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formalField Theory - Basics

(See e.g. Blumenhagen/Plauschinn ; DiFrancesco/Mothien/Senechal)

↑Motivation : We arrived of a DFT defined by

z = fDXDbPcexp(- Sx - SFp)
.

Due to the still unfixed residual gange freedom ,
this theory has a

large symmetry which ,
if we for the morend ignore our desire to gauge

it
,

make it a conformat field theory or CFT.

It is worthwhile to

step back and study CFTs in their own right.

10. 1 Conformal tots. in general dimensions

·ng. tog : A differmorphism
,

X- > XI)
,

under which

gir(x) = Gap(x). garden
change only by overall factor .

·uivalently : Angle-preserving diffeomorphisms

# - #

· Infinitesimally: (of our earlier Id calculations)

If X'm = Xi + E
*
(x) and

gur
=

Yor ,
we need

Opto + &En = 201 => (2-d) &ndw = 0

d > 1

& 02 = 0

(Cfproblems (
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· It follows (ford 21 What w is at most a linear fat.

there E is at most quadratic and the group of cout-tofs.

isUnite-dimensional.

· The generators of corf-tofs.

in & are :

(1) Poincare his .
-· (d) parameters

() dilatation - XM = <x * - 1parameter

(3) special conformal tofs: XM=Nub d parametersis

[The last can be realized as "InversionTranslation Inversion"

with Inversion = Ex * -> X
*/x23

. Locally ,
one may

think of the change in geometry caused by 131 as

# - #I
· Eacts: Group of conf· tofs. in Ra = SO (1,

d+1)

-x - in Rid = 50(2
,
d)

#conformal tofs .
in d= 2

· As you have even in the problems ,
the deviation of On = o

fails in d= 2.
. But 820 = 0 still holds and las we know from

our discussion of residualgange freedom) is solved by

t +
= (

+(0 + ) ; E = E
-

17 (in light-come coordinates

=> The group of conf-trfsisunfinite-dimensional .



· In modern string theory ,
calculations are always done in the
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enclidean Ws theory (trusting in the snalytic continuation

T + - it
,

as in QFT) · Then eis + eS
,
with

S-Slop1 with pos--definite metric .

· For a enclidean WS
,
the transition to 2 is not helpful .

Instead
,

the metric do = Jbdzadigb simplifies in the

coordinates
z = y + 132 ,

z = 31- izt
,

where ds" = dadE or he here
,
hehee = O.

· Now Datb + Obta = zwdb implies &ztz = 0 & Petz = 0
.

=> (z = (F(z)
;
E = cz(z)[w = 0ztz + 0 ztz]

· fE(E) = E(z)
,
to ensure that E =(+ =

*)/2

& E2 = (et-zE//2i remain real. To simplify notation ,

one writes (F(z) = E(z) ; eF(E)
= E(z)

Summary: · We think of our Idepace as IR2 = C.

(More generally : 1d complex manifold or "Riemann surface")

· Confitrysarehotomorphic tofs:

· infinitesimal : = -> z + E(t) ; E
-> + E(z)

· Limite : z - z = w(z) ; E+ E = w(z) .
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10.

3 Conformal Leed theories

· Let us now consider fields on our
space orepacetime .

· In our Idenclidean case (but you are invited to think of this

more generally) ,
scalars transform as :

5) = - zab = ( ((z)0z + E(z)bz)4

· If we think of this as a reparametrization (i. e
- change the

metric by the standard formula) ,
invariance is trivice for

any reasonable OFT .
The key point is that , for a T ,

we demand invariance of theory under trys-50 as above

#fixed metric .

In other words
,

we transform the field

configuration on a fixedspace withlixed metric by a

conformal triathing just on the fields. This invariance

is highly non-trivial and requires ,
in particular ,

that our

QFT "does not see" the scale tof. by e2 which we may

think of as "undoing" the metic change induced by the diff-

· Explicitly ,
we may think of t infirms of its Laurant series :

=
-

n +15withIn = -z
+

02 ;n = -z
z

-
These are two sets of With algebra generators.
(Check this !)
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#. 4 The Shing WS CFT

· We are intrested in the DFT will fields X
,
b

,
c and

S = Sx + Sep .

This is diff-invariant (obviously) and

Weyl invariantlat least classically). Hence
, by our explanations

of the last section it is a CFT:

Again, apply a standard diff with the restriction that

I hab is only changed by a scale factor. Undo this I
rescaling by "Weye" => This is our conftrfaching on the GFT.

