
87

atteringamplitudes

stringcoupling and sum over Riemann surfaces

Resell the basic definition of a string amplitude given earlier :

A
Sh
Jd-Jd Van
-

↑
(in our earlier discussion we did not make

"genus"g this integration manifest

Illustration :- ..

g = 0 g
= 1

g = z

· The "l/voe"has been introduced to cancell the "Voe" from the integral
over the gange group.

· In our earlier discussion
,

we have ignored a key term in S :

S[X
,
h]=d
~-

5x
,

as before SR
· I is part of the target-

at constanto
,

which we will always

assume
,
this is a purely topological

space background, just like brm determined by the Enter number

Yur (which
in principle of the surface : Sp = + - X (51.

could be any metric git

and the Ructuations of which
Y(z) = 2 - 2g -b-

*
#of boundaries &

are the graviton we found of level 1. genus
crosscops

· Thefnclusions of of are our extrascular or "dilation"



· Examples: cross of ..w

real projective plane Mobinsship Klein bottle

· Define gs = ed

· Focussing on closed-thing amplitudes ,
we see that every extra

"hole" ("loop",
in QFT language) , produces an extra factorgs in A.

=> At 6- -0

,
our theory becomes weakly coupled

· The normalization of the Us is to some extent conventional since

it is related to the normalization of the corresponding target -

space

fields.
One usually includes a factor go in V

.

Thus
,
the tadyon

verby operator is V(k
,
z,z) =

gs : eikXlzz) .
(with (z

,
z) = 3)

· As a result
,

one has for the I-pt-fed.

⑪ ~ g.P(2-29) ~Gg5 ~ C
&

and then additional gs-factors for loopsL) .
4-pt--fats.( ) , etc .

#2.
2 Gange fixing

· We thus have : A - gg-2h.
· Our earlier path integrae discussion showed ,

of a rough free
·

SDL = Volgiffywege : Ap[h]
· Now we need to include two finer effects

,

which were already mentioned before :
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9) On a compact Riemann eurface
,

the metric generically
includes d

.
0

. % which can not by absorbed in Diffx Weye .

An example are tee shape moduli of a tows

:
Let us denote these moduli by

trik = 1, . -, yet - n = h(t)

8) There are gange trfs- not changing the metric (conformed killing
rectors)

.

On a compact space there will be finitely many ,

let's call

their number 1. . Example : SL(2,) tods-of S2 . If enough
Verley operators are present .(as we will assume) them the positions of

# of those can be lixed using the residual gauge freedom.

· We now proceed by treating
.
The integral over the metric together with

↳ of the Verlex integrations :

=D
↑ ↑

DiffxWeyl fixed Verby positions

Here the 3 & +- integrations remove all 5-fets. and App compensates

the inverse determinant appearing in this process. We now carry out

hand 3:
- integrations and eventually the 3-integration :

.. -=D
We explicitly have :

= JatfD3S[4- 13(4)]15(3 - 3) .



go
· Note that 3 and t define together our FP determinant.

The to relevant descriptions are Ei
,
h>

Ap
3

,
t

.

·Intuitively: E31t) parameterizes all metrics
. Butit havelightly

morebeedom - the residual gangetofs. The match between St and

h hence only becomes perfect when eupplementing he with the

↳ pointsi .

· We now make manifest how E3(t) changes due to 3 (infinitesimaly
given by =& w) and - (infinitesimally given by ot) :

Shay =
- (PE)ab + 120 - DYGab+ Outst

· Analogously ,
& changes due to 3 as J= (B) .

· Thus
,

we have

= Jast DefaxDB exp2ri[f . (Pe + oth) +Xi]
↑ 4

↑/ Integrations realizing N-fcts
infinitesimal versions of t, 3 integration above. The w-integration
has been carried out leaving & traceless by definition.

· Now
,
to get AFp ,

we simply make all our integration variables

frassmann .
( -> c

= B + b
=

x +

y ;
d + 3

- 1 X -
all Grassmann variables/fields.

· The variables m ,
3 appear only linearly and who derivatives in the

exponent. So we can perform the integration giving
1T <(i) · (2(3) and D . Q.

lived i
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· The rest produces the usual FP-action together with the

b
,

c integrations. Thus
, collecting all the factors from our

previous formula for the amplitude ,
we have :

(changing notation according to 3 - zie)

clas
- 2The Virasoro - Shapiro amplitude

14-tachyon scattering at free-free ,
i .e on S2

· Facts : -S2 has no moduli

- Conf. Grfs.

On S2 allow one to more 3 arbitrary points to

3 desired fixed positions (2.g. ze = 0
,

zz = 0

, 23
= 1).

