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Classicalbosonic string

Relativisticpoint particle
The relativistic point particle is a very useful toy model,
exhibitingsome key aspects of theetring. You should have

already eludied it in your course onspecial relativity.

↑wordline Y target space M ,

coordinates XM

xY
-> Xo= t m = 0, ..., D - 1

The embedding of 0 in M is specified by D fats. XMIT)
,

wherei parameterizes 8 .

The action
,
known from relativity,

can be expressed in terms of these fets:

S =

"

Length of worldline" = -mJds =-mfd
Here we used :

ds" =
- ypndXdx ,

i. e
.
M = RYD-1

dXm = XMdt (t = c = 1)

onsancheck under reparameterizations : -It is

· The EOM read XM = 0

· The non-relationslimit is S = fat(2- m)

· The action above is the point-particle analogue of the
so-called "Nambu-goto-action". We write : S = Sia
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· Both for point - particle andebring ,
another useful action

is the "Polyakov action" Sp ,
obtained as follows :

· Recall that on a manifold with coordinates yo one

measures distances using a metric : ds = gabdyadyb .

· Treaty as a ed manifold
,

with metric ds= hdt ?
· A general action on 8 would then be

S = fa+Fh2(Xym)

· The specific choice

Sp = Sp[X ,
h] = - EfdtFh(hI

is called "the Polyalor action".

(Here h = deth" = heti ht = he=)

· One can check the following :

- The EOM for hare:S = 0 => kee = XMy =X

- Sp[X ,
h = y2] = Sia

=> Sp and Sic are classically equivalent . Sp is much

more convenient since it has no square root.

Worldsheet [
Bosonicstring x1

y) M
->T

Everything analogous :

>X = +3
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· Embedding of Worldsheet E in target space M specified

by fats . XPCEW) ·
Sa = -TSdf

↑ En
string tension area of E

Canalogue of massm) measured with

target space metric
· It will be convenient to use

Min
a corariant coordinate notation also

on 2 : (t
, 2) = (3041 = 3

· An infinitesimal translation di on E induces an

infinitesimal translation &X on M
,
enc that

ds'= -MdXdX = -yurGd
· We ere that Gob = DX& Xyur is the minducedme

a
=> Suc = -Tsai h = det Gab

-

· In almost complete analogy to the point-particle case
,

we introduce an independent WS-metric hab and define

the Polyakov action
Sp = -Effh hab OXX Mu

E

(Hey difference : No constant term needed for classical

equivalence with Suc
.

We will show this in a moment.
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· Note : Sp is a field theory action for D free
real scalars in two dimensions.

· A central object for each a theory is its

energy momentum tensor
,

Tab=
(This differs from the standard GR convention by
a "stringy" normalization factor - [N. )

· We calculate : Sp = -[fd23 En 4 Gab

↓(4
*

Gab) = Gha Gab

5Fh = -(deth) =-dett
↑

identity for variation of any determinant

tr (4th) = - tr(h) = - hab Shab

=> Tab() (FGab+Gt)(ab)
Tab = -25T(Gab-Zhab (Gcak)

w

= I with d' = "Regge slope"
↑-

This name goesbackto the time when string theory was

invented as a model for hadronic physics :I Kadrono =>
tension = prop-factor

......

: between m2 . Dangue. mom.
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particle elope of "Regge trajectory" = 2

-> m2

--------------

· The EOM for h is clearly Tab = 0.

· This is solved by Kab = c Gab for any fat. c :

[Chab (*Ga) = Gab = Tab = o

· Sp[X , hap = Gab] = -EfazeGab

=-Sate = Sa v

BEOM& Symmetries

Sp = -Efah(0X2 with (0x12= 4
*

(0x)(8XY)My
X 1

WS metric /
metric on "field space"

Symmetries:
of our 2d QFT

1) Diffeomorphisms : 32 -> 319 = 419(49y1)

2) D-dim. Poincare - invariance :

Xm -> X(m = 1m-X + Vi
=
1So(

,
p -1)

& This is an internal global symm- of our Id GFT)

3) Weye-rescaling invariance :

hab(3) -> hab (4) = y(31 Kab(E).
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The fact thatinch a rescaling factor(3) drops
out of the action is a key special feature of d2.

