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First Seminar Series Talk

o SYK-Motivation

» Mixture of Sections 2 and 3 of
Saad-Shenker-Stanford’s JT-gravity as a
Matrix Integral paper

« Terminology and motivation for
2D-quantum gravity and Topological
Recursion talks (terminology)



SYK-model

+ model (quantum mechanics) for N Majorana fermions {i, }

{$a, g} = dup

N
a=1

¢ action
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coupling whose coupling constants satisfy (]ozcwﬁ =J?/N3
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¢ Y. generating 1Pl (2-connected graphs)
¢ G(T) = (Ya (7)o (0)) in Fourier space:

1

G = S 5w






¢ strong coupling B] > 1 (or infrared regime)

¢ the solution in the termic circle T € (0,p)

G(x) NSSE?/(ZT&) (x =tan(rtt/B))

ax+b
cx+d

¢ maximizes chaos (< to black hole in AdS; )

presents SL(2,IR)-symmetry x —




strong coupling B] > 1 (or infrared regime)

the solution in the termic circle T € (0,)

sgn(T)
G(x) ~ —=—"— x =tan(mtt
()~ o (= tan(t/6))
presents SL(2,R)-symmetry x — ‘C’J’ﬁis
maximizes chaos (<> to black hole in AdS, )

low energy dynamics of SYK <+ d-description of 2D JT-gravity

topological term = Sp x (M)

I =— SO{/ \fR+/ fK]
B [IZ/M\/§<p(R+2)I+ I/awt\/ﬁ(P(K_l), ]

sets R= -2 gives action for boundary




topological term = Sg x (M)

. B/M\/ggo(RJrz)Jr/aM\/ﬁgo(K—n]

sets R= -2 gives action for d

¢ H = Hamiltonian at the boundary, Z(B) = Tr(e FH)

o JT-gravity is a matrix model, (%)X = e50(2-28-1) expansion
exists; for n = 1 boundaries, a trumpet-expansion:

Q @@ o+ =)

-35,
6 e



L:i=eN,V=Y,0,H", Z=[ dHe ™% [ qHe ITIM T

formal formal

H]'/l‘/ cee




=eN,V=y,0,H", Z=[ dHe '™V E [ qH e FTr(H?)+LosTe(H)

formal formal

L per vertex
L~ factor per propagator

L per Zu,b OabOpa
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formal formal
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The (maps dual to) ribbon
graphs might have boundary:

A(g) -~ L)((g) _ [2-28-n PN

n = # (boundaries)
g = genus

'91505 Vertices

{
verkices  fugs
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Random Matrices

¢ L X L independent random
variables h;;
H= (hi]-)
¢ ...invariant under O(L), U(L) or
Sp(L), typically
¢ thus observables also invariants

1

Tr(H*), R(E)= Tr e

for complex E
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Eigenvalues of Random Symmetric matri

¢ eigenvalue density
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Random Matrices

¢ L X L independent random
variables h;;

H = (h;;)
¢ ...invariant under O(L), U(L) or
Sp(L), typically
¢ thus observables also invariants

1

Tr(H*), R(E)= Tr e

for complex E

¢ eigenvalue density

L
p(E) = ;5(E —Ai)

g o010

matri
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Assumption:  One-cut or
connected support as in

po(E) = /4~ B2
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With Z = fHeML(C) H*:HdHe_LTrV(H) one determines:

(Z(B1)--2(Bw) = 5 [dH TV Z (). 2 (By).

But it will turn out

R(E)=— [ dpePz(p),
0
R(E +ie) — R(E — ie) = —27ip(E)

Convenient:

& Ren(Ei1, ... En)

(R(E1)...R(En))conn. = Z%)W (L — o)

g:

Relation to Eynard’s notation,

Wg,n(ZL-.-,Zn) ~ Rg,n(—Z%,..., —Z%) z; = _Ei



Disc amplitude Rp; (with 1-cut assumption)
Diagonalization and integration

confinement
repulsion r 1

Z = CL/H()\Z- — )% % exp{ - Liv(/\j)}dL/\
=

i<j
L

exp(— 1 Verr(4)))

¢ Ve is an interesting interaction, e.g. known cases but also:

» birds on a wire
» buses without schedule

e VI(E)=0=V'(E)=2[dA2Y)  (pyisL.O.in L of p)



¢ Veg(E)=0=V'(E) = Zfd/\% (po is L.O.in L of p)

’

¢ Migdal's “dispersion relations” trick: o(x) = /(x —a+)(x —a_)



o VI(E)=0=V'(E)=2[dA2Y)  (p)isL.O.in L of p)

¢ Migdal's “dispersion relations” trick: o(x) = /(x —a+)(x —a_)
¢ residue theorem for Rorl/\/Eyields

[ dA Rea(A) [o(E)
Ro,l(E)—lEﬁ)?l_E ()

R
E— C% )?1_(/;) ZEEL; (contour deformed)

1 dA V() [o(E)

