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Why heavy ion collisions ?

Study quantum gauge theories at non-zero temperature and density

Microscopic physics of QCD quite well understood - but challenging to
understand more macroscopic aspects

Chance to improve general understanding of quantum field theory -
important also for cosmology and condensed matter physics

Quark gluon plasma has filled the universe from about 10−12 s to 10−6 s
after the big bang. Study it in laboratory experiments !

Ongoing large experimental programs at at RHIC (BNL) and the LHC
(CERN).
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Little bangs in laboratory
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Evolution in time

Non-equilibrium evolution at early times
initial state from QCD? Color Glass Condensate? ...
thermalization via strong interactions, plasma instabilities, particle
production, ...

Local thermal and chemical equilibrium
strong interactions lead to short thermalization times
evolution from relativistic fluid dynamics
expansion, dilution, cool-down

Chemical freeze-out
for small temperatures one has mesons and baryons
inelastic collision rates become small
particle species do not change any more

Thermal freeze-out
elastic collision rates become small
particles stop interacting
particle momenta do not change any more
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Microscopic description

Lagrangian

L = −1

2
tr FµνF

µν −
∑
f

ψ̄f (iγµDµ −mf )ψf

with

Fµν = ∂µAν − ∂νAµ − ig[Aµ,Aν ], Dµ = ∂µ − igAµ

Particle content

N2
c − 1 = 8 real massless vector bosons: gluons

Nc ×Nf massive Dirac fermions: quarks

Quark masses

Up 2.3 MeV Charm 1275 MeV Top 173 GeV
Down 4.8 MeV Strange 95 MeV Bottom 4180 MeV
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Asymptotic freedom
9. Quantum chromodynamics 33

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  
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Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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[Particle Data Group (2013)]

Coupling constant small at high momentum transfer / energy scale

High-temperature QCD should be weakly coupled

Low-temperature QCD should be strongly coupled
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Collision energies

Large Hadron Collider (LHC), run 1
total collision energy for Pb-Pb

√
s = 2× 574 TeV

208Pb has 82 + 126 = 208 nucleons
collision energy per nucleon

√
sNN =

574

208
TeV = 2.76 TeV

also proton-ion collisions (pA) at
√
sNN = 5.02 GeV

Relativistic Heavy Ion Collider (RHIC) at BNL (since 2000)
√
sNN ≤ 200 GeV

Lower energy experiments
Alternating Gradient Synchrotron (AGS) at BNL (since mid 1980’s)

√
sNN ≈ 2− 5 GeV

CERN SPS fixed target experiments (since 1994)
√
sNN ≤ 17 GeV
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Multiplicity
Number of charged particles found in the detector6 A heavy ion phenomenology primer
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Figure 2.1 Charged particle multiplicity distributions for central nucleus–nucleus
collisions (i.e. the 5% or 6% of collisions that have the smallest impact parameter)
over more than two orders of magnitude in

√
sNN. Data taken from Refs. [263]

and [94].

multiplicity would be 3/2 times the charged multiplicity. In reality, this factor turns
out to be about 1.6 [96], meaning that heavy ion collisions at the top RHIC energy
each produce about 8000 hadrons in the final state. At the LHC, the corresponding
pseudorapidity distribution is known so far only in a range around mid-rapidity
(see Fig. 2.1), with d Nch/dη = 1584 ± 4(stat) ± 76(sys) at η = 0 in the 5% or
6% of collisions with

√
s = 2.76 TeV that have the smallest impact parameter [4].

We see from Fig. 2.1 that this multiplicity grows with increasing collision energy
by a factor of close to 2.5 from the top RHIC energy to LHC at

√
s = 2.76 GeV.

The multiplicity per unit pseudorapidity is largest in a range of angles centered
around η = 0, meaning θ = π/2. Moreover, the distribution extends with increas-
ing center of mass energy to larger values of pseudorapidity, so that the total event
multiplicity at LHC is estimated to be a factor ∼ 5 larger than at RHIC, lying in
the ballpark of ∼25 000 charged particles in central collisions. The illustrations in
Fig. 2.2 provide an impression of what collisions with these multiplicities look like.

