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I. MOTIVATING NONCOMMUTATIVE GEOMETRY

Heuristics:
o Path integrals on M
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I. MOTIVATING NONCOMMUTATIVE GEOMETRY
Heuristics:

 Path integrals on M — Path integral of spacetime (Quantum Gravity)

e = >+@+...

Quantum superposition of geometries
o Quantum Gravity — Random Geometry

B ZZE e%SEH[g]p[g] o Z = e*%SEH[g]’D[g]

topdlogies

topologies
geometries

geometries.

» To access Z, models for ‘quantum space’ are proposed, e.g.

Discrete Algebraic

single geometry AL
-"} < paradigms — -

(™ from Wikipedia)



The Spectral Standard I\/Iodel

{m‘,!z/\(f': 1+
Y B (i
- H (@) —

,'Z” O(Wiho~ +Wrgt)

Num. of generations and C®H ® M;(C) — BNEGEY — Classical Lagrangian of the Standard Model

[Chamseddine-Connes-Marcolli ATMP 2007 (Euclidean); J. Barrett J. Math. Phys. 2007 (Lorenzian)]



Commutative spectral triples
A spin manifold M yields (An, Hu, Du)

Ay = C*(M) is a comm. =-algebra

Hu := L2(M,S) a representation of Ay
Dy = —iv*(0u + wy,) is self-adjoint

for each a € Ay, [Dwu, a] is bounded, and
in fact [Dy, x*] = —ic(dx*) = —iy#,
being ¢ Cliff. mult.

Dy, has compact resolvent

go to more on spin geometry c-



Commutative spectral triples
A spin manifold M yields (An, Hu, Du)
o« Ay = C*®(M) is a comm. =-algebra
o Hpy := L2(M,S) a representation of Ay

A spectral triple (A, H, D) consists of
o a x-algebra A
« a representation H of A

* Dy = —iv"(0u + wy) is self-adjoint « a self-adjoint operator D on H with
« for each a € Ay, [Dw, a] is bounded, and compact resolvent and such that [D, a] is
in fact [Dy, x*] = —ic(dx*) = —iy#, bounded for each a€ A

being ¢ Cliff. mult. The ‘commutative case’ motivates

QL(A) = { S b[D,a] |a,be A}

(finite)

e Dy, has compact resolvent
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Commutative spectral triples

A spin manifold M yields (Av, Hu, D) A spectral triple (A, H, D) consists of
o« Ay = C*®(M) is a comm. =-algebra

o Hpy := L2(M,S) a representation of Ay
e Dy = —iy*(0, + wy) is self-adjoint

o a x-algebra A
« a representation H of A

« a self-adjoint operator D on H with
« for each a € Ay, [Dw, a] is bounded, and compact resolvent and such that [D, a] is
in fact [Dy, x*] = —ic(dx*) = —iy#, bounded for each a€ A

being ¢ Cliff. mult. The ‘commutative case’ motivates

QL (A) ::{ S b[D, 4] | a,beA}

(finite)

e Dy, has compact resolvent

go to more on spin geometry c-

. [A, Connes, JNCG ‘13] (quite roughly formulate
RECONSTRUCTION THEOREM _ hly formulated
Commutative spectral triples ™0™ More aXI0Ms 5re Riemannian manifolds.



The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance

inf’y as above{g,Y dS} = d(X7 y)
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The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance

(%) = f(y)l



The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance

sup {[f(x) = f(y)| : ||[Dmf — fDum|| <1}
FeCo (M)



The idea is to replace the metric in (M, g) by Dy

Connes’ geodesic distance

inf’y as above{g,Y dS} = d(X7y) = fegi?M){ |f(X) - f(y)| : ||DMf - fDM” < 1}

go to examples V



NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97]

for a bump function f around the origin
and A a cut off scale. It's computed with
heat kernel expansion [p. ikey, J. Diff Geom. 75)
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NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97]

for a bump function f around the origin
and A a cut off scale. It's computed with

heat kernel expansion [p. ikey, J. Diff Geom. 75)
Asn = C @ He M;(CH

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple Ay = Mo(©)

(C*(AF), Hu ® Hr, Dy ® 1F + 75 ® DF)

F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Spin geometries or

« applications require (A, H, D) to have a
reality J : H — H antiunitary " °meaxioms,
implementing a right A-action on H,

wa=Ja*Jl  yeHaea

C=(M) commutative spectral triples



NCG toolkit in high energy physics

» On a spectral triple (A, H, D) the « let's sketch connections: if SC is a
(bosonic) classical action is given by G-invariant functional on M

G Maps(M,G)
S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97) 5 R 5
dvwosd+A Acd'M®g
for a bump function f around the origin A = uAu '+ udu™t  ue Maps(M, G)
and A a cut off scale. It's computed with
heat kernel expansion [P. Gilkey, J. Diff. Geom. ‘75]

» Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu ® Hp, Dy ® 1F + 75 ® DF)

« applications require (A, H, D) to have a
reality J : H — H antiunitary "some axoms
implementing a right A-action on H,

pa = Ja*J" Ly peHaeA



NCG toolkit in high energy physics

» On a spectral triple (A, H, D) the « let's sketch connections: if SC is a
(bosonic) classical action is given by G-invariant functional on M

SG - SMaps(l\/LG)
S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97)
dvwosd+A Acd'M®g

for a bump function f around the origin A = uAu '+ udu™t  ue Maps(M, G)

and A a cut off scale. It's computed with

heat kernel expansion [r Gy, J. bifr Geom. 75) « given (A, H, D) and a Morita equivalence
« Realistic, classical models come from A =n B (ie. mnda(£) = B) yields new

(B,E®a H,D"). For A= B, in fact a
tower
{(A, H, DW)}weQ}J(A)

with D, = D + w. In presence of J

almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu ® Hp, Dy ® 1F + 75 ® DF)
« applications require (A, H, D) to have a - 1
reality J : H — H antiunitarytsome axioms D,=D+wstJwl .
implementing a right A-action on H, D., — Ad(u)D,Ad(u)* = D,
Wa = Ja* S el e n W wy = uwu® + u[D,u*]  ueun



Organization

F (‘finite geometries’)

Classical geometry
(single geometry paradigm) AIM: Make sense of

Z={ e nTmf(®gp
Asy = CoH @ M;(C) Dirac
]
Qu@ﬂﬂﬂ Ay = M,,(C) e Plane (h,1/N,0) of ‘base geometries’
Matrix geometries * Plane (h’ 0’ F) - IimN_)OO(h” l/N? F)
1/N o Plane (0,1/N, F) = lims_o(h,1/N, F)

of classical geometries

ommutative spectral triples
(Spin® Riemmanian Geomery)

(C=(M), L*(S), Pu)

Quarntiirm base geornetries [CP 2105.01025]

without matter fields



Organization

F (‘finite geometries’)

Classical geometry

atrix spectral triple

matrix & fuzzy geometries

Quiantiimn base geometrios

1 Matrix Geometries
[J. Barrett, J. Math. Phys. 2015]

2 Dirac ensembles [J. Barrett, L. Glaser, J. Phys. A
2016] and how to compute the spectral
action [cp 1912.13288]

3 Gauge matrix spectral triples
[CP 2105.01025]

4 Functional Renormalization (cp 2007.10012)
and [cp 2111.02858]



II. Fuzzy GEOMETRIES AND MULTIMATRIX MODELS

A fuzzy geometry (of signature (p, g) (thus of dim.
p + g and KO-dim g — p) consists of

« A= Mpy(C)

e 'H=S® My(C), being S a Cl(p, g)-module

.. (axioms for D omitted, go to axioms V) ...



