
and a bit
one-loop vs . two-loop of c) generalisation of QCD

I
consider SUCNc) Yang-Mills theory coupled to No furious

in the fundamental representation -
no need to

worry about the
->

Bg
= -(*Nc-EN)+ O(g5) details

,
it is

enough here to
T ↑

one loop terr
understand that

SUIN) garge there is a theory
coupling with this

B Auction

=> if Ng> Nc
, By 40 ,

:
.e . antiscreening

=> asyupblic freedom

=> for Ng> Nc
,

a symptotic Greedom is lost



I can we get Asyupblic Safety instead ?

-> add two loopCerm to investigate this case

Bo3 By = (B +1
(N)

one can show : 230 if only fervious are present

=> no AS fixed point"

but : one can get CCO if one adds scalar fields

with a Yukawa coupling (yet)



wa will analyse this in the Veneziano limit :

we take No
,
No ->O While

keeping E= - Guide and arbitrarily sull
↓ pert

. in E

-> this gives perturbative control over

the AS fixed point !

G we can neglect higher order loops

↓ this limit , we have
to consider -escaled couplings :

&
y=g

= g important : Na

not important :
X

Yukawa term y-g2, g-g2 ,
16a2



=>

By =[ + (25+ 5) 2]
MuP

this minus allows

for cancellations of

one-loop and

Biy = [113+ 2a)g - 62g]Cy two-loop ->a)
-

↑ T

screening vs . antiscreening
-> "LiSa" model Litim , Sanuino

JHEP 1412 178(2014)

review : Eichhorn 1810. 07615



Exercise : compute the AS fixed point and critical exponents
-

↓ leading order inE*0

8,7*

E : · from By = o , we get
why can we

1[yx=g t neglect e . Lyand
· from Big = o , we get I E .

gx
?

# 2 + 25gx - Eyx = 0

-> two equations for two unknowns



-> solution:
gy
= EE , Yye Fe
-> this is why we can neglect

1

Edgly* - these products

are higher order in E

exp: subility matrix M=l
leading order ins

↓
·↳=25 ycontribution
~m[]



---
evaluation at

· FP =) [ ...]=0=> no contribution

·=
· By = Ge

=>M = ) 2553
-

I-g*



(minus)

for critical exponents
,
we need "the eigavalues of M :

· det M = (&, ) · ( -82) = 0: 02
=-28 x = 0(23)

· WM = - 0
,
- 02

= 62gx + 25x
↑ O(c)

↑ 0(a2)

=> one O is O(a)
,
the other is O(a2)

=>0.0- Cy can be pedida
in tons of Eg !



canonical vs . quanhum scaling
consider again B function in SUCNe) Yang-Mills theory
in d=4 :

Bg = -Nc +..
differente than

↓ above

how consider d34
,
in particular let d= 4+ E

-> the garge coupling acquires a mass dimension !

check : S& Sd
*
x F En suppressing color indices

with Fau = Cuty-EvAm-iG [ApAr]

· Kindlic term~ DA)2



=> 2[a]+ 2[A] + [d(x] = 0
1)

" -d

=> [A]=

· Geld strength tensor must have consistent

mass dimension

=> [2A] = [G] + [Az]

=> [G] = (2] - (A) = E =-
d=4+E

=> d =-



& in d = 4 + E
, By acquires a linear term

:

Bg = Eg - *N,% +...

A ↑
canonical scaling , quarte fluchalion,

Screening anti-screening

=> for e<C1 ,
there is a permbative interacting

Ged point at=
↳ for gagp ,

the one-loopferm is sub-leading



this mechanism is relevant for quarte gravity , because

in d =4
, [Gn] = -I , so that

By = 2y + 0(gz)

=> we need antiscreening
reall earlier example

Bg = 2y - 292x

-: in general dimension , [GN] = 2-d check this !

↳ in d =2+e , Bg = eg-5(19 + 6N-ENg-Ns) g2+.. .
# rectors Eternionscalars



=> QG is a symptotically safe in It dimensions !
(for some matter content)

this however only gives some mobiration
, a
lot can go

wrong between d=2 and d=4 :

-> gxdt ,

but e- 2

-> in d =2 , Cargo = 0 . Rom = EgarR

in d= 3
,
Cargo = o

C unclear how higher-order curvature tens are

"Wrund on" as -2



or : how to compute

-FunctionalRenormalisation Group non-perfurbative
B functions (finally !)

we follow this logic :

· evaluating the fill path integral would be nice
,
but it

[citation needed]

is too complicated = integrals are hard

· instead of computing the fill path integral in one step
,

we will integrate in small steps
,
and then derive a

differential equation for how these "partial path integrals"

change under a small step = differential equations are "easy"

· using an action functional is convenient because we

can compute eqs of motion , propagators, ...



↳ goal : compute effective action PCE]
We will make it

precise later

-> analogue of classical action SCO] but includes all

quantum effects
path integral sons over all of the
->

-> with quantum fluctuations , EOMs of a "classical"

field configuration do not have any physical meaning

= to are the FoMs frthe

expectation value E= <$7

for simplicity ,
we will now discuss everything for a

Scalar field &
,
and discuss the generalisation to you later



-Effectiveaction

=Sa%xf(x)p(x)
starting point : path integral ↓

z[]] = S04e
iS[O] + : J. @ reland to

note : <1:
Peiscas+:j.04

Sode : S[9]+:70 <
normalised

From our heuristic definition
,
wenight want to

define PLE] as the integrand evaluated at E=26

and with StP
,
so

z(y) = ei
PLE] + ig .t



more precisely , PLEJ and ECJ] are related by
a Legendre transform (almost) :

↑(E) = Sp(-J . E-inz(y] &
- &

often called W[J]M = Schwinger fruchbuch

chooseJ such

that [ ...] is
=> Jsup = Jsp[]

maximised for eachI

my It is the conjugate variable of J
this is the same "conjugate" as going from Legrangian to Hamiltonian



use path inhyral above
check ; for a conjugate variable ,we need ↓

=
X

Jsup : I that maximises [ ...] above for givent

EoM : compute recall Jsu-Jsup[E] !
↓ Y

[W2Jsp] - Jsp:]
=

- Jsp+



=>Jsup FoM for in presence
of source Jsup

=> for many interesting scenarios y=0 ,
in avelogy to classical FOM =0

the analogy with the classical action suggests that we
all possible field monomials

,can paramelise P as
2) including derivatives

PCJ = Saix [EnQ(
ny

physical values of couplings that
include all quantum effects

=> we want to compute En !



#ample : recall
the general scaler field theory with

E2 symmetry considered in the section on

the stabilitymatrix

~ PCE] = JaI [z(IDE)+

+Her
+... ]

reminder => wantdo compute the Gen , Hea , " -

↓
play : instead of computingGn directly , we compute

&
n
,
k
which are the corresponding couplings for the

"partial path integrals" at scale k (do be made precise below)



in a shetch : space of

S

·↳goal :

M find KOrPk

↑: effective action where we have performed the

"partial path integral" for modes $(p) with p2>42

m high frequency modes



problem : in Minhowski signate , "high energy" does not necessarily
mean ph large , because

p2 = - E2+p

=>
any

covariant cutoff on ph does notestrict

the warcumber nor the frequency

=> a crloff on E and B separately breaks

Lorentz invariance

Baldazzi
,
Percacci

,
Skrinjar 1811 . 03369

"Solution" :

We considethedidgugGia-

f


