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-goedcovariant quantizationbasic setup

· Before qualizing ,
we need to go from the Lagrangian to the

hamiltonian formulation .

· Foreyplems with gauge invariance ( = systems with constraints) ,
this is highly non-trivial.

Cof. Dirac'sLectures on QM"
;
Henneaux/Teilelboim ; Matschul : Wipf . )

· We will not be able to present the very interesting & important

story of the "qualization of systeme with constraints" but only
use some basic elements (to get our "Shingy" results of interest).

· Nevertheless
,
it is worthwhile to try and understand the

basic issues using oursimple toy model ,
the relativistic

particle

Towardsthe hamiltonian treatment of the reactivisticparticle

· Recoll : S = - mJdViXY = X Y(t)
· . v

=> P= =m
X

2 =

XXY

· Define D = ph + me

·Work it out : P2m2 = m2 + me = o

↑
identity ; true even before imposing

EOMs

[This is called a primary
constraint. ]
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=> impossible to express XM interms of PM .

Must restrict

ourselves to submanifold of phase space defined by
constraint.

· Work out H : XM-L = - m-fmx = 0.

[ This is due to time-diff-invariance and is the origin

of the constraint found above . ]

· Use more general H : H -> H + ECOr
-

lin-comb. of all constraints

(It's Ol lo add them since they vanish on constrained phose
space.)

· Our case : H= (P4 m2)

· Poiss.

eq. :
y= (xH)=

( =) N2 = - X2
,

i : e. N is an arbitrary parameter living
the freedom of choosing a time variable

.

N=1 E) eigen time/

Alternatively :ooyalortreatment

S = - * fatFh(ky + 1) ;
= Dm=X

: --W ==
-

This is our old constraint p2 + mz = 0
.

(I now follows only after using EOM,

and is hence called "secondary".)(



#on : & (x1y) = 0 => G(x=x)= 0
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↑

using h-EOM

Now
,

we can express the XM through PM as usual.

But quantizing the eyelem by declaring all pairs (PP)
independent would be wrong. All straight lines ,

i .e.

all feds.
With XP = 0

, would be solutions
.

We must

introduce P2+ m2 = 0 as a constraint into hamiltonian

and labr quantum formalism
,

i . e.

IS "T = 0 E phm must be

↑ enforcedE
"EM-tensor" S in canon -

quantization
As before ,

this is a mult of the garge-inv of our

system under time-diffeomorphisms.

(see BLT & Zwilbach for more details

2.2 Quantizing the closedstring

· Use the Polyakov action and flet gange : S = -EG230XX
· This is just a 2d QFT withd Scalars XP

·

· Canonical momenta :

Mp= = TX

H
=fdr(X

- n - 2)
-

=(xix() = T((d,X2+ (0- x)4
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· We find at the Poiss

. -bracket level and then impose of

the commutator level :
↑
(without the "ill

[MTm(t), X
Y

(,]--ider" , [x,
x] = [T] = 0

· We recall the oscillator expansion given earlier ,

where now

(= X= by hermilicityof
the XI

.

· It is straightforward to work out:

[d] = mont ,E = Moment m - [pix * ] = - impr

(Gu = Sko)

· We also note that the integral of the "momentum density" Mi

belonging to the field Xi reads :

pr = gath = Tidym=
This proves that the coeff. pM in our expansion is really the

physical 4-momentum of our string .

Comments :
· Please check the comment relations using

Gueztimmie erinwieja-w = edith
etc

.

· Note that the terms with Xi
, po do not appear in

conventional RFT since there e = co and then XP,
i . e

.
the average field value ,

is non-dynamical .
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~Quantizing the openstring
Everything ,

from classical analysis to quantization ,
can be repeated

for the open eting ,

i. e. 5 wo boundaries.

px -

T & 10
, 2)

XX
-

X0 = t

S =
- [fd23(0 *

xY(0aXm) ; &S = - Tfazy(89xP/(da8X)
=
>TJag(0xi)(x-T](0xi)

-

· Bd
. Arm vanishes for E -

boundary term
1) Neumann b. Cs : 0 X= 0

2) Dirichlet b. c.
s : OXM = 0

&
Physics interpretation :

1)Shift symm .
in XM preserved => momentum conservation respected

=> mom.
can not flow off shing at endpoints

=>dpoints more beely in target space

2) X*(5, 0) & X*(, e) fixed=>ndpoints attached to "D-brane"

· In general ,
some of the XM obey Neuman b. c. s (i . e.

more freely),
the others obey Divided 6.

C
.

s (are fixed) . This corresponds to

thestring ending on a D-brane living in a hyperplane determined

by the values of the "Dirichlet"- XMs . Example:

------

open string Xix
*

- Neumann+ x1 - Dirichlet
↑
D-brane
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· Naming convention : A D-branc with pepatial dims. is

Called "Dp-brane". Thestring ending on it then has

↑ + 1) Neuman and DD-p-1/Dirichlet b. c
. s

.

Our example

shows a Dl-brane in D = 3 target space dims.

· Strings can end on different brance and hence have different

b
. c.s for each end :

E or Fi feely ,
i

. e.· et
ends on a D(D-1 - brame

· One can derive mode expansions for NN,
DD

,
ND & DN b. C. s

.