II. Fuzzy GEOMETRIES AND MULTIMATRIX MODELS

o Characterization of D in even dimensions:

A fuzzy geometry (of signature (p,q) (thus of dim. D=3T) @{H), -} +XT. ®[L,, -]
p + g and KO-dim g — p) consists of J J
« A= My(C) multi-index J monot. increasing, |J| odd
o ‘H= S@ MN((C), being S a (Cg(p, q)—module [J. Barrett, J. Math. Phys. '15], Hj = HJ, Lf’j = —LJ

.. (axioms for D omitted, go to axioms V) ...

 Gamma-matrices conventions:

B (,YH)2 = +17
w=1 ..., p,~" Hermitian
- (,yl—b)z = _17

w=14+p,...,q+ p,y" anti-Hermitian

=P for i =1,...,p+q,
I=(:u’17"'7lu/r)



II. Fuzzy GEOMETRIES AND MULTIMATRIX MODELS

o Characterization of D in even dimensions:

A fuzzy geometry (of signature (p,q) (thus of dim. D=3T) @{H), -} +XT. ®[L,, -]
p + g and KO-dim g — p) consists of J J
« A= My(C) multi-index J monot. increasing, |J| odd
o ‘H= S@ MN((C), being S a (Cg(p, q)—module [J. Barrett, J. Math. Phys. '15], Hj = HJ, Lf’j = —LJ
.. (axioms for D omitted, go to axioms V) ... o Examples:
J Gamma—mzatrices conventions: - Dayy = YRIL -1+ {H, -}
- ()2 = N
S = - - Doy = 57 ® Ly, - 1+7" @1Hy, - }
w=1 ..., p,~" Hermitian h

® [J. Barrett, L. Glaser, J. Phys. A 2016]
{H, }~» HRly+1y®HT
L, - 1= L@®Iy—1y®LT

- (,yl—b)z = _17
w=14+p,...,q+ p,y" anti-Hermitian

=P for i =1,...,p+q,

= (pa, s pr) so we will get double traces from
Try = Trs ® Try, o) = Trg®Tr%2

Notation: Try X is the trace on operators X : V. — V, Try 1 =dim V. So Try 1 = N but T’MN(C)(]-) = N2



Spectral Action: Try D™ (cp. 11215208 Chord diags. d = 2 geometries, 17 = diag(er, €) o to ore se

1
Tru(D°%) = 2N ) Trs (v -+ - 4%) x
"
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Spectral Action: Try D?™

solid circ.

TrH(DG) _ ZNZTrs(’Ym .,yua) %
I
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Spectral Action: Try D?

solid circ.

[cp. 1912.13285) Chord diags. d = 2 geometries, n = diag(e1, &) g o nore s

(1,5),(2,4),(3,3)-partitions
1

: 1
Kyug) + Try P x Try Q terms

Tri(D%) = ZNZ:ITrs('y”1
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Spectral Action: Try D™ (cp. 11215208 Chord diags. d = 2 geometries, 7 = diag(er, €) o «o ore cse

solid circ. dashed circ. (1,5),(2,4),(3,3)-partitions
1

Tri(D%) = 2NZ:ITr§('y”1 e 'y“ﬁ)l x Try (K, - Kug) + Ty P x Try Q terms
©w

Koy K. Koy K. P 1{3;, K. Ky K., Koy K.
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Multimatrix models with multitraces & ribbon graphs

e The chord-diagram description holds in
general dimension and signature [cp 19

— Try f(D) =
DIRAC € ! dD (h N 1)
“NTwy p_Tr%Z(Q(1)®Q(2))decn

zZ=
=SMp,qe

- X e M,,q = products of su(N) and Hy
- dXy; is the Lebesgue measure on M, 4

= P, Q(,’) in (C<k> S (C<X1, 560 ,Xk> = (C<X>
are certain noncommutative polynomials

Zionua, leads to colored ribbon graphs

2 Try (ABBBAB) >>”\\

B T’ (AABABAQ AA) < <

n

11



Multimatrix models with multitraces & ribbon graphs

e The chord-diagram description holds in
general dimension and signature [cp 19

Z=( e T OdD (h=1)

DIRAC

2
_ SM o= N T P—Tr% (Q(l)®Q(2))dXLm
P,q

- X e M,,q = products of su(N) and Hy
- dXy; is the Lebesgue measure on M, 4

= P, Q(,’) in (C<k> S (C<X1, 560 ,Xk> = (C<X>
are certain noncommutative polynomials

- Zionua leads to colored ribbon graphs
2 Ty (ABBBAB) « Al
I

B T’ (AABABAQ AA) < <

n

e Multitrace: ‘touching interactions’ [iebanov, PRD ‘93],
wormholes [Ambjgrn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01], ‘stuffed

)
MAaPS  [G. Borot Ann. Inst. Henri Poincaré Comb. Phys. Interact. '14],

AdS/C FT (Witten, nep-tn/o112258]

e Ribbon graphs: Enumeration of maps [srezin, itzykson,
Parisi, zuber, cMP 78] 1 he ones we get are ‘face-worded’

L \\/\\

SN N

& intersection numbers of v)-classes [kontsevich, cmp, ‘0]

n
RN § (e
! 2 n | 2a+1
ay+...+ap=dimec Mg, n j=1 S
22g72+n 1

a 2 (a,n) FFAUL(C) o g Si(e) T SR(e)

G trivalent of type

11



ITI. YANG-MILLS-HIGGS MATRIX THEORY

F (‘finite geometries’)

Almost-commutative manifolds
classical

ASM=C®H®M3(C

Aym = M, (C

geometries or

C=(M) commutative spectral triples

12



ITI. YANG-MILLS-HIGGS MATRIX THEORY

F (‘finite geometries’)

