of atomic
environments (e.g., symmetry functions,116 SOAP117 or
FCHL106,107), or an encoding of crystal structure.118−120 See
ref 121 for a recent review on structural descriptors.
The representer theorem states that the functional relation

= + ϵy f x( ) (1)

where ϵ denotes measurement noise, can be optimally
approximated as a linear combination

∑ α≈ ̂ =
=

f f Kx x x x( ) ( ) ( , )
i

M

i i
1 (2)

where αi are coefficients, and K(x, x′) is a (typically nonlinear)
symmetric and positive semidefinite function122−124 that
measures the similarity of two compound descriptors x and
x′ (see Figure 7). (The function K(x, x′) computes the inner
product of two points ϕ(x) and ϕ(x′) in some Hilbert space
/ (the feature space) without the need to evaluate (or even
know) the mapping ϕ → /5: D explicitly, i.e., K(x, x′) is a
reproducing kernel of / .90,125) Examples for such functions K
are the polynomial kernel

′ = ⟨ ′⟩ +K cx x x x( , ) ( , )d (3)

where hyperparameter d is the degree of the polynomial and
⟨·, ·⟩ is the dot product, or the Gaussian kernel given by

′ = γ− − ′K ex x( , ) x x 2
(4)

with hyperparameter γ controlling its width/scale and ∥·∥
denoting the L2-norm (see refs 30, 90, 97, and 126 for more
examples of kernel functions).

Figure 4. (A) Blue and red points with coordinates (x1, x2) are
linearly inseparable. (B) By defining a suitable mapping from the
input space (x1, x2) to a higher-dimensional feature space (x1, x2, x3),
blue and red points become linearly separable (gray plane at x3 = 0.5).

Figure 5. Mean absolute force prediction errors (MAEs) of different
ML models trained on molecules in the MD17 data set,105 colored by
model type. Overall, kernel methods (GDML,105 sGDML,69

FCHL18/19106,107) are slightly more data efficient, that is, they
produce more accurate predictions with smaller training data sets, but
neural network architectures (PhysNet,108 SchNet,109 DimeNet,110

EANN,111 DeePMD,112 DeepPot-SE,113 ACSF,114 HIP-NN115) catch
up quickly with increasing training set size and continue to improve
when more data for training is available.

Chemical Reviews pubs.acs.org/CR Review
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‣ Iteratively update atomic embeddings given their neighbourhood

‣ Message passing step:

‣ Energy as sum of atomic contributions

‣                                             with 

Message Passing Neural Networks
Machine Learning Potentials
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‣ Message passing step:

‣ 1. Message

‣ 2. Aggregation

‣ 3. Update

‣ With                          and 

‣ Simultaneously take an update step for  
all atomic features

Message Passing Neural Networks
Machine Learning Potentials
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‣ Given vector spaces A, B and group G, a function  is said to be  
G-equivariant if  
 
 
holds for every , where  and  are group representations in  and .

‣ Special case: G-invariant 

‣ Example: Rotations in Euclidean space

‣ G = SO(3) and  = rotation matrices 

h : A ↦ B

g ∈ G ρ σ A B

ρ(g)

SO(3) Equivariance
Symmetries in Neural Networks

<latexit sha1_base64="rX039Rfwe+BAJM+q8aOv/ZKv9kI="></latexit>

h
�
⇢(g)a

�
= �(g)h(a)

<latexit sha1_base64="vGsKMj8gG9w3LmdA+Zi+hL+nITk="></latexit>

�(g) = Id



‣ Potential energy is invariant w.r.t. rotations

‣ Forces are equivariant w.r.t. rotations

‣ Invariance can be build by making the message  
and the features invariant

‣ Features: 

‣ Message:                        

‣                                             

Invariant Message Passing

Message function

Aggregation

Update function

<latexit sha1_base64="vgag7o4S+wFnI5ItnnrI09LhPlI="></latexit>

Epot =
nX

i=1

Ei with Ei = g✓(f
[T ]
i )

<latexit sha1_base64="99WeJrIMi6Oz1QZdZrVe/+kwM+k="></latexit>

EA = EB

<latexit sha1_base64="sWZe5jfhhoTpR+JMfgsn9ptBct4="></latexit>

(A)

<latexit sha1_base64="A/9SDoAsWfTSVidQyc1gePWkLFw="></latexit>

(B)

<latexit sha1_base64="AmG91jZoICFOzCS4XNDIJ+VJhbA="></latexit>

FB = ⇢(g)FA

<latexit sha1_base64="09OnoKPH4PTwoMgHeTWgwrFie9M="></latexit>X

<latexit sha1_base64="09OnoKPH4PTwoMgHeTWgwrFie9M="></latexit>X

<latexit sha1_base64="09OnoKPH4PTwoMgHeTWgwrFie9M="></latexit>X

Symmetries in Neural Networks

<latexit sha1_base64="pHIt1KaruNUTkQzgjfhPJ0M6pR8="></latexit>

fi = femb (zi)
<latexit sha1_base64="M591PGA+ab39jPUwI4c9Sn7WSJM="></latexit>

mij = m✓(fi, fj , ||~ri � ~rj ||2)
<latexit sha1_base64="0A511oNuDaeYVyl/RbyIF8lt6Ms="></latexit>

mij = m✓(fi, fj ,~ri,~rj)