We only give the NN case :

X = x+ +ine
cos(

(Note that Zid' was it' for XL & XR of the closedstring)

For DD
,
ND

,
DN the pM-hrm is absent. The XP-term is fixed

by the D-brane position(s) .

See BLT for the explicit eqs .

· A very useful way to think about the openooing is to start

with closedetring on a doubled interval
,
w(-1

,
1)

,
with

(symbolically) XM = - .. +~zina -ziYA+ 22
R

and demandsymmetry under 5--0 ("mod out a Le").

This enforces Neumann 6. C
.
s at the "fixed points" G = 0 & W=

and
n

= Xn .

Thus :

X = - - -

+-zincos(w)
We see the left right-moving excitations are

not independent
,

as you expect from refleating 6.
C

.S .
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· Insummery ,

we have : [PM,
X

* ] = - ighr (for NNI

[a = moment lie- "hel

-Constructing the Fock space of the closedstring)

· Operator algebra : X Cit closed) ; P ,
YM

- -

oscillators momentum/position
( += e.. Chermitian)

· Assume Hilbert space repres. exists

· Can diagonalize &P or YM
.

Choose pM.

=> S = 02(p) where Cep) is the enospace on

p
which p = (po , ..., pD-1) is

diagonal with eigenvalues

p = (p0,
---

, pD
-

1).

· Focus on one of the eigenspaces se(p) ,
i . e

., p is

replaced by the real rector p .
Build a repres of the X's

using
Immor ie-[

· As usual
, define vacuum 10

, p) :

↓ 10
, p) = 0 Em > 0

,
M , p

Swe suppress analogous expressions with.
· Define

2 =

span [10,
↑

any number of as ;
all
Mr...;

all min coi
all p.
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· Immediate problem : WhileIam am = + m

,

as it should be,

(ij = 1 ... D-1) [2
o +

] = -m
,
not suitable forhe

standard Oscillator interpretation .

· One could think of "switching the roles" of God Lit ,
but that

would destroy the Corentz -trf. -properties of our representation .

· In fact , the wrong-sign commutator is disastrons for the physics
interpretation : [a,

a
+] = - 1 => la+10)/ = <olaa + 10) = - <0107

=> atlos is a meg-norm-state or "ghost"
(not to be confused with Fadeer-Popor-ghost)

· One inspiration for how to proceed comes from QED :

* ->

an , ap ,
with no , so having a wrong-sign commutator

We recoll that the resolution was to impose the gange-fixing-

condition on all phys-stels :

(OAMY)IT
· Another inspiration comes from the relativistic particle .

There
, we saw that the constraint pl + m

=
= o Led to

be imposed in the hamiltonian frame work. This

constraint came from JS/Oh = 0
.

It has remained

crucial even after h disappeared by gauge fixing.

· Here we can proceed in exact analogy :

S = = Tab = 0
,

need to implement this
a o

hamiltonian level & in QM
.

· It will be convenient to use light-come coordinates ,
o +/5 ·
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· Ta" = 0 E> Ti= T-

+
= 0 Cidentically

· We only have to impose+
= 0 & T=0

· Tab--(Gab-Zhab(SallX(
T-= -&(0X) . (8-X)

· &X = 00-x = 0 = T++X) - (4)
T
- =

-(0
-
Xr) · (0-Xa)

· It will be convenient to work not with To+
/T-

-

themselves

but with their Fourier modes :

Lm = -Send m
Im-Guine=Zmen In

· Here we have introduced the convenient notation

pre
· For the openstring , only the Lm are relevant· But now :

· Straightforward to check : pied

Lm = Lm
;
[m = [mi Lo + to = H

· Crucialpoint : Lo has an ordering ambiguitysince
<

m
& X-m stand next to each other.

We

cre-definedont
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· With this definition (and some work -> tutorials) One

can show :

[LmiLn] = Cm-n)Lmen +

Acm)OmenVirasoras--

classical anomoly

with A(m)=mm) .
--

· At the hamiltoniam Gree
, before quantization ,

we would

have found [Lm
,
Ln3 = cm-u/Lmen 11 With algebra

· This reflects simply classical reparametrization invariance

of the St .

The reason is that Tab (being the current

belonging to Pa) generaleslol translations ,
i . e. Diffs.

· Toee the Witt elgebra arise explicitly ,
consider the space of

fots- On a circle
· f(01 = f(0+ 2)

.1· local translations , f(0)
-> f(0 + all)

,
are generated

by operators D[a] = ald)Op

· Consider the basis Dn = ieno do and look at its

Lie algebra :

[Dm
,
Dn] = [eimoiino ]im-n(eim+00 = (m -n)Dm+

~

· We want to impose Tab = 0
,

i
. e. (m = 0

,
on phys states.

But this is too shong since
0 = <phys)[Lm

.
L

_

m[/phys >= A(m) <physiphys] # 0 &
.
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· For our purposes sufficient : Demand that

#Impu= 0 Enzo)
So far unknown constant accounting for the ordering
ambiguity inLo which we have notyet tried to resolve.

· This is similar to /inspired by QED ,
where only

COA) Jannil-part is used to constrain phys states.

· It is indeed sufficient since our condition implies

<phys.(Lilphys] = 0 Fm :

Indeed
,
take myo & Observe : <phys)-mlphys=themlphysy

=ov


