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Unitary Fermi gas
• Fermi gas with contact interaction
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• scattering amplitude (3d)

1
f (k) =
−1/a − ik + re k 2 /2

• strong scattering in unitary limit
1/a = 0 :

i
f (k → 0) =
k

• universal for dilute system (broad resonance)
re � n−1/3
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[Sa de Melo, Physics Today 2008]

Figure 3. Ultracold Fermi gas phase diagram. Sketch of the Bardeen-Coop
Schrieffer (BCS) to Bose-Einstein condensate (BEC) crossover for ultracold Fe
gases. When the scattering length as passes through a pole, so that 1/(kF as ) →
one obtains a strongly correlated fluid, the unitary gas. The critical temperature
for the phase transition only approaches the pairing temperature Tpair in the li
1/(kF a) → −∞. The crossover region is the strongly interacting regime, loos
defined by |1/(kF as )| < 1. Note that we denote the scattering length by a in the te
Used with permission from Ref. [33].

Crossovers of the dilute Bose gas in d = 3 as a function of the chemical potential µ and
perature T. The regimes labeled A, B, C are described in Ref. [17]. The solid line is the
mperature
phase transition wheregroup
the superfluid order disappears; the shaded region is where
Renormalization
an effective classical description of thermal fluctuations. The contours of constant density
ar to those in Fig. 8.1 and are not displayed
• vacuum (T=0, n=0): exact beta function [Nikolic, Sachdev; Diehl et al.]
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[Nikolic, Sachdev 2007]
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other methods. We find very good agreement of the pressure
P with large-N (3% above BDMC) and Luttinger-Ward (4%
below)
calculations,
slightly outside the error bars, and
Quantum
criticaljustpoint
we find similarly good agreement for the entropy density s.
From the BDMC equation-of-state simulations of [9], one can

• resonant fixed point is Quantum critical point (QCP)

[Nikolic, Sachdev]

[Enss 2012]

FIG. 1. (Color online) Universal phase diagram of the unitary
• density n is order parameter: vacuum for T=0, μ<0
Fermi gas.
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o the lack of an intrinsic small parameter we introduce
tificial small parameter, 1/N, which organizes the
ent diagrammatic contributions, or scattering processes,
orders of 1/N. The original theory is recovered in
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hese approximations can be systematically improved
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Universal properties

e.g. equation of state n = λT fn

[Enss 2012]
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• measured by Zwierlein group, Science 2012,
computed using Bold Diagrammatic MC:
agreement on percent level (benchmark)
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Figure 3 | Constructing the EOS from in situ imaging. The atom cloud shown contai
EF = 370 nK at the centre. a, Absorption image of the atomic cloud after quadrant av
averaging produces a low-noise density profile, n versus V. Thermometry is perform
EOS (solid blue line), starting with the virial expansion for βµ < −1.25 (green dashe
the density profile yields T = 113 nK, and βµ = 1.63. d, Given µ and T, the density pro
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• open: contact, imbalance, superfluid (in progr.)
challenge: transport

[van Houcke et al. 2012]
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focus on quantum critical regime: λT ≈ n−1/3
Figure 4 | Equation of state of the unitary Fermi gas in the normal phase. Density n
density n and the pressure P of a non-interacting Fermi gas, versus the ratio of che
quantum and thermal fluctuations equally important
work), red filled circles: experiment (this work). The BDMC error bars are estimated
0
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0

deviation systematic plus statistical errors, with the additional uncertainty from the
red solid lines. Black dashed line and red triangles: Theory and experiment (this wor
error. Green solid line: third order virial expansion. Open squares: first order bold dia

Effective action
• Hubbard-Stratonovich transformation in Cooper channel:
exchange of virtual molecules (T-matrix)
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tr ln Gf [φ] = b2 (q, ω) |φ| + b4 (qi , ωi ) |φ| + · · ·
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Vacuum (at QCP)
• 3d, T=μ=0:

b2 (q, ω) �

�

q2
− ω − i0
4m

• anomalous dimension:
ηφ = 4 − d > 0,

d + ηφ
dim[φ] =
= 2 (2 < d < 4)
2

• n-point functions bn ∼ q 5−2n all scale marginally [Enss 2012]
• no simple φ4 theory (Hertz-Millis)
• in vacuum no feedback on 2-point function, dg/dl remains exact
but possible limit cycles in 3-body sector can change ground state
(Efimov physics, Richard Schmidt’s talk on Friday)
[Floerchinger, Schmidt, Moroz, Wetterich]
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Finite density
• T>0, n>0: all higher n-point functions feed back into ϕ propagator,
no obvious strategy to select diagrams (no small parameter)
• strong coupling many-body problem:
- sample all diagrams (Bold Diagrammatic MC)
- Luttinger-Ward (2PI): self-consistent propagators (1-loop skeleton diagrams)
- functional RG: derivative expansion; full ω,q [Schmidt, Enss 2011]
• large-N expansion: [Nikolic, Sachdev]
N flavors of ↑↓ fermions
fermion loops: factor N
pair propagators: factor 1/N (N=∞ free fermions)
controlled expansion in orders 1/N
extrapolate to physical case N=1
details: Enss, PRA 86, 013616 (2012)
Tilman Enss (TU München)
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theory
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If this order of the 1/N expansion is evaluated at N = 1 (NSR),
we obtain for the density

(N = 1).
n = 2.674 230 λ
Results: thermodynamics
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Results: transport
• Boltzmann equation justified in large-N expansion;
need in-medium T-matrix for consistency!
• transport in quantum critical regime: scaling with temperature
η
�
3/2
3/2
η ∼ � T , s ∼ kB T
−→
= 0.74
s
kB
SHEAR VISCOSITY AND SPIN DIFFUSION IN A TWO- . . .
• viscosity η/s measures incoherent relaxation rate:
�
= 0.54 kB T
τη
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η/s

• large-N in 2d: viscosity
[Enss, Küppersbusch, Fritz,
PRA 86, 013617 (2012)]
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Results: transport

• Luttinger-Ward (2PI): self-consistent fermion and pair propagators
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η/s [−h / kB]

viscosity η/s:
Enss, Haussmann, Zwerger 2011

!

mDs/h

spin diffusion rate Ds ∼ �/m
Enss, Haussmann, arXiv:1207.3103 (2012)
comparison with experimental data:
Sommer et al. (Zwierlein group), Nature 2011

Conclusions
• phase diagram of unitary Fermi gas governed by quantum critical point
• scaling analysis of effective action:
infinity number of marginal vertices, approximations not obvious
• comparison with benchmark:
large-N expansion, Luttinger-Ward (2PI), functional RG work well
• lesson for functional RG:
integrate out fermions and bosons simultaneously; full ω,q dependence helps
• large-N accurately determines pressure, entropy, contact;
transport calculations can explain recent experiments:
quantum limited spin diffusion
Tilman Enss (TU München)

