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Introduction

Lattice simulations give the Euclidean correlator G(p4), defined for
p2 > 0.

Analytically this has a unique analytical continuation to Minkowski
p2 < 0.
Numerically this is very sensitive to noise: ill-defined
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Källén–Lehmann representation
Euclidean correlator G(p4)

G(p4) =

∫ ∞

0

2ωρ(ω)
p2

4 + ω2 dω =

∫ ∞

0

ρ(
√
µ)

p2
4 + µ

dµ

=

∫ ∞

−∞

ρ(ω)

ω − ip4
dω

Where ρ(−ω) = −ρ(ω). The challenge: find ρ(ω) for given lattice data p4
vs G(p4).
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Naive approach

G(p4) =

∫ ∞

−∞

ρ(ω)

ω − ip4
dω =

∫ ∞

−∞
K(p4, ω)ρ(ω)dω , K(p4, ω) :=

1
ω − ip4

G(p4) → G⃗, K(p4, ω) → K, ρ(ν) → ρ⃗

G⃗ = Kρ⃗ =⇒ find ρ⃗ using a Least-Squares approach since it is an
underdetermined system.

Problem
K has small singular values, making it ill-conditioned on the numerical
level → ill-defined inversion problem
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Sophisticated Approaches

More sophisticated methods have been proposed.

Maximum Entropy Method (MEM)
Backus-Gilbert Method (BG)
Schlessinger Point Method (SPM)
Tikhonov Regularization
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No noise
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Figure: Left: Tikhonov. Right: Other methods as investigated by Tripolt et al1

1Ralf-Arno Tripolt et al. (2018). “Numerical analytic continuation of Euclidean
data”. In: arXiv: 1801.10348 [hep-ph].
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Tikhonov Regularization

RSS =
∥∥∥Kρ⃗− G⃗

∥∥∥2
, minRSS

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2, min Jλ

+ Easy to implement

– No unique criterion to choose λ.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 9 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

RSS =
������∥∥∥Kρ⃗− G⃗

∥∥∥2
, minRSS

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2, min Jλ

+ Easy to implement

– No unique criterion to choose λ.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 9 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

RSS =
������∥∥∥Kρ⃗− G⃗

∥∥∥2
, minRSS

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2, min Jλ

+ Easy to implement

– No unique criterion to choose λ.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 9 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

RSS =
������∥∥∥Kρ⃗− G⃗

∥∥∥2
, minRSS

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2, min Jλ

+ Easy to implement

– No unique criterion to choose λ.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 9 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

How to select the optimal λ?

Too small lambda values mean no regularization at all: over-fitting. Too
large results in over-smoothing.
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Our preferred solution: Morozov’s discrepancy principle

We have data Gn with standard deviation σn

∥∥∥G⃗re − G⃗
∥∥∥ ≤ ∥σ⃗∥ (1)

We therefore minimize

Jλ =
∥∥∥Kρ⃗− G⃗

∥∥∥2
+ λ∥ρ⃗∥2 (2)

subject to
∥∥∥Kρ⃗− G⃗

∥∥∥2
= ∥σ⃗∥2. This has a unique solution.
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Tikhonov Regularization: approach

p2 method, preliminary study published2

Jλ =

N∑
n=1

∣∣∣∣∫ ∞

µ0

ρ(
√
µ)

µ+ p2
n

dµ− Gn

∣∣∣∣2 + λ

∫ ∞

µ0

ρ(
√
µ)2 dµ

ip method

Jλ =

N∑
n=1

∣∣∣∣∫ ∞

−∞

ρ(ω)

ω − ipn
dω − Gn

∣∣∣∣2 + λ

∫ ∞

−∞
ρ(ω)2 dω

2David Dudal, Orlando Oliveira, and Paulo J. Silva (2014). “Källén-Lehmann
spectroscopy for (un)physical degrees of freedom”. In: Phys. Rev. D89.1, p. 014010.
doi: 10.1103/PhysRevD.89.014010. arXiv: 1310.4069 [hep-lat]
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Tikhonov Regularization

Jλ =

N∑
n=1
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−∞

ρ(ω)