<latexit sha1_base64="lSh27NVEY35e2ApCGWrg0ym7Kh0="></latexit>

mi =
P

j2Ni
mij

<latexit sha1_base64="ZD3tnyYOsCAaCLQV8AWLIwH8eH8="></latexit>

f [t+1]
i = u✓(f

[t]
i ,mi)

Rotate the
geometry



‣ Consider message function based on

‣ Distances (invariant)

‣ Angles (invariant)

‣ Directional vectors (equivariant)

‣ (In-)distinguishable geometries

Is Invariance All You Need?
Equivariant Message Passing for the Prediction of Tensorial Properties and Molecular Spectra

Table 1. Comparison of expressiveness and computational com-
plexity of distances, angles and directions for a simple message
function of the oxygen atom of a water molecule.

Features Distances Angles Directions

H2O

Message M at
atom i

X

j2Ni

k~rijk
X

j2Ni

X

k2Ni

↵jik
X

j2Ni

~rij

k~rijk

Scaling with
neighbors O(|N |) O(|N |

2) O(|N |)

Resolve change
of k~r1jk

yes no no

Resolve change
of ↵213

no yes yes

for any rotation matrix R 2 R3⇥3, where the matrix-vector
product is applied over the spatial dimension. This consti-
tutes essentially a linearity constraint for directional infor-
mation. Therefore, any nonlinearities of the model need
to be applied to scalar features. In particular, equivariant
MPNNs may use the following operations:

• Any (nonlinear) function of scalars: f(s)

• Scaling of vectors: s � ~v

• Linear combinations of equivariant vectors: W~v

• Scalar products: s = k~vk2, s = h~v1, ~v2i

• Vector products: ~v1 ⇥ ~v2

Thus, directional information is preserved during message
passing while invariant representations can be recovered
from scalar products to obtain rotationally invariant predic-
tions.

3.3. Limits of rotationally invariant representations

In the following, we examine the expressiveness of invariant
and equivariant representations at the example of simple
2d molecular structures. To ensure rotational invariance
of a predicted property, the message function is often re-
stricted to depend only on rotationally invariant inputs such
as distances (Schütt et al., 2017; Lubbers et al., 2018) or
angles (Klicpera et al., 2020a;b). While a single pass is lim-
ited to interactions within a local environment, successive
message passes are supposed to construct more complex
representations and propagate local information beyond the
neighborhood. This raises the question whether rotation-
ally invariant representations of atomic environments hi are
sufficient here.

Figure 1. Illustration of message passing using angles and direc-
tions for two structures. All edges within the cutoff range (dashed
lines) have equal length. The representations of the blue and red
node are the same using angles (left), while directions allow to
distinguish both structures (right).

Tab. 1 compares three simplified message functions for the
example of a water molecule. Using a distance-based mes-
sage function, the representation of the atom 1 (oxygen) is
able to resolve changing bond lengths to atoms 2 and 3 (hy-
drogens), however it is not sensitive to changes of the bond
angle. On the other hand, using the angle directly as part of
the message function can not resolve the distances. There-
fore, a combination of distances and angles is required to
obtain a more expressive message function (Klicpera et al.,
2020a). Unfortunately, including angles in the messages
scales O(|N |

2) with the number of neighbors. Alterna-
tively, directions to neighboring atoms may be used as mes-
sages ~Mt(~rij) = ~rij/k~rijk. Employing the update function
Ut(m) = kmk

2, this is related to angles as follows:
������

NX

j=1

~rij

k~rijk

������

2

=
X

j,k

⌧
~rij

k~rijk
,

~rik

k~rikk

�
=

NX

j=1

NX

k=1

cos↵jik.

Thus, using equivariant messages, the runtime complexity
remains O(|N |) while angular information can be resolved.
Note that this update function contracts the equivariant mes-
sages to a rotationally invariant representation.

Beyond the computational benefits, equivariant representa-
tions allow to propagate directional information beyond the
neighborhood which is not possible in the invariant case.
Fig. 1 illustrates this at a minimal example, where four
atoms are arranged in an equidistant chain with the cutoff
chosen such that only neighboring atoms are within range.
We observe that for the two arrangements the angles are
equal as well (Fig. 1, left). Therefore, they are indistinguish-
able for invariant message passing with distances and angles.
In contrast, the equivariant representations differ in sign of
their components (Fig. 1, right). When contracting them to
invariant representations, as in the previous example, this
information is lost. However, we may instead retain equiv-
ariance in the representation and design a message function
~Mt that does not only propagate directions to neighboring
atoms, but those of equivariant representations as well. This
enables the efficient propagation of directional information
by scaling linearly with the number of neighbors and keep-
ing the required cutoff small.

Equivariant Message Passing for the Prediction of Tensorial Properties and Molecular Spectra
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ited to interactions within a local environment, successive
message passes are supposed to construct more complex
representations and propagate local information beyond the
neighborhood. This raises the question whether rotation-
ally invariant representations of atomic environments hi are
sufficient here.
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tions for two structures. All edges within the cutoff range (dashed
lines) have equal length. The representations of the blue and red
node are the same using angles (left), while directions allow to
distinguish both structures (right).