The large multiplicities in heavy ion collisions indicate large energy densities,
since each of these particles carries a typical (mean) transverse momentum of sev-
eral hundred MeV. There is a simple geometric method due to Bjorken [165], that
can be used to estimate the energy density at a fiducial early time, conventionally

Downloaded from Cambridge Books Online by IP 137.138.93.140 on Mon Jul 13 14:09:28 BST 2015.
http://dx.doi.org/10.1017/CBO9781139136747.002

Cambridge Books Online © Cambridge University Press, 2015

as function of pseudo-rapidity η = − ln(tan(θ/2))

integration gives Nch = 5060± 250 at upper RHIC energy

not all particles are charged, about 1.6× 5060 ≈ 8000 hadrons in total

Nch grows with collision energy

estimate for LHC: Nch = 25 000 or about 40 000 hadrons in total
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Identified particle multiplicities
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[Andronic, Braun-Munzinger, Redlich, Stachel (2012/2013)]

Multiplicities of identified particles well described by statistical model:

non-interacting hadron resonance gas in thermal and chemical equilibrium.

includes all hadronic resonances known to the particle data group.

fit parameters are temperature T , volume V and chemical potentials for
baryon number µb, isospin, strangness and charm.
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Chemical freeze-out interpretation

Why does statistical model work that well?

Hadronization is governed by non-perturbative QCD processes. Not
completely understood yet.

Interpretation in terms of chemical freeze-out:
Close-to-equilibrium evolution with expansion and cool-down
Number changing processes are first fast and keep up equilibrium
At low temperature they become too slow to keep up with the expansion
Particle numbers get frozen in

Interpretation seems reasonable for heavy ion collisions.

Puzzle: Statistical model works also for electron-positron or proton-proton
collisions with similar temperatures.
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Statistical model fits and collision energy

Statistical model fits have been made at different collision energies
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A phase diagram from chemical freeze-out ?

The fit parameters (T, µ) from different collision energies lead to a
suggestive diagram. What is the physical significance ?
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[Andronic, Braun-Munzinger, Stachel (2009), LQCD from Fodor, Katz (2004)]

At large µb / small T no phase transition at the chemical freeze-out line
[Floerchinger, Wetterich (2012)]
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Fluid dynamics

Long distances, long times or strong enough interactions

matter or quantum fields form a fluid!

Needs macroscopic fluid properties
equation of state p(T, µ)
shear viscosity η(T, µ)
bulk viscosity ζ(T, µ)
heat conductivity κ(T, µ)
relaxation times, ...

For QCD no full ab initio calculation of transport properties possible yet
but in principle fixed by microscopic properties encoded in LQCD

Ongoing experimental and theoretical effort to understand this in detail
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Relativistic fluid dynamics
Energy-momentum tensor and conserved current

Tµν = (ε+ p+ πbulk)uµuν + (p+ πbulk)gµν + πµν

Nµ = nuµ + νµ

tensor decomposition w. r. t. fluid velocity uµ

pressure p = p(ε, n)

close-to-equilibrium: constitutive relations from derivative expansion

bulk viscous pressure πbulk = −ζ ∇µuµ + . . .

shear stress πµν = −η
[
∆µα∇αuν + ∆να∇αuµ − 2

3
∆µν∇αuα

]
+ . . .

diffusion current να = −κ
[
nT
ε+p

]2
∆αβ∂β

( µ
T

)
+ . . .

more general: dynamical equations for πbulk, πµν and νµ

τbulk u
µ∂µπbulk + πbulk = −ζ ∇µuµ + . . .

Fluid dynamic equations for ε, n and uµ from covariant conservation laws

∇µTµν = 0, ∇µNµ = 0.
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Bjorken boost invariance
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How does the fluid velocity look like?

Bjorkens guess: vz(t, x, y, z) = z/t

leads to an invariance under Lorentz-boosts in the z-direction

use coordinates τ =
√
t2 − z2 x, y, η = arctanh(z/t)

fluid velocity uµ = (uτ , ux, uy, 0)

thermodynamic scalars like energy density ε = ε(τ, x, y)

remaining problem is 2+1 dimensional

Bjorken boost symmetry is an idealization but it is reasonably accurate
close to mid-rapidity η ≈ 0.
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The Bjorken model

[coordinates: τ =
√
t2 − z2, x, y, η = arctanh(z/t)]

Consider initial conditions at τ = τ0 of the form

ε = ε(τ0), uµ = (1, 0, 0, 0)

Simplified model for inner region at early times after central collision.