ω − ipn
dω − Gn

∣∣∣∣2︸ ︷︷ ︸
c2
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+λ

∫ ∞
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ρ(ω)2 dω

δJλ[ρ(ω)]
δρ(ν)

=
N∑

n=1

2cn
ν − ipn

+ 2λρ(ν) = 0

ρ(ν) = − 1
λ

N∑
n=1

cn
ν − ipn

(3)
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Tikhonov Regularization

ρ(ω) = − 1
λ

N∑
n=1

cn
ω − ipn

(3)
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∫ ∞
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ρ(ω)

ω − ipn
dω − Gn (4)

cn = − 1
λ
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m=1
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−∞

cm
ω − ipn

1
ω − ipm

dω − Gn (5)

Mnm :=

∫ ∞

−∞

dω
ω − ipn

1
ω − ipm

=

{
2π

|pn|+|pm| pnpm ≤ 0
0 otherwise

(6)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 14 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

ρ(ω) = − 1
λ

N∑
n=1

cn
ω − ipn

(3)

cn =

∫ ∞

−∞

ρ(ω)

ω − ipn
dω − Gn (4)

cn = − 1
λ

N∑
m=1

∫ ∞

−∞

cm
ω − ipn

1
ω − ipm

dω − Gn (5)

Mnm :=

∫ ∞

−∞

dω
ω − ipn

1
ω − ipm

=

{
2π

|pn|+|pm| pnpm ≤ 0
0 otherwise

(6)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 14 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

ρ(ω) = − 1
λ

N∑
n=1

cn
ω − ipn

(3)

cn =

∫ ∞

−∞

ρ(ω)

ω − ipn
dω − Gn (4)

cn = − 1
λ

N∑
m=1

∫ ∞

−∞

cm
ω − ipn

1
ω − ipm

dω − Gn (5)

Mnm :=

∫ ∞

−∞

dω
ω − ipn

1
ω − ipm

=

{
2π

|pn|+|pm| pnpm ≤ 0
0 otherwise

(6)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 14 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

cn = − 1
λ

∑N
m=1

∫∞
−∞

cm
ω−ipn

1
ω−ipm

dω − Gn

Mnm :=
∫∞
−∞

dω
ω−ipn

1
ω−ipm

=

{
2π

|pn|+|pm| pnpm ≤ 0
0 otherwise
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λ

Mc⃗ − G⃗ =⇒ c⃗ = −(I+
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λ

M)−1G⃗ (7)

ρ(ω) = − 1
λ
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cn
ω − ipn

(8)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 15 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

cn = − 1
λ

∑N
m=1

∫∞
−∞

cm
ω−ipn

1
ω−ipm

dω − Gn

Mnm :=
∫∞
−∞

dω
ω−ipn

1
ω−ipm

=

{
2π

|pn|+|pm| pnpm ≤ 0
0 otherwise

c⃗ = − 1
λ

Mc⃗ − G⃗ =⇒ c⃗ = −(I+
1
λ

M)−1G⃗ (7)

ρ(ω) = − 1
λ

∑
n

cn
ω − ipn

(8)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 15 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Tikhonov Regularization

cn = − 1
λ

∑N
m=1

∫∞
−∞

cm
ω−ipn

1
ω−ipm

dω − Gn

Mnm :=
∫∞
−∞

dω
ω−ipn

1
ω−ipm

=

{
2π

|pn|+|pm| pnpm ≤ 0
0 otherwise

c⃗ = − 1
λ

Mc⃗ − G⃗ =⇒ c⃗ = −(I+
1
λ

M)−1G⃗ (7)

ρ(ω) = − 1
λ

∑
n

cn
ω − ipn

(8)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 15 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Comparison

ip method

cn =

∫ ∞

−∞

ρ(ω)

ω − ipn
dω − Gn, Mij =

{
2π

|pn|+|pm| pn · pm ≤ 0
0 otherwise

Just one parameter, λ. Pole at pi = pj = 0 → exclude this point.

p2 method

cn =

∫ ∞

µ0

ρ(
√
µ)

µ+ p2
n

dµ− Gn, Mij =
1

p2
j − p2

i
ln

(
p2

j + µ0

p2
i + µ0

)
No problems when pi = pj = 0. Two fit parameters: λ, µ0.
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Weighted version

Jλ = (Kρ− G)TΣ−1(Kρ− G) + λ∥ρ∥2

where Σ is the covariance matrix.