Tab. 1 compares three simplified message functions for the
example of a water molecule. Using a distance-based mes-
sage function, the representation of the atom 1 (oxygen) is
able to resolve changing bond lengths to atoms 2 and 3 (hy-
drogens), however it is not sensitive to changes of the bond
angle. On the other hand, using the angle directly as part of
the message function can not resolve the distances. There-
fore, a combination of distances and angles is required to
obtain a more expressive message function (Klicpera et al.,
2020a). Unfortunately, including angles in the messages
scales O(|N |

2) with the number of neighbors. Alterna-
tively, directions to neighboring atoms may be used as mes-
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Thus, using equivariant messages, the runtime complexity
remains O(|N |) while angular information can be resolved.
Note that this update function contracts the equivariant mes-
sages to a rotationally invariant representation.

Beyond the computational benefits, equivariant representa-
tions allow to propagate directional information beyond the
neighborhood which is not possible in the invariant case.
Fig. 1 illustrates this at a minimal example, where four
atoms are arranged in an equidistant chain with the cutoff
chosen such that only neighboring atoms are within range.
We observe that for the two arrangements the angles are
equal as well (Fig. 1, left). Therefore, they are indistinguish-
able for invariant message passing with distances and angles.
In contrast, the equivariant representations differ in sign of
their components (Fig. 1, right). When contracting them to
invariant representations, as in the previous example, this
information is lost. However, we may instead retain equiv-
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~Mt that does not only propagate directions to neighboring
atoms, but those of equivariant representations as well. This
enables the efficient propagation of directional information
by scaling linearly with the number of neighbors and keep-
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‣ Builds upon equivariant atomic features and messages

‣ Use spherical harmonics as elementary building block

‣ For each rotation matrix corresponding Wigner-D matrix 

‣ Under rotation of the input, features and messages transform as

‣ Equivariant atomic features: 

‣ Equivariant message:

Equivariant Message Passing
Symmetries in Neural Networks
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‣ Transformation under rotation

‣  

‣ Wigner-D matrix

‣ SO(3) equivariant functions

Interlude: Real Spherical Harmonics
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‣ How to build an equivariant message passing mechanism?

‣ SO(3) equivariant features

‣ SO(3) equivariant message

Equivariant Message Passing
Symmetries in Neural Networks
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‣ Potential energy is a sum of local atomic neighbourhood contributions

‣ Capture as much geometric neighbourhood information as possible

‣ Any function on the sphere: 

Local Geometric Expressiveness
Symmetries in Neural Networks

3

SUPPLEMENTARY FIG. 1: Pairs of distinct atomic environments where all neighboring atoms (red) have the same
distance from the central atom (blue). The distributions of angles (Eq. 1) and dihedrals (Eq. 3) are visualized and
values of the angular power spectrum invariants (Eq. 2) for di↵erent angular momenta l = 1, . . . 4 (p, d, f, g) are given
for each structure (the s invariant simply counts the number of neighbors and is therefore omitted). Since all distances
to neighboring atoms are identical, descriptors need to be able to at least resolve angular information to distinguish
the structures (a). However, for some structures, the power spectrum invariants may be degenerate for small values of
l (b and d). Some structures even have identical angular distributions, in which case the power spectrum invariants
are equal for all l = 0, . . . ,1 and information about dihedrals is necessary to distinguish the environments (c). Note

that some environments cannot even be distinguished when information about dihedrals is included (e).1

model scaling A B C D E

hand-crafted descriptors

BPNN13
O(n2) 3 3 7 3 7

FCHL1911
O(n2) 3 3 7 3 7

FCHL1810
O(n3)* 3 3 3** 3 7

learned descriptors

SchNet14 O(n) (3) (3) (3) (3) (3)
PhysNet5 O(n) (3) (3) (3) (3) (3)
DimeNet6 O(n2) 3 3 (3) 3 (3)
NequIP8

O(n) 3 (3) (3) (3) (3)
PaiNN7

O(n) 3 (3) (3) (3) (3)
SpookyNet O(n) 3 3 (3) (3) (3)

* when dihedrals are included
** only distinguishable with dihedrals

SUPPLEMENTARY TABLE 1: Ability of models to
di↵erentiate the atomic environments shown in Fig. 1

(3: distinguishable, 7: indistinguishable) and the scaling
of their computational cost with respect to the number
of neighbors n. Message-passing neural networks with
learned descriptors can distinguish all environments

when there are T � 2 message-passing steps. However,
when only a single step is used (T = 1), the

environments marked with (3) become indistinguishable.

Pozdnyakov et al. propose a di↵erent completeness test
based on a data set of ⇠7.7M CH4 structures15 that were
generated by randomly placing H atoms in a 3 Å sphere
around the C atom (see Ref. 1 for details). Due to the
strongly distorted geometries, potential energies in this
data set vary by ⇠1400 kcal mol�1 and forces by ⇠10700
kcal mol�1 Å�1. Further, this way of sampling will lead
to many structures with (nearly) degenerate sets of an-
gles (see Fig. 1c) and is thus particularly challenging to
learn. For this task, it is to be expected that models
relying on incomplete descriptors improve at a slower
rate (and eventually cease to improve at all) when in-

SUPPLEMENTARY FIG. 2: Energy learning curves
for the random CH4 dataset15 suggested in Ref. 1.