Symmetries
Bjorken boost invariance η → η + ∆η
Translations and rotations in the transverse plane (x, y)

imply
uµ = (1, 0, 0, 0) for all times τ
ε = ε(τ) independent of x, y, η

Equation for energy density in first order formalism

∂τ ε+ (ε+ p)
1

τ
−
(

4
3
η + ζ

) 1

τ2
= 0

Solution depends on equation of state p(ε) and viscosities η(ε), ζ(ε)
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Non-central collisions

pressure gradients larger in reaction plane

leads to larger fluid velocity in this direction

more particles fly in this direction

can be quantified in terms of elliptic flow v2

particle distribution

dN

dφ
=
N

2π

[
1 + 2

∑
m

vm cos (m (φ− ψR))

]

symmetry φ→ φ+ π would imply v1 = v3 = v5 = . . . = 0.
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Elliptic flow

Elliptic flow coefficient v2 as a function of pT for different centrality classes
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Figure 2.8 Transverse momentum dependence of the elliptic flow v2(pT ) for
different centrality bins. Measurements made by the ALICE Collaboration at
the LHC (colored points) are compared with parametrized data from the STAR
Collaboration at RHIC (gray shaded bands). We see v2 increasing as one goes
from nearly head-on collisions to semi-peripheral collisions. Figure taken from
Ref. [5].

simulations of the type we shall discuss below. We shall therefore only discuss the
dynamical understanding of how the ϵn are related to the vn for the moments with
n ≥ 2. We shall first consider an event-averaged almond-shaped nuclear overlap
zone (left-hand side of Fig. 2.7), before we turn to a discussion of the novel oppor-
tunities arising from a study of event-by-event fluctuations (like those illustrated
on the right-hand side of Fig. 2.7).

A Discussion for event-averaged spatial asymmetries

In Fig. 2.8, we show data for the transverse momentum dependence of the elliptic
flow v2(pT ) measured for different centrality classes in Au+Au collisions at RHIC
and in Pb+Pb collisions at the LHC. It is striking that the v2(pT ) measured at√

s = 2.76 TeV by ALICE in three different impact parameter bins agrees within
error bars at all values of pT with that measured at

√
s = 200 GeV by the STAR

collaboration at RHIC out to beyond 4 GeV in pT . On a qualitative level, this
indicates that the quark-gluon plasma produced at the LHC is comparably strongly
coupled, with comparably small η/s, to that produced and studied at RHIC.

Heavy ion collisions at both RHIC and the LHC feature large azimuthal asym-
metries. To appreciate the size of the measured elliptic flow signal, we read from
(2.6) that the ratio of d N/d3p in whatever azimuthal direction it is largest to
d N/d3p ninety degrees in azimuth away is (1 + 2v2)/(1 − 2v2), which is a factor

Downloaded from Cambridge Books Online by IP 137.138.93.140 on Mon Jul 13 14:09:28 BST 2015.
http://dx.doi.org/10.1017/CBO9781139136747.002

Cambridge Books Online © Cambridge University Press, 2015

[ALICE (2010)]
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Elliptic flow at different collision energies
Elliptic flow coefficient v2 for centrality class 20-30% as a function of

√
sNN

Flow and Viscosity in Relativistic Heavy Ion Collisions 36
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[ALICE (2010)]

Elliptic flow in fixed centrality class increases with collision energy.

At very small energy not enough time to develop flow.
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Two-particle correlation function

normalized two-particle correlation function

C(φ1, φ2) =
〈 dN
dφ1

dN
dφ2
〉events

〈 dN
dφ1
〉events〈 dNdφ2

〉events

= 1 + 2
∑
m

v2
m cos(m (φ1 − φ2))

Surprisingly v2, v3, v4, v5 and v6 are all non-zero!

[ALICE 2011, similar results from CMS, ATLAS, Phenix]
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Harmonic flow coefficients

Flow coefficients v2, v3, v4 and v5 for charged particles as a function of
transverse momentum for different centrality classes.

ALICE Collaboration / Physics Letters B 708 (2012) 249–264 255

Fig. 6. (Color online.) The global-fit parameters, vn{GF}, for 2 ! n ! 5. Statistical uncertainties are represented by error bars on the points, while systematic uncertainty is
depicted by open rectangles.

Fig. 7. (Color online.) High-pT fit examples in 0–20% central events for n = 1 to 4. Although all datapoints are shown for pt
T > 5 GeV/c, the fit range includes only the six

points with pa
T > 5 GeV/c.

To evaluate the systematic uncertainty, the global fit procedure
is performed three times for each n and centrality bin: once on
the measured Vn! points (leading to the red curves in Fig. 5),
and once on the upper and lower bounds of the systematic er-
ror bars (resulting in black dashed curves). The vn{GF} systematic
error is then assigned as half the difference. The resulting uncer-
tainties are shown as open boxes in Fig. 6 and Fig. 11, which are
discussed in the following sections.

5. Global fit results

In the n = 2 case (Fig. 5, top), the fit agrees well with the data
points at low pt

T and pa
T , but diverges with increasing pa

T for each
pt

T interval. Where disagreement occurs, the fit is systematically
lower than the points. In contrast, for n = 3, the fit does not fol-
low the points that drop sharply to negative values at the highest

momenta. This is also observed for n = 5, though with poorer sta-
tistical precision.