Almost-commutative manifolds
classical

Spectral action = Standard Model + gravityg

Asm = CoH @ M3(C

Zac ;I e~ E T FD gD
D

TRAC

r: i instein SU(n)-Yang-Mi . q
Aynt = M, (C Spectral action = Einstein SU(n)-Yang-MilE (hard 2o el mERE manlfolds)
= Mp

geometries or

C=(M) commutative spectral triples
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ITT. YANG-MILLS-HIGGS MATRIX THEORY

F (‘finite geometries’)

Almost-commutative manifolds
classical

Spectral action = Standard Model + gravityg

Asy =C e He M;(C

Zac ij e~ % TP gp

Dirac

. i instein SU(n)-Yane-Mi . .
Aynt = M, (C Spectral action = Einstein SU(n)-Yang-Mil] (hard 2o el mERE manlfolds)
= Mp

geometries or

C=(M) commutative spectral triples

DEFINITION [cp 2105010257 We define a gauge matrix spectral triple G, x F as the spectral triple product of
a fuzzy geometry G, with a finite geometry F = (Af, Hr, Df), dim Ap < .

12



LEMMA-DEFINITION [cp 210501025 Consider a gauge
matrix spectral triple G, x F with

F = (Ma(C), Ma(C), D)

and G, Riemannian (d = 4) fuzzy geometry on the
algebra My(C), whose fluctuated Dirac op. is

Dga uge DHiggS

3
D, = Z7M®(’fﬁu+0/u)+7u®(mu+5u)+7®¢:
n=0

The field strength is given by

5‘1“, = [fﬂ +@H,fy +0/u] = [Fm/» : ]
=

m

13



LEMMA-DEFINITION [cp 210501025 Consider a gauge
matrix spectral triple G, x F with

F = (Ma(C), Ma(C), D)

and G, Riemannian (d = 4) fuzzy geometry on the
algebra My(C), whose fluctuated Dirac op. is

Dga uge DHiggS

3
D, = Z7M®(’fﬁu+0/u)+7u®(mu+5u)+’7®¢:
n=0

The field strength is given by
5‘1“, = [fﬂ + @H,fy + @u] = [Fm/» : ]
—_——

m

LEMMA The gauge group G(A) =~ PU(N) x PU(n)
acts as follows

[P 1= FZV = UF;“,U* for all u € G(A)

13



LEMMA-DEFINITION [cp 210501025 Consider a gauge
matrix spectral triple G, x F with

F = (Ma(C), Ma(C), D)

and G, Riemannian (d = 4) fuzzy geometry on the
algebra My(C), whose fluctuated Dirac op. is

Dgauge Dhiiggs

8
=2 ®Cut an) + 1 @ (2u+3,) +7® P,
=0

The field strength is given by
Fuw =+ ap,lv+av] = [Fu, -]
—_——

m

LEMMA The gauge group G(A) =~ PU(N) x PU(n)

acts as follows

[P 1= Ff“, = UF;“,U* for all u € G(A)

THEOREM For a Yang-Mills—Higgs matrix spectral
triple on a 4-dimensional flat (z = 0 = 4) Rieman-
nian (p = 0) fuzzy base, the Spectral Action for a
real polynomial f(x) = 337 aix’ reads

1
2 Truf(D) = S+ Sh+Siu+Ss,

where each sector is defined as follows:

YM(?’p @)= 7 TrM%@, (Fu T,
Siu(t, @, ®)=—a Truge, (d,®d" ),
((D) rMC fe(d)) )
S)(¢,a) =Tryg 1o (). 9= d.a"

Moreover, one obtains positivity for each of the fol-
lowing functionals, independently:

S}, Sl Sk =0 ifa,>0.

13



MEANING

Derivation
Gauge potential
Higgs field

Covariant Derivative

RANDOM MATRIX CASE, FLAT d = 4 RIEM.

Tr = TRACE OF OPS. My @ M, — My @ M,
Cu = [I—u@ln» ]
wp = [Auv ]
[0)

dy=Cu+ayu

SMOOTH OPERATOR

14



MEANING

Derivation
Gauge potential
Higgs field

Covariant Derivative

Field strength

Higgs potential
Gauge-Higgs coupling

Yang-Mills action

RANDOM MATRIX CASE, FLAT d = 4 RIEM.
Tr = TRACE OF OPS. My ® M, — My ® M,

fu:[l-u®1n» ]

ap = [Ay, -]
[0)
dy=Cu+ayu

#0
—
(@, @] = [Cn, 0] +
[f#aal/] - [fl/va’#] + [{Z’H7ﬁ’”]

Tr(ho? + f,04)
— Tr(d, dd" )

— L TH(Fp FHY)

SMOOTH OPERATOR

Oi
A;
h
D;i = 0; + A
=0
e
[]vaDj] = [afvaj] +
0iAj — OjA; + [Ai, Aj]
SM (fz\h|2 4 ﬁ;|h|4)vol
— §y [Dih[*vol
— 2§ Trou(n) (F5F7)vol

14



MEANING

Derivation
Gauge potential
Higgs field

Covariant Derivative

Field strength

Higgs potential
Gauge-Higgs coupling

Yang-Mills action

RANDOM MATRIX CASE, FLAT d = 4 RIEM.

Tr = TRACE OF OPS. My @ M, — My @ M,
fu: [I—;l,®1"7 ]

ap = [Ay, -]
[0)
dy=Cu+ayu

#0
—
(@, @] = [Cn, 0] +
[f#aal/] - [fl/va’#] + [{Z’H7ﬁ’”]

Tr(ho? + f,04)
— Tr(d, dd" )

— L TH(Fp FHY)

SMOOTH OPERATOR

Oi
A;
h
D;i = 0; + A
=0
e
[]vaDj] = [afvaj] +
0iAj — OjA; + [Ai, Aj]
SM (fz\h|2 4 ﬁ;|h|4)vol
— §y [Dih[*vol
— 2§ Trou(n) (F5F7)vol

+ Propagators and (¢,,)ii (€2 )jm(E")mi(€") i HU(’% %w » A

14



IV. FRG FOR MULTIMATRIX MODELS WITH MULTITRACES

Motivation from ‘2D-Quantum Gravity’

discrete surfaces

smooth surface

all topologies

(i

double-scaling limit

lin. RG-flow near
a fixed point

<«

matrix integrals Z(X)
[B. Eynard, Counting Surfaces '16]

(area) finite
& infinitesimal mesh a
a®(2—2g)

(area)g ~ vpves|

Z(\) = X N2, ())
!