SpookyNet (black) is compared to feedforward neural
networks trained on 2-body and/or 3-body features (red,

blue, magenta), see Ref. 1 for details.

creasing the number of training data.1 The performance
of SpookyNet on this data set for di↵erent training set
sizes is summarized in Table 2. With only 10 training
points (⇠0.00013% of the data), SpookyNet reaches pre-
diction errors that correspond to a relative absolute error
of just ⇠1% (with respect to the energy range covered
in the data set). Chemical accuracy (absolute errors
<1 kcal mol�1) is reached with as few as 1000 training
points. The learning curve (see Fig. 2) shows that the
performance of SpookyNet increases steadily when more
data is used for training while being about two orders of
magnitude more data-e�cient than other methods. The
increased data e�ciency is largely due to a much lower
y-axis intercept, which indicates a high target similarity
of the learned descriptor.16

<latexit sha1_base64="f+JEPQpeuBFTMlUYS0D61GbB7FY="></latexit>

l = 1
<latexit sha1_base64="GIvnqvvGedUTxQfOCQm2OVYc9yQ="></latexit>

l = 2
<latexit sha1_base64="3UiwommNKz9ImwOS/oaOgJEMDx8="></latexit>

l = 3
<latexit sha1_base64="6S4ZoL/yZ7LLxWW5tT9OaVaLoPo="></latexit>

l = 4

Increasing 
degree l

Larger degree l necessary to distinguish the neighbourhood of the central blue atom
[7]

<latexit sha1_base64="ixTtgIoj9CcMri6HgaYDE32NAoQ="></latexit>

h(r̂) =
P1

l=0 cmlY
(l)
m (r̂)

[7] Unke, Oliver T., et al. Nature communications 12.1 (2021): 1-14.



‣ Reminder: One need data efficient and accurate models

‣ Both increase with max. degree l 

Data Efficiency and Accuracy
Symmetries in Neural Networks
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(see Supplementary Information) where across a series of
descriptors and regression models (sGDML, FCHL19, and
PhysNet10,37,41) the learning curves show an approximately
similar log-log slope (results obtained from http://quantum-
machine.org/gdml/#datasets). To our surprise, we observe that
the equivariant NequIP networks break this pattern. Instead they
follow a log-log slope with larger magnitude, meaning that they
learn faster as new data become available. An invariant l= 0
NequIP network, however, displays a similar log-log slope to
other methods, suggesting that it is indeed the equivariant nature
of NequIP that allows for the change in learning behavior.
Further increasing the rotation order l beyond l= 1 again only
shifts the learning curve and does not results in an additional
change in log-log slope. To control for the different number of
weights and features of networks of different rotation order l, we
report weight- and feature-controlled data in the SI. Both show
qualitatively the same effect. The SI also contains results on the
behavior of the energies, when trained jointly with forces. For
details on the training setup and the control experiments, see the
Methods section.

We further note, that in50, a Behler-Parrinello Neural Network
(BPNN) was trained on 1303 structures, yielding a RMSE of
≈120 meV/Å in forces when evaluated on the remaining
290 structures. We find that NequIP l= 2 models trained with
as little as 100 and 250 data points obtain RMSEs of 123.3 meV/
Å and 98.3 meV/Å respectively (note that Fig. 5 shows the
MAE). This provides further evidence that NequIP exhibits
significantly improved data efficiency in comparison with
existing methods.

Discussion
This work introduces NequIP, a novel Machine Learning method
for computing the potential energy and atomic forces of mole-
cules and materials based on E(3)-Equivariant Neural Networks.
The findings lead to a series of interesting questions to consider:
of particular interest is the sample efficiency of the equivariant
NequIP network when compared to the more widely used
invariant representations. In addition to questions around the

effect of equivariance on accuracy and learning dynamics, a clear
theoretical understanding of how the many-body character of
interactions arises in message passing interatomic potentials
remains elusive. Further, a promising direction for future work is
to investigate the potential benefits of explicitly including long-
range interactions and to measure to what extent - if any - these
might be captured by the message passing mechanism. Finally,
while we find that NequIP displays excellent predictive accuracy,
generalization to unseen phases, and remarkably high sample
efficiency, an open challenge that remains is the interpretability of
deep learning interatomic potentials. Energy contributions in
classical interatomic potentials can be explicitly assigned to
individual types of interactions, such as pair-wise bonded terms
or Coulomb or van der Waals non-bonded interactions. The
potential benefits and optimal ways of including such physical
knowledge explicitly into the complex functional forms under-
lying deep learning interatomic potentials still need to be sys-
tematically explored. On the other hand, the simplicity of the
functional form of classical force-fields that allows for this level of
interpretability severely limits their accuracy, presenting an
interesting tension between the two approaches. We expect the
proposed method will enable researchers in computational
chemistry, physics, biology, and materials science to conduct
molecular dynamics simulations of complex reactions and phase
transformations at increased accuracy and efficiency.

Methods
Software: All experiments were run with the nequip software available at github.
com/mir-group/nequipin version 0.3.3, git commit 50ddbfc31bd44e267b7b
b7d2d36d76417b0885ec. In addition, the e3nn library31 was used under
version 0.3.5, PyTorch under version 1.9.052, PyTorch Geometric under version
1.7.253, and Python under version 3.9.6.

