
G How to fixpu
?

1) garge condition cru
= 0

in Forier space
,
this entails

pMFE
same"bar" asGo top

these are I conditions

2) residual garge dependence 28 =0

-> superposition of place waves



fars on mode with same moratio p,

Em(x) = En e
Pax+*Pax

under this garge transformation,

# = Ep + i (PrEv + PuEm-1u P - E)
/check this

we now can impose

UMF = 0 fr a constant vectora

= umFu + i (p .U Er + prUe -Upe)

- eqs . for 4 components of E



->always has complex) sol .

-> this fixes & more components of For
not11 because pMFnY" = o
-

I hear combination of

For4u

3) residual gauge part I

we can lahe the trace of the transformed For :

#my = Frm + i(2p . c - 4p . t)
= Frm - 2 : p : E



G we can always make For traceless
remaber : we had one free composed

of a left above !

InestSure :

TM =0 pMi = 0 UMTar = O
M I mu I

check that
traceless Lansverse 1)

,2),3) carry
(to direction of propagation , over from
libe for photons) # to iT !



=> in d =4
,
the gravity has two physically

disnot polarisations

Excursion : general dimension of (d-1 spatial + / Live)
-

* Tar is symochic ->t components

· pMTTmu = o - d conditions

· UM Tar = o
-> d- 1 conditions

· #Mm + o
-> I condition

=db) independent polarisation



General wisdom : "gauge symmetry always hits twice

above : & conditions from garge fixing
butcor has non-trivial hernal

↳ common feature in garge
theories

,
related

t secondary constraints
Isheet 3

↳ in d23 : no propagally gravitabbual waves
-> no two orthogonal directious
in which to oscillate

=> d=4 is the minical spacetie dimensionality

for GWs to propagate 1(why) is our universe 4d ?



How do the polarisations look like ?

Example: GW that propagates in z-direction
can make different

Gpm = (p, 0, 0, p)y choices , this is
a specific one

we also choose Un = (1 , 0,
0
,0

- n =
8
00 O

check
e+ ex

this !
MV I O ex

-e)
O 00

2
+
and ex are the amplitudes

of the two polarisabbas



↳ metric :

ds2= dx*dxv (Ymu + hmu)

=

- d+
2
+ dx2() + e ep(z

-+)
+ e

ip(z-))]
+ dy'[l- e+eip(z

- H)
+ e

-p(z -H))]
+ 2dydy exeip(z

-H
+ e ip(z

-+)

+ dzh 2 cos(p(z -+1]



↳ two independent oscillation modes in x-y-plane
+-

+:
: ..

what are the dots ?

> ring of particles ,
GW passes

through and displaces them in

- theabove pattern



toquantization
-> quanhise place waves by promoting coefficials

↓ creation/annihilationoperators :

↓mux) =[Sa[The]
these are helicity

↳ 2= (e+ tiex) zeigenstates eigenstates
of rotation matrix
around Z-axis

-> a
and ae are quarter-mechanical operators

with a standard set of commutation relations :

[a
, a)= [at a

+] = 0
, [apr , atr)= iS , S3(-1)



-> standard procedure to build Fock space

(vacuum, single graviton states
,
ede .)

G are we done
?
is this QG yet ? of course not !
~> interaction

this is the point where we will

need some QFT for the firstfime

towake a OFT out of this , we need to compute

↓op correctionsis need t know the Feynman rules

strategy : minimise pain and use deDonder gauge



m expand Einstein-Hilbert Lagrangian to higher order in h

(2= R)
~ propagator 3-graviton vertex
-↳ 2 Fhap2M+m + Varsaksungchust ...

T
up to rescaling ,

effectivelyhor ->how
-> this is useful as is canonically normalizes how
and makes it that the limit 600 gives the

free theory
-> similar to garge theory : can put coupling
in front of 52 fir

,
or indo the garge field



side note : in a proper treatment , we
have to use the

-

Faddeer-Popor method to implement the garge fixing ;
for now we do not need it as it doesn't change

the power combing , but you will need it later

Feynmanres for GR

We will discuss the loop correction to the

D
propagate ,

i
. e . the relevant diagram is X
P
e P

-"

O- where is in phiple
-

also a ludpole diagra,
- but in dimasional

e+p regularisation if vanishes



G we need the graviton propagator and

the 3-graviton vertex

in the followingve will neglect factors of "i"
as they do not chaugh the scaling with

momerhm

Propagator : = inverse twopoint function

(p+ ]msr(p) < p2[(yMsvrMrY
-M y35]