The global fit is driven primarily by lower particle pT , where
the smaller statistical uncertainties provide a stronger constraint
for χ2 minimization. The disagreement between data and the fit,
where pt

T and pa
T are both large, points to the breakdown of the

factorization hypothesis; see also Fig. 3 and the accompanying dis-
cussion.

The factorization hypothesis appears to hold for n ! 2 at low
pa

T (" 2 GeV/c) even for the highest pt
T bins. The Vn! values

for these cases are small relative to those measured at higher
pa

T , and remain constant or even decrease in magnitude as pt
T

is increased above 3–4 GeV/c. V 2! dominates over the other co-
efficients, and the n > 3 terms are not significantly greater than
zero. This stands in contrast to the high-pt

T , high-pa
T case, where

it was demonstrated in Fig. 3 that dijet correlations require signif-

[ALICE (2012)]

Elliptic flow v2 has strongest centrality dependence.

Triangular flow v3 as well as v4 and v5 are all non-zero.

vn(pT ) at fixed pT decreases for increasing n

20 / 36



Event-by-event fluctuations

argument for v3 = v5 = 0 is based on event-averaged geometric
distribution

deviations from this can come from event-by-event fluctuations.

one example is Glauber model

-10 -5 0 5 10

-5

0

5

initial transverse density distribution fluctuates event-by-event and this
leads to sizeable v3 and v5

more generally also other initial hydro fields may fluctuate: fluid velocity,
shear stress, baryon number density etc
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Fluid dynamic simulations

Second order relativistic fluid dynamics is solved numerically for given
initial conditions.

Codes use thermodynamic equation of state from lattice QCD.

Initial conditions fluctuate from event-to-event and different models are
employed and compared.

η/s is varied in order to find experimentally favored value.

u!T
!"
CYM ¼ "u", using the fact that u! is a timelike eigen-

vector of T!"
CYM and satisfies u2 ¼ 1.

Other important details of our analysis are as follows.
Unless otherwise noted, #switch ¼ 0:2 fm=c. We employ
the s95p-PCE equation of state, obtained from fits to
lattice quantum chromodynamics (QCD) results and a
hadron resonance gas model [30], with partial chemical
equilibrium (PCE) setting in below a temperature TPCE ¼
150 MeV. Kinetic freeze-out occurs at TFO ¼ 120 MeV.
At this temperature, we implement the Cooper-Frye pre-
scription [31] for computing particle spectra. Unless other-
wise noted, shown results include decays from resonances
of masses up to 1.3 GeV.

A novel feature of our study is the determination of
centrality classes using the multiplicity distribution of
gluons much like the procedure followed by the heavy
ion experiments [32]. The gluon multiplicity distribution
is shown in Fig. 1. Centrality classes are determined from
the fraction of the integral over this distribution, beginning
with integrating from the right. As a consequence of
implementing this centrality selection, we properly
account for impact parameter and multiplicity fluctuations.

Because entropy is produced during the viscous hydro-
dynamic evolution, we need to adjust the normalization of
the initial energy density commensurately to describe the
final particle spectra [33]. The obtained pT spectra of

pions, kaons, and protons are shown for 0%–5% central
collisions at

ffiffiffi
s

p ¼ 2:76 TeV=nucleon, using the shear vis-
cosity to entropy density ratio $=s ¼ 0:2, in Fig. 2, and
compared to data from ALICE [34]. The results are for
averages over only 20 events in this case, but statistical
errors are smaller than the linewidth for the spectra.
Overall, the agreement with experimental data is good.
However, soft pions at pT < 300 MeV are underestimated.
We determine v1 to v5 in every event by first determin-

ing the exact event plane [35,36]

c n ¼
1

n
arctan

hsinðn%Þi
hcosðn%Þi ; (1)

and then computing

vnðpTÞ ¼ hcosðnð%$ c nÞÞi

%
R
d%fðpT;%Þ cosðnð%$ c nÞÞR

d%fðpT;%Þ ; (2)

where fðpT;%Þ are the thermal distribution functions with
viscous corrections obtained in the Cooper-Frye approach
(with additional contributions from resonance decays).
We first present the root-mean-square (rms) vnðpTÞ for