(Ae — ,\)(2*2@/9
Ne — ANV = C

AN) = e + (N/C)~?
0 = —(0B/0N)|x,

[Eichhorn-Koslowski, PRD, '13]
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IV. FRG FOR MULTIMATRIX MODELS WITH MULTITRACES

Motivation from ‘2D-Quantum Gravity'

discrete surfaces

smooth surface

all topologies

1

double-scaling limit

lin. RG-flow near
a fixed point

matrix integrals Z(X)
[B. Eynard, Counting Surfaces '16]

(area) finite
& infinitesimal mesh a
a®(2—2g)

(area)g ~ vpves|

Z(N) =X, NP8 Z(N)
¢
(Ae — 1) (2—28)/0

Ne — ANV = C

A(N) = Ae + (N/C)—0
0 = —(9B/0N)|x.

[Eichhorn-Koslowski, PRD, '13]

. Chosen bare action S = I'y_j
. Full effective action I' = I'y—¢

¢ Interpolating action I'y—z_, (projected & truncated)
— RG-flow with truncation and projection
Moduli of Dirac operators < theory space
----% RG-flow without truncation nor projection

g..  Rest of coupling constants

“Theory space”

15



Two approaches

o for the unique real solution g* leading to a
single relevant direction (positive e.v. of
—(0Bi/0g))i jlg+) yields an Ry-dependent

1. Mathematical construction:

[CP 2007.10914, Ann. Henri Poincaré 2021]

e prove Wetterich Equation, or FRGE,
wpE 1 g (2) "
= 35STr {RN/[F + RN]} g:4 = 1.002 x (g:4|[Kazakov—Zinn—Justin, Nucl. Phys. B ‘99])
e its proof determines the algebra that governs
geometric series in the Hessian of T (this
expansion is originally from [o. Benedetti, k. Groh, P. F.

Machado and F. Saueressig, JHEP 2011])

» to determine the scalings of the couplings
with Z and N we use [A. Eichhorn, T. Koslowski, Phys. Rev.
p13], but the proof of the FRGE dictates an
algebra not reported there

» fixed-point solution to -equations for a
sextic truncation (48 running operators)



Two approaches

1. Mathematical construction: « for the unique real solution g* leading to a
single relevant direction (positive e.v. of

—(0Bi/0g))i jlg+) yields an Ry-dependent

[CP 2007.10914, Ann. Henri Poincaré 2021]

e prove Wetterich Equation, or FRGE,

B[P = %STr {RN/[F(2) + RN]} " g:4 = 1.002 x (g:4|[Kazakov—ZinmJustin, Nucl. Phys. B ‘99])
e its proof determines the algebra that governs
geometric series in the Hessian of T (this 2. Pragmatic approach: (cp 2111.02658]
expansion is originally from [o. Benedetti, k. Groh, P. F. o write down Wetterich Equation (Generatio
Machado and F. Saueressig, JHEP 2011]) Sponanea)
» to determine the scalings of the couplings e assume an expansion of its rhs in
with Z and N we use [a Eichhorn, T. Koslowski, Phys. Rev. unitary-invariant operators (75 exact RG)

p13], but the proof of the FRGE dictates an

¢ impose the one-loop structure
algebra not reported there P P

e determine from it the ‘algebra of functional
renormalization’; it is unique and the one
reported in [cp 2007.10014)

» fixed-point solution to -equations for a
sextic truncation (48 running operators)

16



Double-traces makes our invariants for ‘free’ two-matrix models grow quite fast (cr 19: in dimension d

ifJe Ay, dx? # Oon RY decorated chord diags T : ]\,I : )
I 1 : 1 L= (s g2, s,

dlr]r-1§ Tr(DQt) _ 2 { Z Xll,ulzt

R, beENy x€CDap

2n=3; |1;|
T Akl, Ky,
x ( M sgn(k) x Ty (Kie) x Tov [(K ),T])} .
Te Py
d>4
2t = 4 example : 7~
2n =12 ]\1

go to examples of complexity of double-traces >

17



Handwaving Functional Renormalization for k-matrix models (w/muttitrace-measures)

Quantum theories ‘flow’ with energy, here in RG-time t = log/N, 1 « N < 4. E.g. for k = 2 and with bare
action

1 1 1 1 1
S[A,B] = 4 Try {§A2 + 5B+ gu A + g B + 5gABABABAB}
radiative corrections ‘generate’ effective vertices. For instance >/\/\< generates .4 Tr 4 (ABBA).

operators from the bare action (but with ‘running couplings’)

Z Z 1 1 1 1 1
FN[A, B] = Try { ?AA2 + 7832 L §A4ZA4 o EB“ZB“ uE EEABABABAB A EEABBAABBA a4 EEA‘A Try (A) XA+ ... }

radiative corrections

18



Handwaving Functional Renormalization for k-matrix models (w/muttitrace-measures)

Quantum theories ‘flow’ with energy, here in RG-time t = log/N, 1 « N < 4. E.g. for k = 2 and with bare
action

S[AB] = A Try {lA2 +1

1 1 1
B? A IRt 4 = ABAB}
5 5 + gas 4 + &g+ 4 + 2gABAB

radiative corrections ‘generate’ effective vertices. For instance >/ < generates A Tr_y (ABBA).

operators from the bare action (but with ‘running couplings’) radiative corrections
Z Z 1 1 1 1 1
Fv[A, B] = Try { ?AA2 + 7532 + 27 A + Epi 7 B + SEABABABAB + - ZapeaABBA + JEaa Ty (A) X A .. }
We are interested in one-loop graphs. These are graphs
G whose 1-dim skeleton G° = G/{interaction vertices =
collapsed to points} has bi(G°) = 1. The effective . W
vertex ngf of such Feynman graph is formed by read- R & 1[972)
ing off each word w; traveling around all ribbon edges g3/ \\7 }
(propagators) by both sides: (( @) /91 4o A a2
from vertices contracted with propagators "y 71/519)/
O = Try (w1) x Try (wa) X -+ x Try (ws)
x Try (Ur) x Ty (Us) ... x Ty (Uy) =
Ifrom s UeaiaEas widh propagatorsl gral. situation (yet, without multitraces)  inner word wy ® outer word wy

18



nc-derivative 0a : Cy — (C%f) sums over
‘replacements of A by ®'[rota-sagan Stein Voiculescu:

0A(PAAR) = P® AR + PA® R, but
OA(ALGEBRA) = 1 ® LGEBRA + ALGEBR ® 1



* nc-derivative 0a : Cjy — (C%f) sums over
‘replacements of A by ®'[rota-sagan Stein Voiculescu:

