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» Introduction
m Chiral phase transition of QCD

m (Dynamic) Critical phenomena and universality classes

m Model G
» Our work
m Real-time functional renormalization group formalism

m Model G (dynamic) critical phenomena
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Phase transition of QCD cnc’-rm

mg ~leAuce
2" order
0(4)
: e physicgl point
» Chiral phase transition of N3
two-flavor QCD in the limit m; N1

of vanishing quark masses
m Second order

m O(4) universality class

Columbia p|0t # de Forcrand, D'Elia,
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Chiral phase transition of QCD cRc’-rm

» Kinetic part of the action(2-flavors QCD in the chiral limit)
Chin =1 [, 01" Dptbr, + YrY*Dyptpr
m Symmetry under
U(Q)LXU(?)RgSU(Q)LXSU(Q)RX U(l)A XU(l)V

Anomalously broken  Unbroken

m P — e, Y — 3 TyPp
= Order parameter M%7 =< ¢ %, >
w SU(2)1 x SU(2)r = O(4)

m M = o+ 77, with (o, 7) O(4) vector
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Chiral phase transition of QCD cRc’-rm
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» Symmetry breaking: T )\
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0O(4) — O(3) x Zy or ol |
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Chiral condensate and
temperature derivative from
lattice QCD # Kaczmarek et
al. 21
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Critical phen na and universality classes cRc’-rm

» In the vicinity of critical point, the correlation length diverge
6 ~ (T’;Tc)—l/

» Singular behavior of thermodynamic quantities characterised by
critical exponents (universal)

E:;E_H S }Lﬁ 3 [ ——
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Ferromagnetic susceptibility of O(4) # Schiichting, Smith and von Smekal '19

> Universality classes share the same spatial dimensions and symmetries
of the order parameters
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https://arxiv.org/pdf/1908.00912.pdf

Dynamic critical phenomena cRc’-ﬁ

» Dynamic properties: transport coefficients, relaxation rates,
multi-time correlation functions etc.(Requires EoM)

» Critical slow down: divergence of relaxation rates w(k = 0) ~ {7

» Classification also depends on: Conserved quantities, Poisson brackets
among order parameters and conserved quantities

» Classification of dynamic universality classes # Hohenberg, Halperin '77
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https://journals.aps.org/rmp/pdf/10.1103/RevModPhys.49.435

Model G cRc'-rm

» Order parameters: 0 = %Tr < qj:qg% > 7= _% < cjf:q{?f'ﬁ >
» Conserved charge of O(4): ngp, correspond to isovector charge
n = (—:”k(j'yoqu and isoaxial charge n% = q707571q

» Non-vanishing Poisson brackets:

{¢a7 nbc} = Pp0ac — Dcdab

{nab7 ncd} - _5adnbc - 5bcnad + 5acnbd + 5bdnac
> Effective macroscopic EoM:
9ba 5F S5F
— Ty , 0,
ot 06¢a+g{¢a nbc} +
—t—’ noise
dissipation mode—coupling

ot U Ongp
———

. . . v
dissipation mode-coupling

oF
7¢c} + g{nab)ncd} +v Cab
5¢c ~——

noise
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Path integral formalism of model G cRc’-rm

» The thermal expectation value for observable O
(©) = [ DODCDY D PI8.€] 6 — 000)3(n ~ nug) Ol
> Rewrite delta function

6(¢p — ¢¢p)d(n —neg) = T[b,n] 6(EoM)

> J[¢,n] depends on the discretization of the stochastic EoM,
J[¢,n] =1 for lto discretization.

> Introduce response fields ¢, 7

§(EoM) = /D&Dﬁexp(z‘/w [—&a (Eﬁ“ +> - <8ga +...>)

EoM EoM
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Path integral formalism of model G cRc’-rm

P Integrate out (, 6, one get the path integral
0) = / DD DnDi O exp {iS}

with MSR action given by

~ [ 0¢q oF oF
S = /m |: ¢a( ot + T 6¢a _g{qsa,nbc}%)

EoM
~ 5‘nab =3 oF OF
nab< 5 Vv . g{nab,¢c} 5 ¢ — g{nap, Ncat cd>

EoM
+ iT&aFOQEa - iTﬁab’y§2ﬁab:|

in which free energy given by

Lo i m® 1
F = /f {5(8 ¢a)(a ¢a) + T(ba(ba 4'N (¢a¢a) Xnabnab}
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Reminder of functional renormalization group cRc’-rm

» Scale dependent effective C2 Fe=pn =S8
action: T’y

> Regulator Ry: Suppress

modes with momentum Ty—o=T
smaller than FRG scale k )cl
Theory space
> S+ ALS —>Ty
—~ C3...Cp,
€.9:0k Ry dg

Basic idea of functional

> Tp =Tk — AgS renormalization group
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Reminder of functional renormalization group cRc’-rm

» I'y—o: full effective action C2 Ih_a =S5

» I'i_x: bare action

» The flow of the scale Ig=o =T
dependent effective action )cl
described by Wetterich Theory space
equation:

C3...Cp,

k0T, = —ESTr(kOkRk(F,(CZ)—l—Rk)_l) Basic idea. of.functional
2 renormalization group
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Coupling to external source cRc’-rm