·

[cf. BLT ; finsparg's
Lecture noles [

=> A = gfaz :eikXze. : Cse)eikiX(zii : Y
i=1

· Obviously
,

the X & cc- parts split.

· Ignoring normal ordering ,

the X-part reads

JDX explet Jazz XOoX + if dz]:X]

with J(z)=Kizz
· Split the X-integral as

SDX = SDXgd where contains onla
Oscillators

,

not the zero mode.



· The ero-mode part gives JaxeKix-526
· The non-zero-mode part is easily evaluated since the operator
in the quadratic piece of the exponent is invertise :

=> expfazzJ(ze)J(ze)) .

· We may use of (2) falthough this is strictlyspeaking
too naive because on a compact space one needs to introduce

a background charge to be able to solve the KG-eg. with 5-source.

Nevertheles
,

the naive approach gives the correct result. See

Polchinski
,
Secl

. 6
.

2 for details) .

· ~expl
· Now we recall that normal ordering is present ,

e .

t-no contributions

with i= j arise.

=Hike
· Next

,
the ghost part : (CIECEICCEs]] & LICElClElllEs]]

· First
,
note the (maybe counterintuitive) fact that these 3-pt . -fats are 0

.

Technical reason (c). Polihinshi 5
. 3) : 3 conf killing rectors

-> 3 corresponding zero modes of path integral -> need 3 insertions

for non-zero result due lo frassmen nature of int.

·Completely gurdly (- e.g. Ginspars ,
BLT

,
... 1 : For primary hields,

conf-symm . Lixes z-dependence of Id 3-pt . fats:



GB)

~
Gesthidshethahh

to be

calculated Zij = zj - zj

· For c-ghost: h = - 1
,

E= 0 (clear since < is fermionic
version of Vector E

,

as opposed

Lo co-rector &X.

=> <ChZelChzz)C(EaK ~ Enzzes Ens I& amologously for If

=> z-dependence coming from X & c together :

~ (12)
Rikz + 2

,dkkkkkk
· Using conf. symm.

on S2 (i. e.
SL(2, (1) to more 3 Vertex operators to

(7172 ,
zy) = (0

,
1

,
6)

· Use Mandelstam variables :

S = - (ke + kz)2 = - 2kike + 2m2

i t = - (k + kz)2 = - 2kikz + 2mz

u = - ( + kn) = - Ekikn + 2 m2
·

· In complete generality,
Our case

S ++ + n= S ++ + u = 4m2

· Now return to the z-dependent factor in An given above. Focus

only on the terms involving3 .

We have :

4(kky + kky + kyk) = G(- s - t - u + 6mz) = x'm2 = - 4

=> The product of the three terms with E3 goes to 1 as Eg -> &
.
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· Rename En -> z

;
Reinstate z integration etc....

= ig(2(2nkilJazzlzn-l-zt
↑

& normalization factor , can be determined by explicit evaluation of

the determinants arising in path integrale on ephere or from unitarity,

es< =x))--- - i of Polcincki]
kk

· Define : Caba) = Jazz(z)2anzy-z2b
- 2

=
c = 1- a - b

Fact : Clabichala -> Tons
,
Polch

,
CSW

problems(

=> An = ig(1-d(N(-4(1-)
↑(2 + (4)4(2+ xt/5(2 + 2)

~ exex
(famous result !)

I· Recall P-fet:Voutside poles(x(x) ,

can use Euler's

reflection formula : M1-x)N(x) = T/einix .

· We see : A has many poles.

e.g. fromchannel exchange :

·string excitations at Green withM (n-1).
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These effects correspond to poles in N(-1- @) at s = Mr 2.

· it
,
also has poles from- channel exchange : (or u-channel exchange

123 1 -3

S (++ = Y < poles from 1-1-ft)
-

4
24 2

· In contrast to QFT
,
all these poles come from the same WS.

No need toeun different diegrams ,
like in QFT.

·Comment : Can can be fixed sinceDo can be

near pole

related to 30· The former is ~CS2,

the Latter to (Cs2l ? => Cs2 can be determined.

·High-energy behaviour :

Consider Alsit) at s
,
+ -> c with sit lix (fixed-angle high-

energyecattering) . Using ~excux & "reflection formula"
,

one

sees that
A

,
~5/dhil exp)-d(sens + that + venu)

(away from potes).

Thisexponentialeuppression of high energies" is very different

from QFT or perturbative QG :

Dy"-theory : An Sta ; gravity : Agwall
('E2"homog of degree 1 in sit , n)
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· From the QFT relation

~
we may guess that the "soft" behaviour of amplitudes just discovered

with also cure loop divergences. This does indeed happen.