10%–20% central collisions and compare to experimental
data from the ATLAS Collaboration [4] in Fig. 3.
Agreement for v2–v5 is excellent. Note that the vn from
the experimental event-plane method used by ATLAS
agree well with the rms values [37]. We also find excellent
agreement over the whole studied centrality range when
comparing the pT-integrated rms v2, v3, and v4 to the
available vnf2g (obtained from two-particle correlations,
corresponding to the rms values) from the ALICE
Collaboration [3], as shown in Fig. 4.
We studied the effect of initial transverse flow included

in our framework by also computing vnðpTÞ with u! set to
zero at time #switch. The effect on hadron anisotropic flow
turns out to be extremely weak—results agree within sta-
tistical errors. Because photons are produced early on in
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FIG. 1 (color online). Gluon multiplicity distribution in the
IP-Glasma model.
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012302-2
the collision, we expect a greater effect on photon aniso-
tropic flow; this will be examined in a subsequent work.
We emphasize that preequilibrium dynamics that is not
fully accounted for may still influence the amount of initial
transverse flow.

The effect of changing the switching time from !switch ¼
0:2 fm=c to !switch ¼ 0:4 fm=c is shown in Fig. 5. Results
agree within statistical errors, but tend to be slightly lower
for the later switching time. The nonlinear interactions of
classical fields become weaker as the system expands and
therefore Yang-Mills dynamics is less effective than hydro-
dynamics in building up flow at late times. Yet it is reassur-
ing that there is a window in time where both descriptions
produce equivalent results.

Because a constant "=s is at best a rough effective mea-
sure of the evolving shear viscosity to entropy density ratio,
we present results for a parametrized temperature dependent
"=s, following [38]. We use the same parametrization (HH-
HQ) as in Ref. [38,39] with a minimum of ð"=sÞðTÞ ¼ 0:08
at T ¼ 180 MeV, approximately at the crossover from
quark-gluon plasma to hadron gas in the used equation of

state. The result, compared to "=s ¼ 0:2 is shown for
20%–30% central collisions in Fig. 6. The results are indis-
tinguishable when studying just one collision energy. The
insensitivity of our results to two very different functional
forms may suggest that the development of flow is strongly
affected at intermediate times when"=s is very small. Also,
since second order viscous hydrodynamics breaks down
when!#$ is comparable to the ideal terms, our framework
may be inadequate for too large values of "=s.
We compare results for top RHIC energies, obtained

using a constant "=s ¼ 0:12, which is about 40% smaller
than the value at LHC, to experimental data fromSTAR [40]
and PHENIX [1] in Fig. 7. The data arewell described given
the systematic uncertainties in both the experimental and
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[Gale, Jeon, Schenke, Tribedy, Venugopalan (2013)]

22 / 36



What perturbations are interesting and why?

Initial fluid perturbations: Event-by-event fluctuations around a
background or average of fluid fields at time τ0:

energy density ε
fluid velocity uµ

shear stress πµν

more general also: baryon number density nB ,
electric charge density, electromagnetic fields, ...

governed by universal evolution equations

can be used to constrain thermodynamic and transport properties

contain interesting information from early times

measure for deviations from equilibrium
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Similarities to cosmic microwave background

fluctuation spectrum contains info from early times

many numbers can be measured and compared to theory

can lead to detailed understanding of evolution and properties

could trigger precision era in heavy ion physics
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A program to understand fluid perturbations

1 Characterize initial perturbations.

2 Propagated them through fluid dynamic regime.

3 Determine influence on particle spectra and harmonic flow coefficients.

4 Take also perturbations from non-hydro sources (e.g. jets) into account.
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Fluid dynamic perturbation theory for heavy ions

proposed in: [Floerchinger & Wiedemann, PLB 728, 407 (2014)]

goal: determine transport properties experimentally

so far: numerical fluid simulations e.g. [Heinz & Snellings (2013)]

new: solve fluid equations for smooth and symmetric background and
order-by-order in perturbations

less numerical effort

good convergence properties [Floerchinger et al., PLB 735, 305 (2014)]

similar technique used in cosmology since many years
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Collective behavior in proton - ion collisions

14 R. Granier de Cassagnac / Nuclear Physics A 931 (2014) 13–21

Fig. 1. Elliptic (left) [7] and triangular (right) [6] flow in pPb and PbPb collisions of similar charge particle multiplicity. 
Left: The preliminary elliptic flow parameter v2 extracted with six- (blue cross) and eight-particle (red diamonds) cumu-
lants, as well as with the Lee–Yang zeros method (green filled circles) agree with the published four-particle cumulant 
(open blue squares) results for both PbPb and pPb collisions. Right: The triangular v3 parameter is similar for pPb (blue 
squares) and PbPb (red circles) collisions of the same multiplicity. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

multiplicity environment of pPb collisions and/or 50–100% most peripheral PbPb collisions, this 
list now extends to identified pions, kaons and protons, KS and Λ, as well as the B+, B0 and BS

mesons.
The newest results, some of them preliminary, are presented below with an emphasis on the 

ones obtained from the latest pPb and pp data samples. All heavy-ion related results from the 
CMS Collaboration are collected in Ref. [2].