Reference Data Sets:
original MD-17: MD-1735–37 is a data set of eight small organic molecules,

obtained from MD simulations at T= 500K and computed at the PBE+vdW− TS
level of electronic structure theory, resulting in data set sizes between 133,770 and
993,237 structures. The data set was obtained from http://quantum-machine.org/
gdml/#datasets. For each molecule, we use 950 configurations for training and 50
for validation, sampled uniformly from the full data set, and evaluate the test error
on all remaining configurations in the data set.

Fig. 3 Structure of Li4P2O7. a Radial Distribution Function, (b) Angular Distribution Function, tetrahedral bond angle, (c) Angular Distribution Function,
bridging oxygen. All are defined as probability density functions; NequIP results are averaged over 10 runs with different initial velocities.

Fig. 4 Lithium Kinetics. Comparison of the Li MSD of AIMD and an
example NequIP trajectory of Li6.75P3S11.

Fig. 5 Learning curves. Log-log plot of the predictive error on the water
data set from50 using NequIP with l∈ {0, 1, 2, 3} as a function of training
set size, measured via the force MAE.
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[8] Batzner, Simon et al. Nature communications 12.1 (2022): 1-14.

[8]
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‣ Current models show a trade-off between data efficiency and time complexity

‣ Less time for data generation but more time for MD simulation

Data Efficiency vs. Complexity
Symmetries in Neural Networks

Select initial positions and velocities

Compute interatomic forces

Update the positions and velocites

Calculate observables of interest

Update time step ti = ti-1 + dt
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‣ MD stability: Simulation time over which the MD is stable?

‣ Long MD simulations  
are required to extract  
physical observables

‣ Instability due to non- 
physical configurations

Molecular Dynamics Simulation Stability
Symmetries in Neural Networks

Frank, Thorben, et al. To appear (2023)



‣ Equivariance improves the stability

‣ Train the same network, to the  
same error with and without equivariant 
information  

Equivariance Improves Stability
Symmetries in Neural Networks

Frank, Thorben, et al. To appear (2023)



‣ Only model that is always stable l = 3

‣ Comes at the price of critical slow down  
of the model

‣ A similar trade-off as for data efficiency

‣ Reported times are for systems with  
9 to 23 atoms only!

‣ Scaling to large structures 

Molecular Dynamics Simulation Stability
Symmetries in Neural Networks

Speed

St
ab

ilit
y
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‣ Auxiliary equivariant message passing

‣ Introduce auxiliary geometric features  
which are updated during message passing

xi ∈ ℝdG

Auxiliary Equivariant Message Passing
Symmetries in Neural Networks
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Data Efficient, Fast and Stable
Symmetries in Neural Networks
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‣ What do we need to tackle large structures?

‣ Data efficiency, due to high cost for reference data

‣ Stability, to obtain observables from the simulation

‣ Efficient models that are feasible to scale to large structures

‣ Auxiliary message passing fulfils all requirements!

Scale to Large Molecular Structures
Symmetries in Neural Networks
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‣ Calculate the velocity auto-correlation function which requires long and stable  
MD simulations

‣ Largest current structure: 370 atoms

Scaling to Large and Complex Structures
Symmetries in Neural Networks

7

Ac-Ala3-NHMe DHA Stachyose AT-AT AT-AT-CG-CG Buckyball catcher Double walled nanotube

# training points 6k 8k 8k 3k 2k 600 800

sGDML Energy
Forces

0.39
0.79

1.29
0.75

4.00
0.68

0.72
0.69

1.42
0.70

1.17
0.68

4.00
0.52

So3krates Energy
Forces

0.156
0.155

0.265
0.141

0.280
0.234

0.274
0.134

0.336
0.190

0.415
0.131

1.266
0.372

# training points 1k

So3krates Energy
Forces

0.267
0.341

0.616
0.297

0.518
0.528

0.290
0.229

0.463
0.263

0.471
0.105

1.451
0.355

Table II. We report MAEs for the recently introduced MD22 benchmark and compare it to the sGDML results. Additionally,
we report results for a constant number of 1k training points. Units for energy and forces are kcal mol�1 and 1 kcal mol�1 Å�1.
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Figure 5. Velocity auto correlation obtained from a 300 ps MD at 300K run with the So3krates model trained on 1k data
points for different structures from the MD22 data set.

the appendix.
In order to facilitate the applicability of the learned

PES with only 1k training points we run an MD simula-
tion of 300 ps for selected structures in the MD22 data set
and use the obtained trajectory to calculate the velocity
auto-correlation function, which is depicted in Fig. 5.