· The EOMare : n -> Tab = 0 (see above

** -> EXM = 0 (standard QFT result)
↑
= Do

a

· Comment 1 : As in GR
, diffeomorphism invariance implies Data

leven before the EOM of he eets Tab to zero).
· Comment 2 : Taa = 0 holds as an identity - without using EOMs.

(Problem : Derive this from the symmetries of S !)

-choosing aGanga
eye rescalings "do not affect the

embedding of E in M
.

=) We declare them to be

&seeymms
,
i

. e
. They relate different descriptionsthere

·ey claim : Using Diff. & Weyl, we can locally ensure

hab = (8 %)
.

This is called "flatgange".

·Naive argument

:Egy Ye arbitrarta
Since hab contains only 3 arbitrary fats ,

we generically
have enough freedom to bring hab to any desired form.
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Moreprecise argument :

· Consider the Ricci scalar of the WS with metric has : R[h] .

A straight forward calculation shows that (see e.g. Wald) :

hap = e

*

hab => RIh'T = =Zw(RIh]-IDw).

·Given some metric h
,

we can now solve the PDE

DE = RIhTK for w
. This is a simple wave equation

with a source
.

On acylinder ,
with some cut through the

cylinder as a Cauchy-surface ,
this will always have a

solution
. Having found w

,
we rescale hap -his = edhab.

Now we have gange-equivalent metic h' with RIG = 0
·

· Specifically in d=2
,

we have Rabed =[hashed Kadhc] . R.

Thus
,

our new metic has vanishing Riemann tensor and is

hunce flat. In other words : On choose coordinates e.

t.

hab = dieg (-1, 1) -

· More general them this "festgange" are conformal ganges ,
where

Wab is only fat up to a rescaling hab + 22 hab
.

Comment:

We will later consider the enclidean version of our Id theory .

Then E's other than torus (or strip) will become relevant

and the existence and uniqueness of a feat gange choice
will become highly non-birise and importantSee
BLT

,
Sec

.

2
.
3 & 6

. 2 for more powerful methods useful
in this context.
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-. 5 Solutions

· We use flat gauge and light - some coordinates : 8 = T = W.

=> dst = -dbdo2 = -datde
,

i . e
.

n
+

= k =00k = k
+

= - &ht= -
+

= - 2

E = 488 + 24
-

28 = - 499 with
· EOM : 00X*= 0

· Any solution can be written as : X* = X (24 + X10%
· The index L/R stands for left-right-moving wave

, explained

by the parameterization of the cylinder as

Y

I ↑- 20 xio =XS

(By diff-invariance ,
we can choose any desired value for 2 .)

· XM periodic in w =) &X = &X& &Xi= &-X
both periodic in 5.

=> &XY &&X can be written as E2in/2
n = X

=> X & X follow by integration and hence ,
in addition

,

contain a linear term.

=> general solution : X =EXP+Zine
Xin
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Comments:

- The constant (xM) is the same in X by convention

- The coefficient pi of the lineartrm must be the same

for periodicity of XM in 2.

- XP real => x p
,pre & ()

*

=

- XM = XP+ Eph + = liver motion + Reluctions.

- By Diff+ Weye invariance ,
our choice of 1 is arbitrary. Moreover,

the coeffs ,

in the "Oscillator expansion" above are conventional
.

We gave the form of BLT .

One can for example also follow
GSW (of also my old noles) and choose C

= 5

,
and in addition

Set d = 1512
,
with Is the "etring length"

=>=
X=

(

of also my old notes. (Do not confuse &&ls - they
are conceptually different quantities.