0A(PAAR) = P® AR + PA® R, but
OA(ALGEBRA) = 1 ® LGEBRA + ALGEBR ® 1

o for W e (C(k>, Hess Try W e Mk((C<k> &® (C(k>)
is the nc-Hessian [cp 2007.10014], whose entries are
Hessp,. Tr W = (0x, o 0x,) Trn W. These are
computed by ‘cuts’: e.g. W = ABAABABB

B 1
656A A B go to examples of nc-Hessians V

B 1
B

B Y4 B l," s B f a
=1y ® Eyi+jjg+§;g
B A B A B A
+ (L + S8+ S ot
B G 1 B A B 1
A

B

in ellipsis Z:":;

cuts

= - BAA® ABB

B A



* nc-derivative 0a : Cjy — (C%f) sums over
‘replacements of A by ®'[rota-sagan Stein Voiculescu:

0A(PAAR) = P® AR + PA® R, but
OA(ALGEBRA) = 1 ® LGEBRA + ALGEBR ® 1

o for W e (C(k>, Hess Try W e Mk((C<k> &® (C(k>)
is the nc-Hessian [cp 2007.10014], whose entries are
Hessp,. Tr W = (0x, o 0x,) Trn W. These are
computed by ‘cuts’: e.g. W = ABAABABB

B i
656A A B go to examples of nc-Hessians V

B
B

,‘
- 1we (L + - + gl )
B A B A B A
+ (L + S8+ S ot
IA"v 1 B A B ..‘l
A

» products of traces = extend by [X],

Ak = (Cry @ Ciy) @ (Ciry I Ciiy)

Hess, »(Tr P - Tr Q)
= Tr P - Hess, [ Tr Q] + (dx, Tr P) X (0x, Tr Q)
+ (P Q)

e Wetterich Eq. governs the functional RG

t =log N p
o 1 ¢ Ry S
o.Tn[X] = 5STr{ }

Hess Tn[X] + Ry -

o0
e Z hk(N>7717 © o ~777"')
k=0

L
2

x =(=1)*STr{(Hess Iy'[X])*"}

regulator-independent part
" r

STr = Trik® Tr.4,. Tadpoles

imply
Tra,(PRQ) = Try P-Try Q, Tra, (PXIQ) = Try (PQ)



Finding

8 < Hess, , Op x Hessy, - Op x Hess. g O3 % ... x Hess,. . Oy

20



Finding

1T

Associativity (trivial check):

C Hess, , O; x Hessy, - O, x Hess. g O3 % ... x Hess,. . Oy

20



Case

Try, [(UQ@W) *

UOW)

i = 28

I Case II

(PHQ)] T [UEW) = (POQ)]

(PRQ) (URW)=(PRQ)

\

|
_—

)

Case 11 Case IV

Tra, [(U@W) + T [(URW) * (PRQ)]

URW)+(P®

PeQ)]
Q)/
URW)=*

(UW)+(P®Q) (URW)*

—

(PRQ)/ ~

(PRQ)

21



Case I

Tra, (U W)« (PR Q)]

(U@W)+(PRQ)

Trg [URW)* (PRQ)]  Tra[UQW)+(PRQ)]  Tra, [(URW) * (PRHQ)]

URW)*(PRQ)

7

A\

Case I11

(POQ)/~

—

UW)*(PRQ)

=L Do

& =

&/

Case IV

(URW)

U=W)

(PRQ)/ ~

*(PEQ)

22



Case I Case 1T Case I11

Tra [(U@W) * (PRQ)]  Trg [URW)*(PRQ)]  Tra [(URW)*(PRQ)]

(U@W)+(PRQ) URW)*(PRQ) <

UW)*(PRQ)

THM. [cp211102858) If the RG-flow is computable in terms of
U(N)-invariants, the algebra of Functional Renormalization
is Mi(Ank, *) where A« = (Cii) ®CH)) @ (ClY RC)
whose product in homogeneous elements reads:

Tra, [(URW) « (PREQ)]

(P®Q)/ ~

0,

> ®

9

Case IV

(URW)+(PRQ)/ ~

(URW)*(PRQ)

(UW)x(P®Q) = PUS WQ,
(URW) (PR Q) = UK PWQ,
(UQW)*(PRIQ) = WPUR Q,
(URW)* (PRQ) = TH(WP)UR Q.

22



Example: Hermitian ‘free’ 3-matrix model

Consider two operators O; = %[Tr/\/(%Q)]2 and O, = & Try (ABC). We compute g1 g3-coefficients:

Hess; ; O1 = 676781 {Trn (A%/2) - [In ® 1n] + AR A},
N
~ X

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘black ribbon' uncontracted.

23



Example: Hermitian ‘free’ 3-matrix model

Consider two operators O; = %[Tn\/(’*;)]2 and O, = & Try (ABC). We compute g1 g3-coefficients:
H = 67678 {Tn (A*/2) - [In®@ In] + ARIA
ess;,y O1 = 0767 B1{Trnv (A°/2) - [In ® 1n] + P
A
R X

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘black ribbon' uncontracted.

-

S
0 CR®1ly B®1y C®C +B®B B®A CRA
HessO, =5 |1y ® C 0 AR 1y :[HessO2]*2—§§{ A® B ARA+CQ®C C®B
IW®B 1y®A 0 AR C B®C BRB+ARQA
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Example: Hermitian ‘free’ 3-matrix model

Consider two operators O; = %[Tr/\/(%Q)]2 and O, = & Try (ABC). We compute g1 g3-coefficients:
Hess; s O1 = 6767 81{Trn (A%/2) - [In ® 1n] + ARI A
ess;y O1 = 076, 81{Trv (A°/2) - [Iy ® 1n] + P
A
R X

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘black ribbon' uncontracted.

-

S
0 CR®1ly B®1y C®C +B®B B®A CRA
HessO, =5 |1y ® C 0 AR 1y :[HessO2]*2—§22{ A® B ARA+CQ®C C®B
IW®B 1y®A 0 AR C B®C BRB+ARQA

Extracting coefficients
[2182] STr{Hess O * [Hess 02]**} = Ty (A%/2) x [(Try €)° + (Trw B)?] + Trw (ACAC + ABAB),

which are effective vertices of the four one-loop graphs that can be formed with the contractions of (the filled
ribbon half-edges of) any of {4, -} with any of {3, ){}. This is a toy example in (c 21j; in (cp 20 48 such
operators run = (48 less friendly Hessians)®. wo to nc-escians oxampios =

23



CONCLUSION

spectral triple = spin without commutativity of the ‘algebra of functions’

spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geometry ~ finite spectral triple + C/-action

(Zrwn = 1§, % ™ (O)AD is a multimatrix model with multitraces)

Gy x F= fuzzy x finite = gauge matrix spectra triple
(is PU(n)-Yang-Mills-Higgs-like if F is over M,(C);

partition function is a k-matrix model, k large)

the functional renormalization for the NCG-motivated multimatrix models
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CONCLUSION

spectral triple = spin without commutativity of the ‘algebra of functions’

spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geometry ~ finite spectral triple + C/-action

(Zovn = §,, €77 T F(P)AD is @ multimatrix model with multitraces)

Gy x F= fuzzy x finite = gauge matrix spectra triple
(is PU(n)-Yang-Mills-Higgs-like if F is over M,(C);

partition function is a k-matrix model, k large)

the functional renormalization for the NCG-motivated multimatrix models

thank you!