—— _— by Ro,1 (E + i€) + Rg 1 (E — ie) = V' (E
2 )e2miA—E 0_(/\) y Ro,1 (E +i€) + Ro 1 ( ) (E)

so expanding

1 5o / di/\ V'(A) 1 ‘di/\/\V’(/\)
E Je 27t /o (A) 2E Je 27ti (M)

can be solved for a4+ and determine the disk amplitude



Loop equations — Rj 1 (‘lid")

Departing from the loop equations

P) Iy
0= / d%m [(’)a()t)n(/\i}\j)% Lyv

i<j

(Aj)]

1 1
Loz Aa=A; [E—Aa - E—A-]

Underbracket gives crossed terms, Z]'ia m
a i

<<TrE—1H)2 N LTrg/£12> =0

SO
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1. 1 \* 1. V/(H)
<<LTrE—H> "t E—H )7
and use

1 1 1

¢ (R(E)?) = (R(E)*)conn. + (R(E))2 (atLO)

conn.



1.1 \* 1_V/(H)
<<LTrE—H> “rUEog) 7
and use

o 1Trety = Roq + 72 Rip +.
¢ (R(E)?) = <R(E)2>conn. + <R(E)>§onn‘ (atLO)
completing the square:

(roatpy - VB S VER (1 VB D,




1. 1 \* 1. V/(H)
<<LHE—H>ﬁHE—H =0
and use

¢ %Trﬁ =Ro1 + %Rl,l +...
¢ (R(E)?) = (R(E)}*)conn. + (R(E))? (atLO)

conn.

completing the square:

/ 2 / 2 / R V4
(rater - VO VI (10 vy

yields for y = Ry 1(E) — @ the spectral curve

y* = f(E)



and use
¢ %Trﬁ =Ro1 + %Rl,l +...
¢ (R(E)?) = (R(E}*)comn. + (R(E))Zonn,  (atLO)

completing the square:

V/(E)\*> V'(E? J1_V'(E)-V'(H)\
(R(M(E) ~ 2 ) . <LTrE—H>O = f(E)
yields for y = R 1(E) — @ the spectral curve
' = f(E)
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2 /
Next to LO in L of < (%Trﬁ) — %Tr‘ggé) > = 0 yields similarly

1. V'(E)—V'(H)
20(E)R11(E) = ~Roa(E,E) — (1T
L E—-H L-2 terms
¢ Combinatorial derivative Tr% is not singular at endpoints:

so dispersion relations (again) yield

Ri1(E) /U(E) f;i zdjtxl Ropo (A, )\) 2;’((/\);)_

¢ tofind Rp» one uses the loop insertion operators

d(%/(E) = — ZZO:O #% acted on the free energy F:
d d
Ris(Eq,...,Es) = F
*,S( 1, 7 S) dV(Es) dV(El) L
d d =1
Ro»(Eq1, E ——F =— dy,Rop1(E
SO 02( 1, 2) dV(Ez) dV(El) H;OE;;-HI Un 01( l)

This method works for all higher Rg ;,'s!



Higher topologies and Topological Recursion

¢ new coordinate z2 = x = —E, the locus (x(z),y(z)) C C?is the
V'(E)
2

is

spectral curve, which is a hyperelliptic curve (y = Ry (E) —
polynomial)
¢ Saad-Shenker-Stanford <+ Eynard’s notation:

Wen(z1,.020) = (—1)"2"21...2 Rg,n(—z%,..., —22) zi =+/—E;

1
Woa(z) =2zy(z),  Woa(z1,22) = (z1—2)2

e excluding (I=],h=g)and (I'=],/ =g)inY,

J
— 1 1
W, =R — — W, —
g,n(ZI/ZZ/ /ZYI) zig{(z%—zz) 4y(z) { g 1,n+1(Z/ Z/])

/

+ Yo Wi D W ar (=2 I’)] }
IUI'=];h+h'=g



.. but rather, it’s two different ways to choose a cycle and pinch it:

]
 ————— 1 1
W LYy ln— E T A~ a4 TN\ |: — 7T A
g,n(ZO Z1 Zp-1) z—ej{(z%zz) 4y(z) Wg 1,n+1(z Z ])
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ur'=Jig'+g"=g



The TR machinery

¢ input, the density of
ev./spectral curve: e.g.
pea(E) = <°/E,E >0

ory=z

¢ output, the W, ,'s:

Wo =23,
1
Wo,o = R
1
Wi
03~ 22%2%2%
1
Wii=—g,
YT 1628
Wiy = 5z% + 32222 + 523
’ 322828
105
21 =

1024z10°



¢ input, the ¢ output, the W ,/’s:

density of
in(2mz
ev./spectral Wop =22 %,
curve: e.g. 1
_ sin(271z) Wo = [EE
T 4n )
W
03 z%z%z%
3+ 271222
Wy, =22
Ve
W _ Szt +23) +32823 + am ({2 + 42R) + amad]
12 =

6.6
829z

[ 105 +2037r2+1397r4+169716 2978
2T\ 128210 T 19228 T 19226 T 4802 T 19222 )

Relation to volumes V¢ , of the moduli of genus ¢ bordered Riemann
surfaces with geodesic n boundaries of lengths b;,

wg,n(zl,...,zn):/o bldble*blzl--./o budbye "% Vi, (by, .., by).
I — |

Mirzakhani