B. Non-Local Effects

For efficiency reasons, MPNNs only consider interac-
tions between atoms in local neighborhoods, i.e. within a
cutoff radius rcut. Thus, information can only be prop-
agated over a distance of rcut within a single MP step.
Although multiple MP updates increase the effective cut-
off distance, because information can “hop” between dif-
ferent neighborhoods as long as they share at least one
atom, each MP step is accompanied by an undesirable
loss of information, which limits the accuracy that can
be obtained. Thus, even though when the effective cut-
off is large to connect the relevant parts in a molecule,
invariant features can be insufficient to distinguish cer-
tain geometric configuration. Even though the stacking
of multiple MP steps increases the effective cutoff of the
model, the maximal length reff

cut over which information

can be exchanged is upper bounded by nl · rcut, where nl

is the number of MP layers and rcut is the local cutoff.
Thus, interactions on length scales that greatly exceed
the local cutoff have remained an open challenge. To that
end, simply increasing either the local cutoff or the total
number of MP layers is not an adequate solutions since it
only shifts the problem to larger distances. In the follow-
ing, we will consider two exemplary systems the inhibit
non-local effects due to electronic delocalization effects
and serve as baseline structures for the afferomentioned
problems.

1. Donor-Bridge-Acceptor

Many interesting properties depend on an accurate de-
scription of electronically de-localized effect. As an exam-
ple we consider 4-dimethylamino-4’-nitrostilbene, which
has been introduced in [47] as a testbed for a faithful
incorporation of such effects.

To illustrate the effectiveness of equivariant represen-
tations for such effects, we compare an invariant and an
equivariant So3krates model with different local cutoff
radii. We find, that as soon as the local cutoff radius is
small compared to the length-scales on which the elec-

which are fully coupled within the model. We demonstrate that this
parametric flexibility is leveraged to let all atoms participate in gen-
erating the energy and force predictions. Our development allows us
to study supramolecular complexes, nanostructures, and four major
classes of biomolecular systems in stable nanosecond-long molecu-
lar dynamics (MD) simulations. All of these systems present phe-
nomena with far-reaching characteristic correlation lengths. We
offer these datasets as a benchmark (called MD22) that presents
new challenges with respect to system size (42 to 370 atoms), flex-
ibility, and degree of nonlocality. Hence, MD22 can be regarded as
the next generation of the now well-established MD17 dataset (22).

RESULTS
Large-scale sGDML algorithm
A data-efficient reconstruction of FFs with strong generalization
properties requires models that implement the appropriate prior
knowledge to compensate for finite reference dataset sizes.
Quantum chemical interactions are highly complex and can thus
not be fully specified even by massive datasets. We therefore
exploit that many complex interactions can be summarized in
terms of simple constraints derived from conservation laws that
are far more effective. GPs provide a particularly1 elegant way of
incorporating such constraints, because they are closed with
respect to linear transformations, such as integral operators or
partial differential equations. A combination of linear constraints
can be written as a new instance of a GP. This principle is used
by the sGDML approach to construct models that implement all im-
portant invariance properties of MLFFs (22). One of its key charac-
teristics is the use of a kernel kÖx; x0Ü à rxkEÖx; x0Ür`

x0 that models
the FF fF as a transformation of an unknown potential energy

surface fE such that

fF à �rfE ⇠ GPâ�rμEÖXÜ;rxkEÖx; x0ÜrT
x0 ä Ö1Ü

Here, μE: ℝd → ℝ and kE : ℝd × ℝd → ℝ are the respective prior
mean and prior covariance functions that define the latent energy¦
based GP. The training on force examples is motivated by the fact
that they are available analytically from electronic structure calcula-
tions via the Hellmann-Feynman theorem, with only moderate
computational overhead atop energy measurements. Force
samples constitute a more efficient way to generate reference data,
which sGDML is able to take advantage of (30). Despite their non-
parametric nature, sGDML FFs generally use around one order of
magnitude fewer parameters than deep neural network architec-
tures with comparable accuracy, making them computationally
less expensive to evaluate (see Appendix C).

GPs can be solved in closed form, because their convex loss func-
tion yields a linear system when its derivative is set to zero (31). The
resulting system α à ÖKá λIÜ�1y is symmetric positive definite by
definition of the kernel function, which allows a solution via Cho-
lesky decomposition (32, 33) (see the ¨Cholesky decomposition©
section). While this approach is efficient and numerically stable, it
does not scale to largematrix sizes due to its quadratic memory cost.
In search for a solution, a variety of approximation techniques have
emerged (34¦41), all drawing on the same insight that kernel matri-
ces often have a comparatively small numerical rank (i.e., a rapidly
decaying eigenvalue spectrum; see Fig. 2) that can be exploited to
formulate a lower-dimensional problem. However, this is only the
case with noisy training data, which causes many degrees of
freedom of the kernel matrix to become dispensable. Ab initio ref-
erence calculations are essentially noise-free, giving rise to kernel
matrices that cannot be compressed without compromising the ac-
curacy of the predictor (42). Therefore, continued efforts are being
made toward enabling exact large-scale GP inference via numerical

Fig. 1. Current global MLFFs only scale to system sizes of a few dozen atoms,
restricted by the computational challenge of having to couple a quadratic
amount of atom-atom interactions. However, accurate ab initio reference data
are available for much bigger systems (light blue area). This work scales global
models with ab initio accuracy to hundreds of atoms, as is demonstrated on exam-
ples from four major classes of biomolecules and supramolecules.