References: [CP 1912.13288] [CP 2007.10914] [CP 2102.06999] [CP 2102.06999] [CP 2111.02858]
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THE CLASSICAL DIRAC OPERATOR IN RIEMANNIAN GEOMETRY

For us M will be a Riemannian closed manifold, dim M = d.

In physics, M is a spacetime (for this first part, still deterministic).

Q: When do Dirac operators exist on M?

A: Only if the obstruction to a spin-structure wy(M) € H?(M, Zy) is trivial.

25



THE CLASSICAL DIRAC OPERATOR IN RIEMANNIAN GEOMETRY

For us M will be a Riemannian closed manifold, dim M = d.

In physics, M is a spacetime (for this first part, still deterministic).

Q: When do Dirac operators exist on M?

A: Only if the obstruction to a spin-structure wy(M) € H?(M, Zy) is trivial.

Z»-Cech cohomology in short,
« U= {U;}; good open cover of M
o j-simplices are o = (ko, ..., kj) such that
Uk = Uy 0 Uiy 0 -0 Uy, # I

« j-cochains, maps f : {j-simplices} — Z, satisfying invariance 7*f = f under
7€ &(j + 1), form an abelian group C/(U,Z,)

« coboundary maps & : C/(U,Zy) — CI*1(U, Z,) given by
(5jf)(k0, ooy kjv1) = fky, ... kig1)f (ko ka. oo ki) - - ko, - . -, k)

o FI(U,Z5) = ker & /im &/~



A more familiar Z,-Cech cohomology class is
the orientability obstruction

» {U;}; good open cover of M

* pick s; : Uj — F(M) sections on the
frame bundle O(d) — F(M) - M

* on a 1-simplex (ko, k1), Sk, = Sk, Gioky

f(ko, kl) = det(Gko,kl)
= det(Gkhko) = f(kl, ko)

» since {Gj}; are transition functions,

((Slf)(_h /, m) = Gjy/G/’me’j =1

» other choice of sections s, yields
Gl = gkGug, " and f' = (6°h)f where
h = det gx

» other choice {V}; of a good open cover

yields a cochain complex map
C*(V,Zp) — C*(U,Z>),

26



LOW Stlefe|—Wh |tney C|aSSGS (first two floors of Whitehead tower)

THEOREM M is orientable iff the 1st Stiefel-
Whitney class wy (M) := [f] = 1.

Proof of ‘if". If wi(M) = 1, f(ko, k1) = det(Gig i)
is a 0-coboundary, f = 6°h. We can pick sections
{sk : U« > F(M)} and gx € O(d) with detgy =
h(k), so that the transition functions for s, := sx-g«
satisfy

det(Gﬁo,kl) = det(gk_oleo,klgkl)
= [(6°h) - F](ko, k1) = 1. [
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LOW Stlefe|—Wh |tney C|aSSGS (first two floors of Whitehead tower)

THEOREM M is orientable iff the 1st Stiefel-
Whitney class wy (M) := [f] = 1.

Proof of ‘if". If wi(M) = 1, f(ko, k1) = det(Gig i)
is a 0-coboundary, f = 6°h. We can pick sections
{sk : U« > F(M)} and gx € O(d) with detgy =
h(k), so that the transition functions for s, := sx-g«
satisfy

det(Gﬁo,kl) = det(gk_oleO,klgkl)
= [(6°h) - F](ko, k1) = 1. [

In similar way, a spin structure \
Spin(d) x P(M) —— P(M)
| b
—

M

SO(d) X Fso(M) —> Fso(M)

exists when the SO-frame bundle can be lifted
in compatible way with the double cover Z, —
Spin(d) % SO(d). Transition functions gj
Uj — SO(d) can be lifted to Spin(d)-valued
g,J For U,'J'k # &, let

gl'jé-jkgki = Z(i,j, k)idSpin(d)

THEOREM [a Hacfiger, 5] Orientable M is spin iff its
second Stiefel-Whitney class wo (M) := [z] = 1.
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Classical Dirac operators (assume d even)

» M (spacetime) will be a closed,
Riemannian manifold

o if M is spin, there is a vector bundle S
with fibers satisfying End(Sy) =~ C/(d)
(x € M). The sections ['(S) are spinors

o the Levi-Civita connection V¢ can be

also lifted to the spin connection
VEiT(S) - QH(M)®T(S)

Vic(w)y = c¢(V¥w)y + c(w)V

P eT(S),we (M)

being ¢ Clifford multiplication, basically
c(dxt) =

» on the space of square integrable spinors

L2(M,S) there is an (ess.) self-adjoint
operator, the Dirac operator,

d
Dy = —ico V° '& —j 2 Y(Ou + wy)
p=1

and by Leibniz rule
[Dum, a] = —ic(da) ae C*(M)
which is bounded

back to ‘spectral triples’ <«
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Matrix or Fuzzy Geometries

DEFINITION(“condensed” from [J. Barrett, J. Math. Phys. 2015]).
A fuzzy geometry of signature (p, q) € 2220 is given by

¢ a simple matrix algebra A — we take always

A = My(C)

e a Hermitian C4(p, g)-module S with a chirality .
That is a linear map v : S — S satisfying v* =
and y2 =1

e a Hilbert space H = S® Mpy/(C) with inner
product (v® R,w ® S) = (v, w) Try (R*S) for
each R, S € My(C), being (-, -) the inner product
of S

° a left-A representation p(a)(v® R) = v ® (aR)
onH,acAand vRQ ReH
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Matrix or Fuzzy Geometries

DEFINITION(“condensed” from [J. Barrett, J. Math. Phys. 2015]).
A fuzzy geometry of signature (p, q) € Z2>0 is given by

¢ a simple matrix algebra A — we take always

A = My(C)

a Hermitian C¢(p, g)-module S with a chirality .
That is a linear map v : S — S satisfying v* =
and y2 =1

a Hilbert space H = S® My (C) with inner
product (v® R,w ® S) = (v, w) Try (R*S) for
each R, S € My(C), being (-, -) the inner product
of S

a left-A representation p(a)(v® R) = v ® (aR)
onH,acAand vRQ ReH

three signs ¢, €/, €” € {—1, +1} determined
through s := g — p by the following table:

s=q—p(mod8) 0 1 2 3 4 5 6 7
€ + + — — - T
€ F o= 4 F 4+ A
e’ oA = =

a real structure J = C ® *, where * is complex
conjugation and C is an anti-unitarity on S
satisfying C2 = ¢ and Cy* = ¢/y*C for all the
gamma matrices p =1,...,p+q.

a self-adjoint operator D on H satisfying the
order-one condition

[[D, p(a)],Jp(b)J~1] =0 for all a,be A
a chirality ' = v ® 1 4 for H, where v is the
chirality of S. The signs above impose:

P =e,

JD=¢DJ, Jr=¢TJ.