ρ(ω) = − 1
λ

(⃗
cΣ−1K

)
c⃗ = −

(
I+

1
λ

MΣ−1
)−1

G⃗

Jλ = c⃗Σ−1c⃗ + 1
λ

c⃗Σ−1 MΣ−1c⃗
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Toy Model

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 18 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Breit-Wigner model

0 1 2 3 4 5 6 7
p4

1

0

1

2

3

4

(p
4)

, BW( = 0.1)
Original

ρ(ω) =

{
ω

(ω2−m2)2+Γ2/4 |ω| > ν̄

0 otherwise
(9)

With ν̄ = 0.1GeV, m = 1GeV and Γ = 1GeV.

ρ(ω) =
1
π

2ωγ
(ω2 − γ2 − M2)2 + 4ω2γ2 (10)

With M = 300MeV and γ = 100GeV.

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 19 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Breit-Wigner model

0 1 2 3 4 5 6 7
p4

1

0

1

2

3

4

(p
4)

, BW( = 0.1)
Original

ρ(ω) =

{
ω

(ω2−m2)2+Γ2/4 |ω| > ν̄

0 otherwise
(9)

With ν̄ = 0.1GeV, m = 1GeV and Γ = 1GeV.

ρ(ω) =
1
π

2ωγ
(ω2 − γ2 − M2)2 + 4ω2γ2 (10)

With M = 300MeV and γ = 100GeV.
Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 19 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Reconstruction Process
ρorig → Gorig

n → Gn ∈ N (Gorig
n , (ϵGorig

n )2)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

4

2

0

2

4

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
0

2

4

6

8

10

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

4

2

0

2

4

(p
4)

, BW( = 0.1)
Original
0.1%, N=1(/1)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

0

2

4

6

8

10

G
(p

4)

Weighted reconstruction of G
Original
0.1%, N=1(/1)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 20 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Reconstruction Process
ρorig → Gorig

n → Gn ∈ N (Gorig
n , (ϵGorig

n )2)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

4

2

0

2

4

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
0

2

4

6

8

10

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

4

2

0

2

4

(p
4)

, BW( = 0.1)
Original
0.1%, N=1(/1)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

0

2

4

6

8

10

G
(p

4)

Weighted reconstruction of G
Original
0.1%, N=1(/1)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 20 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Reconstruction Process
ρorig → Gorig

n → Gn ∈ N (Gorig
n , (ϵGorig

n )2)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

4

2

0

2

4

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
0

2

4

6

8

10

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

4

2

0

2

4

(p
4)

, BW( = 0.1)
Original
0.1%, N=1(/1)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

0

2

4

6

8

10

G
(p

4)

Weighted reconstruction of G
Original
0.1%, N=1(/1)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 20 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Reconstruction Process
ρorig → Gorig

n → Gn ∈ N (Gorig
n , (ϵGorig

n )2)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

4

2

0

2

4

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
0

2

4

6

8

10

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

4

2

0

2

4

(p
4)

, BW( = 0.1)
Original
0.1%, N=1(/1)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
p4

0

2

4

6

8

10

G
(p

4)

Weighted reconstruction of G
Original
0.1%, N=1(/1)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 20 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Comparison with MEM3

0 1 2 3 4 5 6 7
p4

0

1

2

3

4

ρ
(p

4
)

ε = 0.1

Nres = 32

Nres = 64

Nres = 128

Nres = 256

Nres = 512

Nres = 1048

Nres = 2048

original

Figure: Tikhonov vs MEM for ϵ = 0.1. Left BW(m = 1GeV,Γ = 1GeV, ν̄ = 0.1GeV), right
BW(M = 300MeV, γ = 100MeV, ν̄ = 0)

Be careful about a direct comparison, the BW models used are not identical.