Fig. 2. Eigenvalue spectrum of the regularized sGDML kernel matrix Kλ (ma-
lonaldehyde, σ=12, λ=10−10) before and after preconditioning P−1Kλ with an
increasing number of inducing points k (2.5, 5, and 7.5% of the total number
of training points m). Note that regularization lifts the null-space of the original
kernel matrix to λ. Because the same regularization is applied to the precondi-
tioner, the spectrum of P−1Kλ is thus bounded from below by 1. The dominant
part of the spectrum is increasingly attenuated by the preconditioner, reducing
the condition number of the matrix and thus accelerating convergence of the
CG algorithm. a.u., arbitrary units.

Chmiela et al., Sci. Adv. 9, eadf0873 (2023) 11 January 2023 2 of 10
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‣ Local message passing neural networks

‣Global machine learning potentials

‣Stacking of multiple message passing layers  
propagates information (diffusion)

‣Effective cutoff

Global Machine Learning Potentials?
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Global Machine Learning Potentials
Electronic Delocalization

cutoff eff. cutoff

cutoff eff. cutoff

cutoff eff. cutoff

dihedral angle Θ (°)90 180
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‣ Electronic delocalization: Geometric dependencies on large length scales
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‣ Long-range many-body correlations

‣ Mutual information extends over  
large length scales

‣ Quick fix: Get rid of locality assumption!

‣ Quadratic scaling in number of atoms 
         Unfeasible to train and run!

‣ Linear scaling without localisation??

‣ Open problem! 

Global Machine Learning Potentials
Long Range Electrostatics, van-der-Waals Interactions, … ???

5

FIG. 3. Transition dipoles of MBD modes and quantum-information analysis of the MBD ground state for

crambin residues. Left panel (a) shows the MBD transition dipole |µ̄0̃1̃k
| vs. the normalized MBD excitation energy

~!̃k/(~!̃1). In the insets, the matrix elements of the square of the orientationally averaged transition dipole for interacting
residues (|µ̄0̃1̃k

|2)↵� = 1/3
P

A2F↵,B2F�

P3
i=1 µ0̃1̃k;Axi

µ⇤
0̃1̃k;Bxi

are shown. Right panel (b) shows the scatter plot of the mutual

information (M.I.) for pairs of residues vs. the distance (d) between their centers of mass. In the inset, the mutual information
of residue pairs is shown.

electric transition dipole between the ground state and
the state with a single excitation in the k-th MBD mode
is given by (µxi)0̃1̃k

=
PN

A=1
h1̃k|µ̂Axi

|0̃i . We introduce
the scalar quantity

|µ̄0̃1̃k
|
2 =

1

3

NX

A,B=1

3X

i=1

µ0̃1̃k;Axi
µ
⇤
0̃1̃k;Bxi

(6)

that we will refer to as the isotropic (orientationally av-
eraged) square modulus of the transition dipole associ-
ated to the k-th MBD normal mode and that can be
interpreted as the contribution of a specific MBD nor-
mal mode to the isotropic polarizability of the system.
In Figure 3a, the plot of |µ̄0̃1̃k

| as a function of the nor-
malized eigenenergy ~!̃k/(~!̃1) (adimensionalized by the
lowest MBD eigenenergy units) associated to the k-th
MBD normal mode for crambin is shown. The MBD
normal modes in the range between 1� 2.5 !̃1 exhibit a
rather high isotropic transition dipole moment ⇠ 6�8 D
on average, of the same order of magnitude as the tran-
sition dipoles of organic fluorophores [42, 44, 58, 59]. A
single mode near 1.06 !̃1 has a much larger transition
dipole ⇠ 12 D, arising from a strong collective atomic re-
sponse. In many practical applications, it is relevant to
ascertain how strongly correlated are transition dipole
elements between specific residues. With this aim in
mind, we introduce the two-fragment contribution to

the e↵ective square modulus of the isotropic transition
dipole. In the insets of Figure 3a, plots of the matrix
defined in Eq. (6) are reported for two MBD normal
modes: the low-frequency mode with the highest tran-
sition dipole (k = 13) and the highest-frequency MBD
mode (k = 1926) having a much smaller total transition
dipole. The results show that the low-frequency mode
strongly correlates dipole fluctuations over many residues
of the whole molecule, while the high-frequency mode
correlates fluctuations essentially of a single residue. The
previous considerations and analysis can be extended to
the calculation of higher-order transition multipoles. In
the context of coarse graining MBD calculations, the SQ-
MBD framework allows access to mutual quantum infor-
mation among atomic QDOs arising from MBD normal
modes. The mutual information can be used to partition
a given system into fragments that minimize interfrag-
ment MBD interactions. In particular, the unitary repre-
sentation of Bogoliubov transformations in Eq.(3) shows
that the MBD ground state is a multimodal Gaussian
state of the same type as the ones used in continuous-
variable quantum information theory [60, 61]. The quan-
tum information-derived observable quantifying correla-
tions among two parts of a given quantum system is the
mutual information defined as

(M.I.)↵� = S[⇢̂↵] + S[⇢̂� ]� S[⇢̂↵� ], (7)

[9] Gori, Matteo, Philip Kurian, and Alexandre Tkatchenko. arXiv preprint arXiv:2205.11549 (2022).

