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Motivations

Study (controlable ?) non perturbative methods in many-body physics and field theory

Two exact formulae

Thermodynamic potential as a functional of the propagator
Q[G] = 5TrlogG™! — 1 Tr2G + D[G]

Flow of the effective action

O L[] = 7 | 0R(q) Gilq, ~q: b)
_ 2
G (g, -q:¢) =T\(q.-q: ¢) + Re(q)
These formulae are useful mostly for the approximations that they suggest

One can use one formalism to shed light on the other (this talk)



Present discussion Limited to scalar field theory
(can be generalized)

Slel = [dx {3 Ge(0) + % @*(x) + £ ¢* (1)}

Some representative recent related works (not limited to scalar field)

JPB, J. Pawlowski, U. Reinosa (2010)
M. Carrington et al (2014)

N. Dupuis (2013)

V. Meden et al (2016)



Bastes of 2P formalisms (1)

Q[G] = 5TrlogG™! — 3 TrXG + O[G]

Luttinger-Ward functional

o & &

Self-energy
2(P) = 25805 0 O
Self-consistency condition Stationarity property
0Q[G
Y[Gl=G!'-Gy! 5& | Go =0




Basies of 2P formalisms (2)

Irreducible kernel

_ nox(p) _ 5D
4. ) = 25505 = 45ctg9057 = J(P-a)

Bethe-Salpeter equation

g, p)=3gq.p) -3 |, T9q,D)G*(D) I, p)



Bastes of functional RG

Flow equation (Wetterich)

oL101 = 3 [, SR Cla~q:9) - )

G:'(q.—q:0) = TP(q, —q; ¢) + R(q)

Infinite hierarchy of coupled flow equations for the n-point functions

Equation for the 2-point function

0T Pk(p) = -1 || 8R(q) G TS (g, p)

And so on.....



The theory in the presence of Riq)

All formal relations between n-point functions hold for any K

One can then take derivatives w.r.t. K

.... thereby obtaining flow equations

Equation for the 2-point function (or self-energy)

G.'(p) = p* + m* + Z(p) + R(p)

OZdp) =2 [, 06D tgwcim |, = 3 Jy 9G9I, )

ng(‘i)
q 7
This is NOT quite the usual flow equation 9 z . - g\
r K

4 ¢



Solving the Bethe-Salpeter equation to get F(4)(q, p)

[(q.p) = Jlq.p) - 1 [ TV(q,)) GX(D) I(l, p)

and using this equation to eliminate JK(q, p)

we are left with

0:2p) = =% [ 0R(@) GHPT. (g, p)

9 9’( PJ( (1) . @K P\( ((‘)
q

The exact flow equation
for the 2-point function % 2 (p) =

g
‘ )
@ @._}_



A possLbLe truncation schemee (1)

Truncate the Luttinger-Ward functional (keeping selected skeletons)

| _ 6> D
Obtain the kernel J (6] ) P) — 45G(q)5G(p)

Then solve the coupled equations

(g, p) =Iq.p) - 5 [ TW(q.)GXD) I p)

Zp) = =5 [ R i@ T (g, p)

NB. i) The solution is independent of the choice of the "regulator"

ii) Not only a truncation of fRG, but an alternative to solving the 2Pl equations



A possLbLe truncation scheme (2)

Instead of solving the Bethe-Salpeter eqn., write a flow equation for the 4-point function

1
0.I'Y(p,q) = 0.T(p,q) — / TP (p,1)0,GE() TP, q)

2 J;

1 2 4
— §/l@ﬁzl<o<p7 l) Gli(l> FI({)(Z,Q)
_ %/Zp,@( 1) G2(1) T (l. q)

v o3 / / T (p, 1) G2(1) 8T, (1, 5) G2(5) T (5, )
[ Js

NB. This equation is NOT the "usual” flow equation for the 4-point function

(/5 i =
~ N /



Renormalizatlon Lssues

Not a priori obvious that the integrals are finite

1
0L (p.0) = 0 T(p0) — 5 / P (p, 1) 0xGR(D TV (1 g)
l
1

— §Z8n1ﬁ<p7 l) Gi(l) F:‘(:L)(l’q)
_ 1/r<4><p, 1) G2(1) 8, Z.(1, q)

(4) 2 G2 (s\ T
| // (p,1) G2(1) 0T (l, 5) G2 (5) IO (s, q)

Standard lore in fRg: things become "simple" at the "cutoff scale"

r®p) = Z.p>+m2, Z.~Ink, m?2~kr?2 I'®olng, TN gt

One expects of course similar features in the 2PI truncation...
...but working out the "details" turned out to be tricky



Divergences, and subdivergences.....

Consider the loop expansion of the 4-point function

~ .
f7 =2 — \LJ \) 2

« = s T & Tw(O/ . I\OJGL FU)
:m*ﬂ*b(+ﬁ by +E

In addition to counterterms needed to renormalise the kernel Z

an infinite number of counterterms are needed to renormalise the BS equation....



BS

DO[G]

Gap equation

A stmple example (1)

0

2(p) = 25805 Jg, p)

Standard 2Pl renormalization

_ A+ OAB3 1
S = om® + S / G G(q) = .
BS equation
1 1 1 / )
= +5 [ G°(9)
F](%S) )\+)\](3OS) 2 J,
Counterterms
A 1 dm? A O\
5)\BS:)\Q—, aE—/Gz(q) m — @ —
) 1 —a\ 2 Jq m? 1 —al A



A simpLe example (2)

OO0 0N

O[G] Z(p) = 25605 7, p)
The two equations to be solved
dm = 3T [ (0RIG(q) = ——F2 / 0:Gilg
Solution

mp = m? = mi + 2 [{G(g) = Gag) + (m} — m})G3(q)]

Elimination of "subdivergences " is automatically taken care of
by the coupled flow equations



Conclustons

* Two non perturbative methods were compared
* Approximation schemes exist where they completely match

* The comparison help to clarify some renormalisation issues in
non perturbative schemes, such as 2PI

* Truncating the fRG flow equations with 2PI relations may be
useful in some applications