GO TO characterization <

29



Two-matrix model from Try D®, 1 = diag(e;, &), K* = K

So[K1, Ko] = 2 Try {e1KP + 62K K2 — 62 KE(K1K2)? + 32 (K2 Ko)?
+ &KS + 6e K3 KE — 6e1 K3 (KaK1)? + 3er (K3 K1)}

30



Two-matrix model from Try D®, 1 = diag(e;, &), K* = K

So[K1, Ko] = 2 Try {e1KP + 62K K2 — 62 KE(K1K2)? + 32 (K2 Ko)?
+ &KS + 6e K3 KE — 6e1 K3 (KaK1)? + 3er (K3 K1)}

and the double-trace part is
Bs[K1, K] = 6 Try (Kl){2 Try (K?) + 2 Ty (K1 K3) + 6e1e Try (KEK2) — 2e1ep Try (KfK2K1K2)]}
+6Try (/@){2 Ty (K3) + 2 Try (Ko K7) + 6eren Try (K3 K2) — 2e1ex Try (K22K1K2K1)]}
+ 48 Try (K1 Kz) - [e1 Trw (KT K2) + 2 Ty (K3 K1) |
+6Try (K2) - {eg[STrN (K2K3) — 2 Try (KaK1 KaK1)] + 1[5 Try (K7 + Try (Ké‘)]}
+6Try (K2) - {e1 [8 Try (KZK3) — 2 Try (KiKoKiK2)] + &[5 Trw (K3) + Ty (K{‘)]}

aF 4(5[TI’N (K13)]2 + 6er1ex Try (K1K22) Try (K13) = Q[TI'N K12K2]2

+ 5[Try (K3)]? + 6erex Try (K2Ka) Try (K3) + 9[Try K1 K3]?) .

back to main presentation =
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Sketch of the Standard Model derivation from NCG

One starts with the M x5 F and Aig = CO®H, @ Hg @ M5(C)
e F = (ALR7Mf_£generations’ DF)v Yy e
e MF has to be of the form Mg = £ ® £°, with

E=21R1)D2r®1°)D(2:®3°)® (2. ®3°), dimc& =16

e Thus the Hr =~ C3?*3. The 96 x 96 matrix Df can have off-diagonal elements only for the maximal

subalgebra

Af = COH® Ms(C)
e Lie group part of SU(Ar) = U(1) x SU(2) x SU(3)

31



Sketch of the Standard Model derivation from NCG

With @ : C < H, Q\ = diag(\,\) and @, |[£) = +) |+,

br b wer b

Y el el e’ [5He3°

Weak hypercharge: L ) 1 +1/3 +1/3
R 0 -2 +4/3 -2/3

e SU(2)-adjoint action is 2 on #, or trivial in the Hr sector

» SU(3)-adjoint action is the color action on H4 and trivial on H,
Lie(SU(Af)) = U(1)y x SU(2)L x SU(3)color
e All Dr such that (Ar, Hr, DF) is a spectral triple are
Dr(Tr, Tu, Te, Ty, Ta)

the moduli of such Dirac operators has dimension 31 = num. Yukawa couplings in ¥MSM.
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Fermionic Spectral Action

o The fermionic part is not treated here but
is essentially given by [not needed here]

1
5(D) = 5(J | DY)
where 1 are classical fermions, J

implements charge-conjugation (J fixes
the spin structure)

back to spectral standard model <

Dirac F,, operator

~ 10* zeroes from geometry.
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e Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]

-A=C

- H = C® —~ A, in defining representation
0 1/d 0

-D:<1/d00> (0 # deR)
0 00

34



e Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]

-A=C
- H = C® —~ A, in defining representation
0 1/d 0
-D:<1/d00> (0 # deR)
0 0 0
@
looks like
O
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e Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]
- A=C®= functions a: {1,2,3} - C
- H = C® —~ A, in defining representation C* diag = M3(C)

0 1/d 0
-D:<1/d00> (0# deR)
0 00
@
looks like (@)
O
for djj = :EUE‘{IS(") —a()| : II[D,a]|l <1}
= sup{la(i) — a(j)| : a(1) — a(2)]* < d%} Vi, j=1,2,3
ac A
e Example 2: (Finite spectral triples)
- A= M3(C)
- H=C3
-D=0

back to main presentation <



Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]
- A=C®= functions a: {1,2,3} - C
- H = C® —~ A, in defining representation C* diag = M3(C)

0 1/d 0
-D:<1/d00> (0# deR)
0o 0 O
@
looks like (@)
O

for dj = :é'f‘{la(i) —a)l : I[D,a]]l < 1}

= sup{[a(i) = a()| : [a(1) - 2] < o}

Vi,j=1,23
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Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]
-A=C
- H = C® —~ A, in defining representation

0 1/d 0
-D:<1/d00> (0 # deR)
0o 0 O
@
looks like (@)
O
for 0 = supla(i) — aG)| : I1[D,a] | <1}

= félz{la(i) —a()| : la(1) —a@)]® < d*}

Example 2: (Finite spectral triples)

- A= M;(C)
- H=C3
- D=0

back to main presentation <

Vi,j=1,2,3
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Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]
-A=C
- H = C® —~ A, in defining representation

0 1/d 0
-D:<1/d00> (0 # deR)
0o 0 O
@
looks like (@)
O
for djj = :guf‘{la(i) —a()| : II[D,a]|l <1}

= fsz{la(i) —a()| : la(1) —a@)]® < d*}

Example 2: (Finite spectral triples)
- A= M3(C) = C[G~]

- D=0

back to main presentation <

Vij=1,2,3

34



Chord Diagrams of 10 points (1/4) (appear in D|y_s, D*|g—s, D?|4—s )
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Chord Diagrams of 10 points (2/4)
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Chord Diagrams of 10 points (3/4)
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Chord Diagrams of 10 points (4/4)
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Non-vanishing ones...% Tr D* = NSHiemann | > Ty ®2(A; ® B;)

39



Non-vanishing ones...% Tr D* = NSRiemann > Ty ®2(A,- ® Bj)

SEEEmEm — T {2Z(L‘L +HY) +4 > (L2 +2HAH2 — Lyl Lyl — HuHy HLHL)

" p<v
— 3 [2(LpH)? + 4L HZ] + Y [2(LuHu)? — 412 H2)
nFEV 2
+ 8[H1(L2[L3, f] i g ) 4 fe P ) _—
+ HQ(Ll[L?,, La] + L3[Ls, L1] + La[Lq, L3]) Ly, H, are random matrices!