2. Collectivity

The first heavy-ion inspired measurement at the LHC was the observation by CMS, in pp 
collisions at 7 TeV, of long-range two-particle correlations [3]. Though their origin is still unclear, 
the later observation of a similar feature in PbPb collisions [4] was reminiscent of results from 
RHIC, that are commonly interpreted as collective flow arising from the initial collision geometry 
and its fluctuations. In pPb collisions, such correlations were also observed [5]. To investigate 
the hypothesis that they may be due to collective flow, the high-multiplicity pPb collisions are 
carefully studied. When possible, they are compared to the corresponding PbPb collisions: the 
highest multiplicity range explored, namely the top 3 × 10−6 fraction of pPb collisions, reaches 
for instance that of 55–60% centrality PbPb collisions.

Beyond the measurement of a second harmonic v2 component from two-particle correlations, 
the following list of seven observations shall shed light on the nature of the particle interactions 
at play in pPb collisions, and put constraints on theories trying to model them.

1. The first pPb/PbPb comparisons at the same multiplicity were made in Ref. [6]. Though the 
elliptic flow (v2) amplitude is larger in PbPb collisions, the triangular flow parameter (v3) is 
similar at equal multiplicities, as shown in Fig. 1 (right).

2. When computed from four-, six- or eight-particle correlations, or with the Lee–Yang zeros 
method, the magnitude of v2 is found to be similar, in both pPb and PbPb collisions, see 
Fig. 1 (left). This implies that a large number of particles are involved in the underlying 
process behind v2, which is thus of collective nature [7].

14 R. Granier de Cassagnac / Nuclear Physics A 931 (2014) 13–21

Fig. 1. Elliptic (left) [7] and triangular (right) [6] flow in pPb and PbPb collisions of similar charge particle multiplicity. 
Left: The preliminary elliptic flow parameter v2 extracted with six- (blue cross) and eight-particle (red diamonds) cumu-
lants, as well as with the Lee–Yang zeros method (green filled circles) agree with the published four-particle cumulant 
(open blue squares) results for both PbPb and pPb collisions. Right: The triangular v3 parameter is similar for pPb (blue 
squares) and PbPb (red circles) collisions of the same multiplicity. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

multiplicity environment of pPb collisions and/or 50–100% most peripheral PbPb collisions, this 
list now extends to identified pions, kaons and protons, KS and Λ, as well as the B+, B0 and BS

mesons.
The newest results, some of them preliminary, are presented below with an emphasis on the 

ones obtained from the latest pPb and pp data samples. All heavy-ion related results from the 
CMS Collaboration are collected in Ref. [2].

2. Collectivity

The first heavy-ion inspired measurement at the LHC was the observation by CMS, in pp 
collisions at 7 TeV, of long-range two-particle correlations [3]. Though their origin is still unclear, 
the later observation of a similar feature in PbPb collisions [4] was reminiscent of results from 
RHIC, that are commonly interpreted as collective flow arising from the initial collision geometry 
and its fluctuations. In pPb collisions, such correlations were also observed [5]. To investigate 
the hypothesis that they may be due to collective flow, the high-multiplicity pPb collisions are 
carefully studied. When possible, they are compared to the corresponding PbPb collisions: the 
highest multiplicity range explored, namely the top 3 × 10−6 fraction of pPb collisions, reaches 
for instance that of 55–60% centrality PbPb collisions.

Beyond the measurement of a second harmonic v2 component from two-particle correlations, 
the following list of seven observations shall shed light on the nature of the particle interactions 
at play in pPb collisions, and put constraints on theories trying to model them.

1. The first pPb/PbPb comparisons at the same multiplicity were made in Ref. [6]. Though the 
elliptic flow (v2) amplitude is larger in PbPb collisions, the triangular flow parameter (v3) is 
similar at equal multiplicities, as shown in Fig. 1 (right).

2. When computed from four-, six- or eight-particle correlations, or with the Lee–Yang zeros 
method, the magnitude of v2 is found to be similar, in both pPb and PbPb collisions, see 
Fig. 1 (left). This implies that a large number of particles are involved in the underlying 
process behind v2, which is thus of collective nature [7].

[CMS (2014), similar from ALICE, ATLAS]

Signatures for fluid dynamic behavior were found also in proton-ion
collisions.

Triangular flow very similar for comparable multiplicity.

