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5.2. The Normal Viscosity and Andronikashvili’s Experiment
As we have just discussed, measurements of the rate of flow of helium through
a capillary do not enable us to determine the viscosity associated with the normal
fluid. This ‘ normal viscosity ’ rn is best found by measuring the viscous force
on a body moving through the liquid ; in an experiment of this type the superfluid exerts no force on the moving body and the total reaction is that due to the
normal viscosity alone. The most straightforward method uses a rotation viscometer and the results of detailed measurements by Heikkila and Hollis-Hallett
(1955)fluid
are shown in figure 6. We defer a discussion of the form of these results
ideal
realized in Nature? shear viscosity η=0?
to Q 6.1, only noticing here that the viscosity is of the same order as that of a gas.
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helium-4:
[Heikkila,
Hollis-Hallett 1955]

Figure 6 . The ‘ normal ’ viscosity of liquid helium as determined ( a ) directly with a rotation
viscometer, and ( b ) with an oscillating-disc viscometer plus a determination of the normal
density (after Heikkila and Hollis-Hallett 1955, and Hollis-Hallett 1952).

• find minimum: universal bounds on transport coeﬃcients?
•

One would suppose that the same value for the viscosity would be obtained
by making measurements with an oscillating-disc viscometer, but the damping on
such a disc is found to decrease steadily as the temperature falls, as is shown in
not figure
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(1948). This author mounted fifty thin metal discs very close together on a common
axis, oscillated them about a vertical axis in a bath of liquid helium, and found
that below the lambda point the period of the oscillating system decreased with
falling temperature. This curious result is accounted for by the fact that while
the superfluid is not affected by the motion of the discs, the normal viscosity is

fluids,

Estimating the shear viscosity
• shear viscosity η on vastly diﬀerent scales: normalize by entropy density s,
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• kinetic theory (non-relativistic, 3D): ⌘ ⇡ n p `mfp , s ' kB n
3
Fermi momentum p ' ~kF
1
1
mean free path `mfp = 1/(n ) '
with cross section ' 2 (unitarity)
kF
kF
• holographic duality (AdS/CFT): string theory dual to gravitational theory
η: absorption cross section of black hole ~ event horizon
s: entropy of black hole ~ event horizon
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perfect fluidity

[Kovtun, Son, Starinets 2005]

Unitary Fermi gas

[Bloch, Dalibard, Zwerger 2008]

• non-relativistic Fermi gas, two spin components ⬆,⬇
• contact interaction between ⬆ and ⬇: |r0 | ⌧ `
• strong s-wave scattering, |a|

` (Feshbach resonance)

• superfluid of fermion pairs below Tc /TF ⇡ 0.16 [Ku et al. Science 2012]

[Ketterle 2005]
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ement with our numerical results in Fig. 8. An alternative way to infer the high freor of the shear viscosity is based on the relation [28]
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Theory for η/s

equency-dependent shear viscosity and the mass–density correlation function v
hat is valid at all frequencies. As shown by Son and Thompson [77], the density
at large frequencies
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FIG. 6. !Color" Entropy as a function of # and v obtained using
Eqs. !2.50" and !2.63".

the interaction strength has been calculated only in recent
years. To lowest order in the interaction, the shift is positive
and linear in the scattering length $51%,
Tc/T!BEC"
= 1 + cnB1/3add + ¯ ,
c

!3.4"

with a numerical constant c # 1.31 $52,53%. As a result, the
evolution of the critical temperature in the homogeneous
case as a function of the dimensionless coupling constant v
= 1 / kFa necessarily exhibits a maximum, since the
asymptotic ideal Bose gas result is approached from above.
Such a maximum was found in the early calculations of Tc
along the BCS-BEC crossover by Nozières and Schmitt-Rink
$54% and by Randeria $55%. The precise height and location of
this maximum, however, have not been determined so far in
a quantitatively reliable manner. Given that our present
theory exhibits a first-order transition, there is a range of
multivaluedness of the thermodynamic potentials as a function of temperature. This regime is bounded in Fig. 4 by the
upper and lower Tc curves, respectively. The lower Tc curve
!shown as the red dashed line" which is monotonic in v coincides with the Tc curve previously calculated $30% by
implementing the Thouless criterion coming from the normal
fluid side. In a situation where a true first-order transition is
expected, we would need to perform a Maxwell construction
to obtain the proper transition line. As was discussed above,
however, the first-order transition is an artifact of the ap-

• 2PI (Luttinger-Ward) computation: repeated particle-particle scattering

etermined by the Tan contact C. The resulting coefficient Cg in the
sity agrees precisely with that in Eq. (59) above.
or the temperature-dependent shear viscosity can now be combined with the known
!2nB2/3
T!BEC"
=
3.31
= 0.218"F ,
!3.3"
tropy density [58] to determine the ratio g/s in the normal fluid regime of the unitary
c
mB
n Fig. 9, this ratio exhibits a very shallow minimum around T ' 0.3–0.4TF, below which
obtained for an ideal Bose gas with density nB = n / 2 and
ery slowly. The precise location of the minimum clearly depends sensitively onmass
how
mB = 2m. The leading corrections to this result arise
from the residual interactions between the strongly bound
sults for both the viscosity and entropy are in this regime. On quite general grounds,
bosonic dimers. As shown by Petrov et al. $20,50%, these
the minimum in g/s is close to the superfluid transition temperature Tc ’ 0.15Tinteractions
F, and can be described by a positive dimer-dimer scattering length add # 0.60a. With the quite plausible assumpotonically increasing as the temperature is lowered in the superfluid regime, eventually
tion that the total potential energy in a dilute gas of dimers is
o the steep increase predicted by Eq. (16) as the temperature approaches zero. The
factof its two-body interactions, the scattering length of
the sum
the four-fermion problem determines the corresponding inmmatic calculation gives results, e.g., for the critical temperature and the associated
teraction constant in the theory of a weakly interacting Bose
y s ’ 0.7nkB [58] which agree well with precise numerical results [78], suggests
gas
in the regime of a small gas parameter nB1/3add ! 1, where
c Bogoliubov
Fthat
ovides a quantitatively reliable estimate, despite the fact that the precise location of theory is applicable. The exact dependence of
the critical temperature of the dilute, repulsive Bose gas on
s difficult to determine. Granting that our value g/s ’ 0.6!
h/kB for the minimum is close
sult, we conclude that the ratio g/s for the unitary Fermi gas remains a factor of about 2 ν = −2
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good approximation for unitary Fermi gas:

T /T ' 0.16,

• transport calculation via Kubo formula:
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FIG. 5. !Color online" S!T" at various interaction strengths v.
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ity to entropy ratio g/s (blue circles) in comparison with known asymptotes. The dashed red line on the left

FIG. 7. !Color" Pressure as a function of # and v obtained using
Eqs. !2.48" and !2.58".
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[see also
Bruun, Smith 2007 (kin),
Enss 2012 (large-N),
Wlazlowski+ 2012 (QMC),
Schäfer, Chafin 2012 (hyd),
Romatschke, Young 2012]

How about spin transport?
• experiment: spin-polarized clouds in harmonic trap

bounce!
[J. Thomas 2011]

• strongly interacting gas [movie courtesy Martin Zwierlein]:

[A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)]
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Is there a quantum bound for spin diffusion?

access to the temperature dependence of the spin susceptibility,
!
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Figure 3 | Spin diffusivity of a trapped Fermi gas. Shown is the spin
diffusivity on resonance (Ds, normalized by B/m; filled circles) as a function of
the dimensionless temperature T/TF. At high temperatures, Ds obeys the
3/2
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range between h ’ 1.5 and h ’ 7 by measuring the expansion dynamics of a unitary gas released from
an optical trap [61]. Very good agreement has been found also with the expected prefactor, thus considerably improving the situation compared to earlier measurements of the shear viscosity from the
damping of the radial breathing mode [62].
Remarkably, the solution of the transport integral equation at high temperatures and small frequencies can also be obtained by a completely analytical approach. In fact, in the low fugacity limit,
one can terminate the iterative procedure after the first iteration step (correlation function to first order in the pair propagator) and resum via a memory function approach, a method that was developed
in the context of electrical conductivities by Götze and Wölfle [63]. The first-order correlation function
s
contains the diagrams for self-energy, Maki–Thompson and Aslamazov–Larkin contributions shown in
s
Fig. 3. These diagrams are obtained by evaluating the transport equations (38)–(43) with the bare viss
ð0Þ
ð0Þ
cosity vertices T ‘ , S‘ on the right-hand side, and with bare fermionic propagators G0(p,!) with an
additional impurity scattering rate c, which is taken to zero after resummation.
s
"
#
"
Explicitly, to lowest order both in the fugacity and in the scattering rate, the bosonic vertex correction S‘ in Eq. (43) is given by

Computing the spin diffusivity

• 2PI (Luttinger-Ward) theory: use Einstein relation D =
spin conductivity
•
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¼
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⬆,⬇ particle number conservation

Fig. 3. Diagrammatic contributions to the viscosity correlation function v‘(x) at first order in the pair fluctuations: Self-energy
(S), Maki–Thompson (MT) and Aslamazov–Larkin (AL) diagrams.

• including medium eﬀects [Enss, Küppersbusch, Fritz 2012]

! * EF : spectral weight is transferred from the region
! & 8EF to higher frequencies where it forms a powerlaw tail !s ð! ! 1Þ % !&3=2 (dotted blue line in Fig. 2).
The high-frequency response generally depends on the
nonuniversal short-distance behavior of the interatomic
potential. However, for a broad Feshbach resonance as in

Dynamical spin conductivity

[Enss, Haussmann PRL 2012]
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Conclusion and outlook

value of the entropy density [58] to determine the ratio g/s in the normal fluid regime o
gas. As shown in Fig. 9, this ratio exhibits a very shallow minimum around T ' 0.3–0.4TF,
g/s increases very slowly. The precise location of the minimum clearly depends sensiti
accurate the results for both the viscosity and entropy are in this regime. On quite gen
it is likely that the minimum in g/s is close to the superfluid transition temperature Tc ’
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crossing over to the steep increase predicted by Eq. (16) as the temperature approaches z
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• local transport measurements: [cf. Ku et al. 2012 for thermodynamics]
extract diﬀusivity from spin-resolved dynamic structure factor

FIG. 1 (color online). Spin diffusivity Ds vs reduced temperature T=TF (solid red line) in the normal phase, T > Tc ’ 0:16TF .
The experimental data [4] (blue squares) for the trapped gas are
rescaled down by a factor of 4.7 to compensate for the effect of
the trapping potential. The dashed black line is the result from
kinetic theory, Ds ¼ 1:1ðT=TF Þ3=2 @=m.

(dashed black line). In the strongly interacting region
near Tc , however, the fermions cease to be well-defined
quasiparticles [17,18] and the Boltzmann theory is not
applicable. Therefore, we employ the strong coupling
Luttinger-Ward theory to compute spin transport. The
Luttinger-Ward (or 2PI) formalism [19,20] is based on
the self-consistent T matrix for repeated particle-particle
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