+ Hz(L1[Lo, La] + Lo[Ls, L1] + La[L1, L2])

+ Ha(La[La, Ls] + La[Ls, L] + La[Ly, La]) | + 8[H > L]}
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Non-vanishing ones...% Tr D* = NSRiemann > Ty ®2(A,- ® Bj)

SEEEmEm — T {2Z(L‘L +HY) +4 > (L2 +2HAH2 — Lyl Lyl — HuHy HLHL)

" p<v
— 3 [2(LpH)? + 4L HZ] + Y [2(LuHu)? — 412 H2)
nFEV 2
+ 8[H1(L2[L3, f] i g ) 4 fe P ) I
+ HQ(Ll[L?,, La] + L3[Ls, L1] + La[Lq, L3]) Ly, H, are random matrices!

+ Hz(L1[Lo, La] + Lo[Ls, L1] + La[L1, L2])

+ Ha(La[La, Ls] + La[Ls, L] + La[Ly, La]) | + 8[H > L]}

* Analogy [Lyu, -] = 0u {Hu, -} — wpy [ Barett, L. Glaser, J. Phys. A 2016]
e Obtained for any signature, also the A;, B; noncommutative-polynomials [cp. 19

e Lorentzian signature [L Glaser, J. Phys. A'17]

back to main presentation <

39



OPERATOR ITS NONCOMMUTATIVE HESSIAN

TrA-(A®1+1®A) 0

Tr(A) Tr(A3) 3. FIXA? + A2 1
0 0
B® B (1®BA+AB®1)
Tr(ABAB) 2'< (1®AB + BA®1) A®A )

(Tr(A)1® (ABB) + Tr(A)1® (BBA) +  Tr(A)(1® (AAB) + (BAA)® 1+ AQ®
Tr(A)(ABB)®1+Tr(A)(BBA)®1+1x] AB+BR®A?>+A2QB+BARA) +

(AABB) + 1[XI(ABBA) + 1[I (BBAA) + 1x (A3B) + 1[x (BA3)
(AABB) X1 + (ABBA)[X]1 + (BBAA)

Tr ATr(AAABB) 1+ Tr(A)A® B2 + Tr(A)B2® A)
Tr(A)(1® (BAA) + (AAB)®1 + A® Tr(A)(1® (A%) + (A3 ®1)

BA+B®RA?+ A2Q B+ AB® A) +
(A’B)XI1 + (BA®) X 1

Table: Some Hessians order operators. Here Tr = Try.

back to main presentation <

go to conclusions <



OPERATOR ITS NONCOMMUTATIVE HESSIAN

TrA-(A®1+1®A) 0

Tr(A) Tr(A3) 3. FIXA? + A2 1
0 0
B® B (1®BA+AB®1)
Tr(ABAB) 2'< (1®AB + BA®1) A®A )

(Tr(A)1® (ABB) + Tr(A)1® (BBA) +  Tr(A)(1® (AAB) + (BAA)® 1+ AQ®
Tr(A)(ABB)®1+Tr(A)(BBA)®1+1x] AB+BR®A?>+A2QB+BARA) +

(AABB) + 1[XI(ABBA) + 1[I (BBAA) + 1x (A3B) + 1[x (BA3)
(AABB) X1 + (ABBA)[X]1 + (BBAA)

Tr ATr(AAABB) 1+ Tr(A)A® B2 + Tr(A)B2® A)
Tr(A)(1® (BAA) + (AAB)®1 + A® Tr(A)(1® (A%) + (A3 ®1)

BA+B®RA?+ A2Q B+ AB® A) +
(A’B)XI1 + (BA®) X 1

Table: Some Hessians order operators. Here Tr = Try.

back to main presentation <

go to conclusions <
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p-functions of ‘free’ two-matrix models, signature 1 = diag(ey, &)

2h1(as + co2 + 2dj02 + 6d2) = 7a

2h1(bs + c22 + 6do2j02 + 2d2)02) = 7

—hi[ea(as — c1111) + 2dyj1p + 6d1p3] + dijp(n+ 1) = 8
—hi[en(ba — c1111) + 6doyjo3 + 2dozja1] + dogjor(n +1) = 8

dij1)
dozjo1)

==

The next block encompasses the connected quartic couplings:

hy (43% + 4c§2) +as(2n +1)
—h1(24aﬁea + 4cacey + 4dozjaen + 4d2‘4ea) ,3( )
ho (4b + 4c5,) + ba(2n + 1)
—hy1(24bsep, + 4caaes + Adoojosen + 4dojosea) = B(ba)
—h1 (2eac1212 + €2c2121 + 3€acas + 3epcaz + €adozj22 + Enday22)
+hy (2a4c22 + 2bscay + 2eseci111 + 2eaebC§2) +c22(2n + 1) = B(ca2)
8esepciiiicaohy + c1111(2n + 1)
+h1 (4eacisin + 4encann + 2eadozjiin + 2epdaji111) = B(ciin)

back to main presentation <=



2/72(621436 + eaEbC22C42) + 36(377 + 2

4hy{ascsi11 + €aep[caa(cizin + 2cz111

—C1111(2C2121 a4 C42)]} + c3111 (377 +2

) =
2hy(6babs + €aencaocos) + be(3n + 2) =

)

) =

2hy[2asc101 + €aep(—2c111163111

+4co101C02 + €20C24)] + €2121 (37 + 2

2ha[ascos + 3bacos + 2esey(c22(3be + c2121 + C24 + Ca2
—ciici3nn)] + c2a(3n + 2

—c1111(2c1212 + c24)]} + c1311(3n + 2

2hy[2bsciz12 + €aep(co2(4ciin + can
—2c1111¢1311) | + c1212(3n + 2

) =

)

) =
4hy{bsci311 + eaep[ca2(2c1311 + C3111)

) =

)

) =

2hy[3ascar + 2ese5(3a6c22 — c1111C3111 + C1212C22

+cooCo4 + C22Ca2) + bacaz] + ca2(3n + 2) =

back to main presentation <

B(as)
B(bs)
Blean)
Blcaiz1)
B(c24)

Bleian)

B(ci212)

B(caz)
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