> Traditional way of coupling to external sources:
S+ Ha(z)a + Habnab + Ha¢a + 7'tabﬁab
» The EoM becomes

9da Y o (@) da(a’ o
42 :_r6¢a [F—/ hy (@) a (@ >]+g[¢av”bclm+9“

8nab _ / h n
ot - 6nab ab ab

F
+g[nab7¢c} m +V'Cab

[nab7 ncd]

5¢>c

where we rescale

Thy(x) = Hao(x),  —7Vby(x) = Hap(),

» One cannot recover Boltzmann distribution as a stationary
equilibrium distribution. Traditional way of coupling to external
sources doesn't work when mode couplings exist!
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Coupling to external source cRc’-rm

» The correct way: F' — H,¢q — Hapnap Which leads to

S+ FIa(ba + #abnab + (i)aHa + NabHab

FO(Z;(J, - gﬁbc{nbca ¢a}
_7v2ﬁab - gﬁcd{ncda nab} - g¢c{¢c: nab}

o,
Nab

» One recover the Boltzmann distribution as stationary equilibrium
distribution.

» Fluctuation-dissipation-relations are recovered.
> 1Pl effective action I'(¢, n, @,N)
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Regulator cRc’-rm

> Adding the regulator to the free energy

F 44 [ (6@ R 9)00(d) + nan( @ REE Dnand) )

» Due to the Poisson brackets structure in the MSR action
AS = —04(5) RY (&, §)ba(§) — Nap(@) R (Z, §)nan(¥)

» The diagrammatic flow equation

O0-C
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Symmetries of the MSR action cRc’-rm

» Symmetry of the thermal equilibrium(From which the general FDR for
n point function can be derived)

L]
7- @Q(W,ﬁ) _ 1 0 Ea%a(_wam
B U, (w, p) —fw 1 €a¥o(—w, D)
m ¢: parity of the field

» Charge conservation

> BRST symmetry
m Ensure that Z[H,H] =1
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Symmetries of the MSR action cRc’-rm

» Displacement symmetry
m The MSR action(with physical source terms) can be written as
0F - OF

6¢a _Nabm_$aDt¢a_ﬁathnab

S = / GaiTTopo—TrapiTYV >y, —
with covariant derivative:

Dt¢a = at¢7a - g(Tcd)abHcd¢b

Dyngp = O¢ngpy — g(Tcd)ab,echdnef

m The MSR action is invariant under uniformly time dependent O(N)
rotation.

m From the ward identity of displacement symmetry, one can show g is
scale independent: g = go.
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Functional renormalization group for model G cRc’-rm

» Truncation:
m Ansatz

Fk[¢;n7&)(¢an &kaﬁk)v ~(¢an &kaﬁk‘)]
~ o ) 1)
:/ |:_¢ka (6(;); +lp— Fi — gi{Pas e} Fk)

d¢a
. Oong OF} yax OF)
— Tkab (Wb — (V2 )5n " — g2 {nab, B} — 50, gk{nab,ncd} b )

+ i T Pral k Pha — iTﬁkab'Yk(62)ﬁkab:|

Yunxin Ye Critical dynamics of model G Bielefeld | 23/05/2023 17 / 24



Static critical behavior cRc’-rm

» Same as Euclidean FRG! “"Zﬁiiiil
" — FRG result EE T
25 slope indicating m3_, 0~ 2 S
a N " logh
17.5
TR P S 2 o Y
Reduced temperature log 7 — T—10
O T,=10"2
v = 0.553945 exact value il
H =06 L=17
from our truncation. = \
v = 0.780(20) from LPA. o \
# Murgana, Koenigstein and Rischke 02
’23 0.0
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ynamic critical behavior cRc’-rm

= R T m' E
=< —_— T =10"* s —0.3
e 107 2
_ T =10""
s T, =107 -0
—_— T,=10°
T, <107% -0
é_ . n_ .
I‘f ~ k*"72, scaling of the v (k)/k* ~ k"2, scaling of the
kinetic coefficient of the order diffusion coefficient of the
parameter ¢ conserved charge n
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Dynamic critical behavior cRc’-rm

» Scaling hypothesis implies
that:

Dn(paT) = Dn,OgQ_ZnL(pi)'

T, <10

» Dimensionless universal e
scaling function L£(p€) can

be extracted The scaling of diffusion

coefficient of the conserved
charges

Dy (p,7) = Ynge=0(7,7) /°
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Dynamic critical behavior

» Dimensionless universal scaling function

log(L(p&(7)))

— T, =108
— T.=10"

slope= —(2 — z,)

T, = 10"
T, = 10710
. =107

T, =10"¢

-5

CRc’-rm
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Dynamic critical behavior cRc’-rm
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Dynamic critical expo CRC-TR2n
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Figure: Extraction of the dynamic critical exponent z for various spatial
dimensions d.
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Conclusion/Outlook



Conclusion/Outlook cRc’-rm

> What we showed:
m O(4) static critical behavior recovered

= Dynamic critical exponent 2" = 2% = d/2

m Universal scaling function of the diffusion coefficient of the conserved
charges

» Outlook:
m Analytic calculation for large N limit

m Improved truncation, explicit symmetry breaking
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