Theoretical understanding: Collision geometry smaller but higher initial
energy density.
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Collective flow signals in proton - proton collisions (?)

5.3 Multi-particle correlations and collectivity 17

for charged particles with 0.3 < pT < 3.0 GeV/c are shown in Fig. 9 (left), as a function of Noffline
trk

for pp collisions at
p

s = 5, 7, and 13 TeV. The pPb data at
psNN = 5 TeV [43] are also plotted for

comparison. The six-particle cumulant c2{6} values for pp collisions at
p

s = 13 TeV are shown
in Fig. 9 (right), compared with pPb data at

psNN = 5 TeV [43]. Due to statistical limitations,
c2{6} values are only derived for high multiplicities (i.e., Noffline

trk ⇡ 100) for 13 TeV pp data.

The c2{4} values for pp data at all energies show a decreasing trend with increasing multi-
plicity, similar to that found for pPb collisions. An indication of energy dependence of c2{4}
values is seen in Fig. 9 (left), where c2{4} tends to be more positive for a given Noffline

trk range
at lower

p
s energies. As average pT values are slightly smaller at lower collision energies, the

observed energy dependence may be related to smaller negative contribution to c2{4} from
smaller pT-averaged v2{4} signals. In addition, when selecting from a fixed multiplicity range,
a larger positive contribution to c2{4} from larger jet-like correlations in the much rarer high-
multiplicity events in lower energy pp collisions can also result in an energy dependence. At
Noffline

trk ⇡ 60 for 13 TeV pp data, the c2{4} values become and remain negative as the multi-
plicity increases further. This behavior is similar to that observed for pPb data where the sign
change occurs at Noffline

trk ⇡ 40, indicating a collective v2{4} signal [59]. For pp data at
p

s = 5
and 7 TeV, no significant negative values of c2{4} are observed within statistical uncertainties.
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Figure 10: Left: The vsub
2 , v2{4} and v2{6} values as a function of Noffline

trk for charged particles,
averaged over 0.3 < pT < 3.0 GeV/c and |h| < 2.4, in pp collisions at

p
s = 13 TeV. Middle: The

vsub
2 , v2{4}, v2{6}, v2{8}, and v2{LYZ} values in pPb collisions at

psNN = 5 TeV [40]. Right:
The vsub

2 , v2{4}, v2{6}, v2{8}, and v2{LYZ} values in PbPb collisions at
psNN = 2.76 TeV [40].

The error bars correspond to the statistical uncertainties, while the shaded areas denote the
systematic uncertainties.

To obtain v2{4} and v2{6} results using Eq. (10), the cumulants are required to be at least
two standard deviations away from their physics boundaries (i.e. c2{4}/sc2{4} < �2 and
c2{6}/sc2{6} > 2), so that the statistical uncertainties can be propagated as Gaussian fluctu-
ations [60]. The v2{4} and v2{6} results, averaged over 0.3 < pT < 3.0 GeV/c and |h| < 2.4,
for pp collisions at

p
s = 13 TeV are shown in the left panel of Fig. 10, as a function of event

multiplicity. The v2 data obtained from long-range two-particle correlations after correcting for
jet correlations (vsub

2 ) are also shown for comparison.

Within experimental uncertainties, the multi-particle cumulant v2{4} and v2{6} values in high-
multiplicity pp collisions are consistent with each other, similar to what was observed previ-
ously in pPb and PbPb collisions [40]. This provides strong evidence for the collective nature of
the long-range correlations observed in pp collisions. However, unlike for pPb and PbPb colli-

[CMS (2016), 1606.06198]

Collective flow signals are also visible in data from proton-proton collisions
with large collision energy and large particle multiplicity

Are there alternative explanations in terms of field theory concepts?
Initial state physics?
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Theoretical puzzles

Traditional description of proton-proton collision physics is in terms of
factorization

Parton distribution function
Cross section for elementary processes
Fragmentation into hadrons

Harmonic flow coefficients need physics beyond this !