②

in a more gueral gargs , there will also be hims of the



G
(papyset youpps), (pryuspit plyspo

⑤ + pryurps+ p yurps)
·
⑤

and if higher curvate has are there as well
, prpupsper

-> these5 elects for a basis for two-point

fucious of a symchic field

to computer the propagator , we have to find the

inverse - but what is the idelity ?

how is aurchic hesor

- maps symmetric
L

=> 1Sthgo = how
tasors ondo

themselves



=> InSt= (SS+SVGS)

->
Pappr [P-J

Must Ap
so

in gol , you would now proceed by spanning

↑ in the above basis 0-5

in our garge , we only need D and &

(ahg ?)
Has mu

↳
ansatz : Papaamepu +Raunor)

+Cas You



compute the product :

(P . p-1)
,p= c

,[p21- Enas]
+ [p24-apno]

=4

= p laps
! X+-2 Jup
= I

=> c = Ypz - -2 =0

=> (2 =- =-p



== [Happu-raszar]
1 note : this is up

to the

- proportionality factor that
we dropped for the Corpoint fet.

Cessatally wil

propagator in de Donder gangen



3-graviton verlex : this is where things short to
be painful

↑tutorial 3 on
Nov3

-> queral shvce of Vy
: combinations of two

↑
momula lout of the three) and medics

, why to?

each with 6 indices

-> with moretum conservation (P .+Pets =0) , there are

1 6 I terms (not the most comput way of willy
Mis)

relevant indo : Vye "p2
meaning

all possible
combinations



4) can evaluate -O-now learn in the Gloria

how do not waste

hours on this

4 doing so and performing the loop integral
,
we

encounter divergences of the form

Ediv .

prefab consinSte
expcusionand other terms

of R2 to second order
in h



my how do these tens arise and what do they mean?

① the divergence

for this , we
count powers of the loop montum &
e
--Yet

P

= ->
- vertices could

- either be p?
p+r
*pee pe ore

=> in the least dieght case
,
nSalle)pal large l
-> logarithmic divergence xp4

(there are others as well)



② the Censor shecke

the resulting terms must be proportional to expansions

of curvature invariants - Otherwise
,
diffeomorphism

inveriance would be broken

at fourth order in decintives - p" above -

Candidates are ↑sleetz

R? Pau RM , Pause Rust ,Dur

X

↓lat derivative

m can be neglected



in d=4
,
the combination

E = Fy(Bruss Bruss - 4BRN + R2)

is a total derivative - it is called the

Gauss-Bonnet invariant

- its integral SatxE is a topologial
invariat and measures the

number of "handles" of spaceline

G only I terms are linearly independent and can

contributedo the action (in the absence of

boundary terms) : R2 and -Ro this is a
choice



consequence : to absorb these divergences , ~Saixy
I

counters have to be added to the action

us JaxFg [aR2+ bRmRi]

these are not of the form of the original

Einstein-Hilbert action

=> two new couplings appear in the action

Thn fact : in the absence of matter , one can perform a field redefinition

gov
->
So + 2 For & govR so that for Suitable C

,
22
,

the counterters vanish



to see this
,
we plug in this shift int the action and

expand to lineer order in 2122 [this is enough because
we look at the one-loop fors]

> S[gpu +C, Part Rgmu]

= S[qp-] +Saxb (c RoutcRgn
W

- Eg Gar

= S[g] + Sa*xFgEc, R. Rmv +( +c)R]
Cup to boundaters)

this pattern of new divergences persists at every

loop order : at a loops , we need ters with Enth drivalves



note : at n= 2 , this includes both

cubic curvature terms as well as

quadratic curvature bes with two devirlines

-> the latter are not all total deivalves

2 . g. RDR

↑sad Get : starting at n= 2 , younot absorb

the divergences with a (local) field redetition

for n= 2 the offendingfem in d=4 is

Ram
St Roy Ray Mu

this two-loop comtotem was first computed

by Goroff& Saynolli in 1851186



Phys . Lett.B 160 (185t81-86

Nucl . Phys. B 266(1986)709-736

-> think about this
, given

the argunatation we used

at one-loop order - is it clear that the above terr

cannot be absorbed ?

~> the problem (likely) repeats at higher loop

orders - why
?
↑

likely ,
because the prefactor of a divergence

could be zero ; the point of the

Goroff-Sagnothi computation was to show

it is not J



conclusion : the permbative quantization of the

Enskin-Hilbod action leads to a

~onpredictive theory which has

hikeymanyfre couplings#
been absorbed

* the finite prefectors of the

⑳ newfer-s
,
once divergences have

=> perturbative non-renormalisability
= breakdown of predictivity