· To develop some intuition
,
consider a particularly important fol

for Id CFTs and particularly in the string context :

zeIt =

-in&
z-plane

-

-

closed WS with width 25 Note : In the z-plane ,
time

grows radially

· The EM-lensor is important in CFTs in general. By replacing our

Carlier 2 +15
-

andysis with an analogous z/E analysis ,
we have :

Tab traceless => The = O

# conserved => DeTez = 0 & &zTzz = 0

· For notational simplicity , define T = Tez :F = EE .

(Note : ↑ is not the complex-conjugate of T. )
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· Our key CFTs : S= faz(oX(X) & S=zb
· Solutions : X(z, ) = X(z) + X(z) [

↑ 4

Again ,
these are two independent fats.

I

=> T = - &(0x)(8x) ,

T = - G(X)(0x)

· The Lm are defined precisely as before. But we now give the efs. in

the z-frame (not the more familiar w-frame) :

z-plane
↳

m=T infinite past-I &from n -hz correspondsto

dw ~dz/z going once across the cylinder

from Tzz = Tw(
see later

10. 5 Operator product expansion (OPE)

· Let 0
:
(2,1 be the set of all local operators ,

ench as

X
,
&X

,
X.X etc.

·ey OPE claim :

O(tie)(e)= k(z-ze-z)Opleiz)

---

ix ↳ nearest further operator define
I

&

Z

E radius of convergence.

--

[The OPE is to be thought of "under the path integral" or in a

vacuum expectation value ,
< - ... >

,

with other operators inserted.]
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· We will view the OPE simply as a "Laurent series expansion

with operator coefficients". Note
,
however

,
that Id CFT

is in principle a mathematically well-defined subject and the

OPE can be pren.

Wardidentifies (We now follow D
. Tong's Lecture notes )

·Let d -> 6' = b+ 54 be a global symmetry (i. e. S & DO
are invariant)

· Now consider the same of with E = E(x1 -

GS will be non-zero thanks to De E not being constant.

=> JSw dat or
,

more precisely
,

US=JJ dat

· One easily sees that J is conserved stringly convention
in the quantum theory :

0 = (Dp'e-S[P-DOE-STR with D = d + z5q
u

= Da

=> 0 = (Db(e
- S[a] - GS[P]

-

-

STP) = fDpe
-

Sta)5s

= Spe-Stal(8) ·E for any fat. E

=> < &.]" = 0

· Now we repeat the analysis will a local operator O(xe) under

path integral .
Let O' = 0 + 250 under our symm-tol

O = Jad(e-5-(ot esa) - eo) = -- - =(Dd(e50+



Let t be non-zero only in a bell B : -
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=> (50(x)) = -fa*

xdax]()0() --

↑ B ↑
any other operators can be inserted here if they are outside B.

· The rh . side is zero if X+
is outside B by current conservation.

· If X
+
is inside B

,
we get

SDayProf surface
· Specifically in d= 2

,
this becomesSaf.

=((() = Jy-d) i
dz = dida

=-if (dzJz - dEJz) Jz = z(j1 - ijz)

z=)dzjae) - defe(e)) Oste)
To be thought of as being under the path integral
Sie in < --- >) ,

with no other operator being
inside the contour around =1

.

10. 7 Conformal Ward identity
· let us now consider conformal tofs.

,
i.

. e. St = E(z) ,
as a global

symm . of a Id CFT
·
(Note that his a global symm ,

in the sense

of not being ganged ,

in spile of being a function .
Each holom.

fat. E(z) corresponds to one independent global symm .)
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· Nole that we do not reparameterize our space but more the

fields
,

i
.

.e. 50 = &245z + 1245E . If we were to change
the metric correspondingly ,

the action would clearly be invariant.

Thus
, any possible change of S can be obtained by just changing

the meleic :

&S =Jdzyh ,
with Ghb = - -Opta

=> 55=Ta O = Jaz (Tzzet +Te)
↑

Tze = Tez = O by tracelessness

· This is zero if E is holomorphic
, confirming that holomorphic

tots. are global symmetries.

· Now we replace ((z) -> E(z) · f(E)
↑

corresponds to
* corresponds to non-constant

constant t of fast section of last section .

=>S= faz2[Tezt(z)(f(z) + TzE(z)0f(z)]
-

=> y
*

= 2Tze(t(t) , ie/feofPast secti
a

· Since Jz/ Je are holomorphic/anti-holomorphic
,

our

previous formula for 50 in terms of a contour integral gives
simply the residues :

#Qu)= -Res[ETOwr-ResF(E)O(un))
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· This is a my result. It tells us that the OPE of with T

calculates the control of any operator 0 in the full quantum theory.

· A more intuitive explanation -> Polchinshi) goes as follows :

- 50 - [Q ,
05-60 - 00.

- Let O be the generator of our symm . (e.g. ET) and

think of the operators in the Reisenberg picture in the radial frame .

- Then :

5--
V

integret of current = Q