Working theoretical model is based on fluid dynamics
assumes local thermalization
uses fluid velocity and thermal variables

Unitary time evolution versus dissipative dynamics (entropy generation)

Where does fluid dynamics become applicable / break down ?
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Entropy

Unitary time evolution conserves entropy

Thermal fluid is produced from dissipative dynamics

Information loss by restriction of observation

Entropy as entanglement entropy

SA = −Tr {ρA ln ρA} with ρA = Tr
∣∣
Ā
ρ,
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Thermalization, dissipation and entanglement

Kinetic theory: One-particle spectrum can thermalize
One-particle spectrum from tracing over other excitations
Entropy from entanglement between particles / excitations

Local apparent thermalization
no quasi-particle description needed
local observables from tracing over other regions
Entropy from entanglement between regions
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Hadronization

QCD in terms of quarks and gluons is weakly coupled at high energies

QCD in therms of mesons and baryons is weakly coupled at low energies

QCD is strongly coupled at intermediate energies

Dissipation / thermalization is particularly efficient at large coupling

Hadronization is not very well understood, but could actually be very
important stage for apparent thermalization
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The Lund model

basic model for hadronization

underlies many Monte-Carlo codes (e.g. Pythia)

model for classical gauge fields in d = 1 and classical massless particles

mesons as jo-jo states

probability for pair production as in static Schwinger model

formulated as a (classical) probabilistic cascade model along light cone
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Entanglement entropy in one dimension

Conformal field theories in d = 1 are well studied

Entanglement entropy of interval with length l can be followed in time

Sl(t) = −Tr
∣∣
l̄
ρ(t) ln ρ(t)

Quantum quenches in 1  +  1D CFT

15doi:10.1088/1742-5468/2016/06/064003

J. S
tat. M

ech. (2016) 064003

by the same velocity =v 1max , but with a rate of growth of the entropy depending on 
the quench parameters. Again this behaviour is fully compatible with the quasi-particle 
picture and it shows how the linear increase of the entanglement entropy, followed by 
an almost saturation is a generic feature of many quenches and it is not restricted to 
conformal invariant and gapless situations. For a general quench in the Ising model, 
indeed the time dependence of the entanglement entropy in the so called space-time 
scaling regime (i.e. for →∞ℓt,  with the /ℓt  kept fixed) has been derived exactly [71], 
obtaining

( )   ( )∫ ∫π π
= ∆ + ∆

< >
ℓ

ℓ ℓ
S t

k
v H

k
H

d

2
2 cos

d

2
cos ,A

v t
k k

v t
k

2 2k k
 (29)

where /= + −v h k h h ksin 1 2 cosk
2  is the velocity of the k-mode, ∆cos k is a known 

function of k which encodes all quench information (see for its definition [71]) and 
( ) (( )/ ( )/ ( )/ ( )/ )= − + + + − −H x x x x x1 2 ln 1 2 1 2 ln 1 2 . This compact analytic formula 

shows that the quasi-particle picture not only gives a qualitative description of the 
dynamics, but also provides accurate quantitative prediction such as (26) which coin-
cides with (29) after identifying f ( p ) with ( )∆H cos k .

Indeed, the linear growth of the entanglement entropy followed by an almost satur-
ation has been observed numerically in a very large number of exact calculations 
and in quantum simulations, such as in [67, 68, 71–78] (but this list is far from being 
exhaustive). The standard quasi-particle picture breaks down in models with disorder, 
for which it has been shown that the growth of entanglement is logarithmic in time (or 
slower) [67, 79–83] (see also the review [84] in this volume), and in model with long-
range interactions [85–90].

The linear growth of the entanglement entropy in time is also a very important 
physical phenomenon to understand why algorithms based on matrix product states 
[91] (such as the density matrix renormalisation group [92] in its time dependent ver-
sion [93] or iTEBD [94]) fail to describe the quench dynamics for large times. Indeed, it 

Figure 2. Exact entanglement entropy in the the transverse field Ising model in 
the thermodynamic limit. Left: Time evolution of the entanglement entropy as 
function of time for a quench from =∞h0  to the critical point h  =  1 for different 
lengths L of the subsystem. Right: The same but for fixed length of the subsystem 
(L  =  100) and as a function of the post-quench magnetic field h. Both panels 
reprinted with permission from [37].
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[Calabrese, Cardy (2005)]

Entanglement entropy becomes extensive: thermalization

Moreover, all local observables show thermalization !
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Entanglement dynamics in string model of hadronization

Consider QCD string dynamics as d = 1 model

What is the dynamics of entanglement between different intervals of the
string?

String breakup and hadron production should be local processes. Does
meson spectrum generated from entangled string show a thermal
spectrum?

More general: are transverse degrees of freedom thermal-like?

How would the Lund model have to be modified to take this into account?
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Conclusions

Many features of high energy nuclear collisions are described by relativistic
fluid dynamics.

Evolution of fluid perturbations analogous to cosmological perturbations.

Flow signals also found in proton-nucleus and nucleus-nucleus collisions.

Range of applicability / point of breakdown of fluid dynamics and
thermodynamics in high energy collisions not entirely clear.

Hadronization / soft QCD physics still not totally understood.

Entanglement dynamics in high energy nuclear collisions could be quite
interesting.
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