[9]
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‣ Iterative updates of the node embeddings given their neighbourhood

‣ Use the final embeddings to make a prediction

Message Passing Neural Networks
Machine Learning Potentials

Embedding MP step T x MP step
Final


embeddings

Classify 
A

Classify 
B



‣ Construct atomic neighbourhoods                        with  

‣ Potential energy is sum of atomic energy contributions 

Message Passing Neural Networks

Graph construction Message passing

<latexit sha1_base64="y5ZYuVbd9PRM/Zk1QMe/xzik4bI="></latexit>

(~ri, zi)

<latexit sha1_base64="SZiHCiL7/vT1Y1yqPV/wXAvEy7Y="></latexit>

(~rj , zj)

<latexit sha1_base64="zMCX7NBREhgSCFN8ap93jUyueAo="></latexit>

(~rk, zk)

<latexit sha1_base64="1Okl+nIjuk2SnrOSDCx7iarQeT4="></latexit>

~rij

<latexit sha1_base64="6g/t/LVrtiLXKajaHLyB6KnkTjI="></latexit>

~rik

<latexit sha1_base64="iB+16sFyoqzn49WJ612nVOOTocc="></latexit>mik
<latexit sha1_base64="Pq7fCJ5TKpp+RzNYgVqLKyzNRCY="></latexit>mij

<latexit sha1_base64="A3TUN7oBDm4VekX1cCKEtd/5VPA="></latexit>

fi <latexit sha1_base64="ecUhKn+1GEVv6t5ye4STn8VLoCM="></latexit>

fk

<latexit sha1_base64="fgwfXVNIk76ScdlElWyiKC00rlA="></latexit>

fi

<latexit sha1_base64="ComuL069g/B+KqbLfkWES8Pn0VU="></latexit>

fj

<latexit sha1_base64="Xvwm7czR5Z2ucbKiA5o93xMBnuk="></latexit>

fk

<latexit sha1_base64="kBK3uLzcs/ftW1c81D+4wOgiX8g="></latexit>

...

<latexit sha1_base64="kBK3uLzcs/ftW1c81D+4wOgiX8g="></latexit>

...<latexit sha1_base64="O3gkoOG5LIKnW72dSLzV7u/L4yQ="></latexit>rij
<latexit sha1_base64="SxJO7Iid4l0m+ae4EUFccY4XACw="></latexit>rik

<latexit sha1_base64="pWSKj/8sXAS52T2dyj6APOvX+ys="></latexit>

Ni = {j | rij  rcut}
<latexit sha1_base64="O3/rAHAtZSXy5rxQE3PQat9ca9o="></latexit>

rij = k~rijk2 = k~rj � ~rik2

<latexit sha1_base64="vgag7o4S+wFnI5ItnnrI09LhPlI="></latexit>

Epot =
nX

i=1

Ei with Ei = g✓(f
[T ]
i )

Machine Learning Potentials



‣ Source of the complexity of equivariant features?

‣ Equivariant message passing step

Complexity of Equivariant Features
Symmetries in Neural Networks

dominant matrix S which we assume to be close to diagonal. We mimic the iterative process for the
solution of Eq. (3) by applying a stack of attention matrices to decouple the atomic contributions
where the atomic embeddings are the entries in the coe�cient vector c. In contrast to the matrices H
our attention matrices are independent of the embeddings v such that we apply a di↵erent attention
matrix for each layer.
While the iterative procedure is usually applied until near convergence is achieved, we enforce the

independence of atomic contributions by extracting the total energy as sum of the individual atomic
contributions after a fixed number of layers. By back-propagating its deviation from the expected total
energy we automatically enforce a decoupling of the di↵erent contributions.

4 Attention Matrix

Next, we define the attention matrix as a parametrized version of the inner product approximation
from above

↵ij = �dQ�̂(0),K�̂(dij) = �d�̂Q
, �̂K

, (4)

where the matrices Q 2 RFI⇥L andK 2 RFI⇥L shall allow for modeling complex quantum interactions.
The n-th entries of the transformed basis functions are given as �̂Q

n = qn, �̂(0) and �̂K
n = kn, �̂(dij),

where qn,kn 2 RL denote the n-th row vector of key and query matrix. Based on the universal
approximation theorem for operators this kind of inner product has been shown to be capable of
resembling function operators where qn and kn are learned based on points yn in space. In the
case considered here, we do not explicitly label the position of the n-th point but directly learn the
vectors qn and kn. The inner product from Eq. (4) can then be interpreted as the integral between
the transformed functions along trainable discretization points. While, an adaptive learning of the
integral discretization points makes the evaluation much more e�cient, it shall not be considered as
an advantage as it makes no restriction on the virtual points yn which have generated the vectors qn

and kn.
Plugging Eq. (4) into Eq. (??) we define the aggregation function for a single vertex vi as

Agg(vi) ! v
0
i =

NvX

i=1

↵ijvj , (5)

where ↵ij 2 R is a geometry dependent attention coe�cient between vertex i and j. TODO: argue
that we use self-attention ”as an integrator”. describe how the query and key matrices act on the
overlap integral

5 Table

Architecture Operation Scaling lmax

PhysNet ⇥ O(n⇥m⇥ F ) 0

PaiNN ⇥ O(n⇥m⇥ (lmax + 1)2 ⇥ F ) 1

SpookyNet ⇥ O(n⇥m⇥ (lmax + 1)2 ⇥ F ) 2

NequIP ⌦ O(n⇥m⇥ (lmax + 1)4 ⇥ F ) 3

2
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