3Ralf-Arno Tripolt et al. (2018). “Numerical analytic continuation of Euclidean
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Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 21 / 40

https://arxiv.org/abs/1801.10348


.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Comparison with SPM

0 1 2 3 4 5 6 7
p4

0

1

2

3

4

ρ
(p

4
)

ε = 0.1

Nres = 32

Nres = 64

Nres = 128

Nres = 256

Nres = 512

Nres = 1048

Nres = 2048

original

Figure: Tikhonov vs SPM for ϵ = 0.1. Left BW(m = 1GeV,Γ = 1GeV, ν̄ = 0.1GeV), right
BW(M = 300MeV, γ = 100MeV, ν̄ = 0)

Integrals are preserved within statistical error with Tikhonov
Be careful about a direct comparison, the BW models used are not identical.
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Figure: Tikhonov vs MEM for Nres = 64. Left BW(m = 1GeV,Γ = 1GeV, ν̄ = 0.1GeV), right
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Be careful about a direct comparison, the BW models used are not identical.
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Reproducibility/Stability
Does every sample Gn ∈ N (Gn, (ϵGn)2) give approximately the same λ?
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Observations
At any noise level, the reconstruction doesn’t become better than
Np = 64.
At realistic noise levels α is Gaussian distributed.
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∫∞
0 ρ(ω)ω dω = 0 model

For gluons we expect the following sum rule:∫ ∞

0
ρ(ω)ω dω = 0 (11)
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Lattice Data
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Gluon Propagator
T = 0 Gluon propagator data, 804 lattice, β = 6.0, normalised at 3GeV
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Ghost Propagator
T = 0 Ghost propagator data, 804 lattice, β = 6.0, normalised at 3GeV

6 4 2 0 2 4 6
p4

10 2

10 1

100

101

102

G
(p

4)

Weighted reconstruction of G
N=1(/1)
Data

10 3 10 2 10 1 100 101

p4

400

200

0

200

400

(p
4)

Reconstruction of 
N=1(/1)

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 31 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Conclusion/Outlook

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 32 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Conclusion

+ Tikhonov Regularisation is competitive with the other tools on the
market today

+ Easy to implement
+ In realistic noise ranges, it is robust
- When including the covariance matrix, the UV tail is approximated

better
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Outlook

Study
∫∞

0 ρ(ω)ω dω = 0 toy-models

Apply to various sets of Gluon and Ghost propagator data, T ≥ 0
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ip-Formalism, weighted vs unweighted
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Figure: Weighted vs unweighted, resp. Np = 256

Weighted performs better in the UV, use the weighted algorithm from now
on
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Reproducibility/Stability
Does every sample Gn ∈ N (Gn, (ϵGn)2) give approximately the same λ?

0 1 2 3 4 5 6 7
p4

1

0

1

2

3

4

(p
4)

= 0.1
orig

Nres = 32, R2 = 0.98
Nres = 64, R2 = 0.99
Nres = 128, R2 = 0.99
Nres = 256, R2 = 0.96
Nres = 512, R2 = 0.91
Nres = 1048, R2 = 0.84

Figure: Bootstrap, N = 1000. Fixed ϵ = 0.1

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 37 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Reproducibility/Stability
Does every sample Gn ∈ N (Gn, (ϵGn)2) give approximately the same λ?

0 2 4 6 8 10 12 14
=

0.0

0.5

1.0

1.5

2.0

= 0.1
Fit Nres = 32, N = 1000
Fit Nres = 64, N = 1000
Fit Nres = 128, N = 1000
Fit Nres = 256, N = 1000
Fit Nres = 512, N = 1000
Fit Nres = 1048, N = 500

Figure: Bootstrap, N = 1000. Fixed ϵ = 0.1

Martin Roelfs1, Paulo Silva2, David Dudal1, Orlando Oliveira2 (1: KU Leuven Campus Kortrijk – KULAK, Department of Physics, Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium2: Centro de Física Computacional, Departamento de Física, Universidade de Coimbra, 3004-516 Coimbra, Portugal)Spectral representation of lattice gluon and ghost propagators April 5, 2018 37 / 40



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

∫∞
0 ρ(ω)ω dω = 0 model

For gluons we expect the following sum rule:∫ ∞

0
ρ(ω)ω dω = 0 (12)

Toy model
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ρ(ω)ω dω = 0 model, ip vs p2
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