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Made in Jena: jenaer Erkldrung «Thm: ﬂ human subspecies » [FiscHER-HOBFELD-KRAUSE-RICHTER, 2019]

humans appear in Africa, ~ 250 000 years ago

~ 5000 years ago, plant-based diet in Europe favours
East-Africans populate the globe, ~60 000 years ago gﬁz;sitnlg(\ﬁ/:;icl?e|3a\:/llnstlfirn§)mduces coueh

—o0 in human story

Zlaty Kan, Bichon, ... € Center Europe ~ 40 000 to 9 000 years ago

Credits on individual pictures: T. Bjorklund (Zlaty Kiin woman), else Wikicommons-Authors: Kious et. al, Martin23230, Joe Roe



Path integrals and (Euclidean) quantum gravity

« 1st. challenge:

- Whereas in quantum mechanics: path
integrals on a fixed spacetime M
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Quantum superposition of geometries

« 1st. challenge:

- Whereas in quantum mechanics: path
integrals on a fixed spacetime M

- In quantum gravity: path integrals of
spacetime, Z = |
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Path integrals and (Euclidean) quantum gravity

i

4

g

Quantum superposition of geometries  (small perturbations+ instantons)

« 1st. challenge:
- Whereas in quantum mechanics: path
integrals on a fixed spacetime M
- In quantum gravity: path integrals of
spacetime, Z = | e nSenlelqg

METRIC

[Hokusai]




Path integrals and (Euclidean) quantum gravity
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Quantum superposition of geometries  (small perturbations+ instantons)

» 1st. challenge: + 2nd. challenge: replace C*-category

- Whereas in quantum mechanics: path discrete algebraic
integrals on a fixed spacetime M . _
- In quantum gravity: path integrals of -' 4 single geometry

spacetime, Z = | e*%SEng|dg « paradigms —

METRIC

[Hokusai][Tetrahedra from Wikipedia] T from ‘traces of tensors' %%




History of the spectral formalism & 9
« Weyl’s law (1911) on the Laplace spectrum of Q = RY (\g < \; < \,...):

#{i: N < A} ~ vol Q- A2 + o(AY?)
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+ M. Kac’s question: 0 =: 2, := V" Q, £Q, 1Y non-isospectral
W

[Gordon, Webb, Wolpert, Invent. Math. ‘92 after Milnor, Sunada, Bérard, ...] [Connes, JNCG 2013]
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« Weyl’s law (1911) on the Laplace spectrum of Q = RY (\g < \; < \,...):

#{i: N < A} ~ vol Q- A2 + o(AY?)
7\ N £ &

p ;
+ M. Kac’s question: 0 =: 2, := V Q, £Q, 1Y non-isospectral
) 4

- differential noncommutative (nc) geometry = nc topology + metric data

{ topological spaces} ~ { commutative C*-algebras}
{ {
{ ‘nc topological spaces’} ~ { commmtative C*-algebras}

[Gordon, Webb, Wolpert, Invent. Math. ‘92 after Milnor, Sunada, Bérard, ...] [Connes, JNCG 2013]
[Gelfand, Najmark Mat. Shornik *43]




History of the spectral formalism kJ
« Weyl’s law (1911) on the Laplace spectrum of Q = RY (\g < \; < \,...):

#{i: N < A} ~ vol Q- A2 + o(AY?)
y\ N £ &

+ M. Kac’s question: 0 =: 2, := { & Q, £Q, 1Y non-isospectral

differential noncommutative (nc) geometry = nc topology + metric data

{ topological spaces} ~ { commutative C*-algebras}
{ {
{ ‘nc topological spaces’} ~ { commmtative C*-algebras}
. spectral triples (JA, H, D)), cf. spin geometry (C* (M), , Dyy)

geometry

[Gordon, Webb, Wolpert, Invent. Math. ‘92 after Milnor, Sunada, Bérard, ...] [Connes, JNCG 2013]
[Gelfand, Najmark Mat. Sbornik *43] [Connes, NCG '94]




PHYSICAL MOTIVATION OF SPECTRAL TRIPLES (DETERMINISTIC)

« Physics n Noncommutative Geometry 5 The Standard Model from the Spectral Action
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# of generations and C® H & M;3(C) — »— Classical Standard Model

[Connes, Lott, Nucl. Phys. B’91; ... Chamseddine, Connes, Marcolli ATMP ’07 (Euclidean)]
arrett J. Math. Phys. 07 (Lorenzian); Connes-Chamseddine JHEP ’12; van Suijlekom’s textbook NcGNHEP *15
B h. Phys. ’07 (L ian) Ct i1dine JHEP *12 Suijlek book 1




PHYSICAL MOTIVATION OF SPECTRAL TRIPLES (DETERMINISTIC)
« Physics n Noncommutative Geometry 5 The Standard Model from the Spectral Action
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# of generations and C® H & M;3(C) — »— Classical Standard Model

[Connes, Lott, Nucl. Phys. B’91; ... Chamseddine, Connes, Marcolli ATMP ’07 (Euclidean)]
[Barrett J. Math. Phys. ’07 (Lorenzian); Connes-Chamseddine JHEP ’12; van Suijlekom’s textbook Ncc




Towards a quantum theory of noncommutative spaces

« The far distant goal is to set up a functional integral evaluating (...)

observables & () = § .S e T/ (DN dD  (+)»

[* Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007] [Connes; Monge-Kantorovich]




Towards a quantum theory of noncommutative spaces

« The far distant goal is to set up a functional integral evaluating (...)

observables & () = § .S e T/ (DN dD  (+)»

functional integral operator integral

paradigm shift

S efﬁsEH [ngg Einstein-Hilbert — spectral S eijinrf(D)dD
METRIC

DirAC

f: R — Rwith f(D) — o0 at large argument

[* Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007] [Connes; Monge-Kantorovich]

inf":r:XHy{S-\ ds} =:d(x,y) = sup {|j(x) _f()’)‘ : HDw\'if_wa\'iH < 1}'
! feC® (M)



Replace spin manifold (M, g) by (C*(M), , Dy)

Connes’ geodesic distance

y:R—+ M

inf, as above{Sﬂ) ds} = d(x,y)
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Connes’ geodesic distance

f(y)

f:M—R
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Replace spin manifold (M, g) by (C*(M), , Dy)

Connes’ geodesic distance

f(y)

fy)

f:M—R

sup {]evx(f evy(f)] : HDMf—fDMH < 1}

feC® (M)




Replace spin manifold (M, g) by (C*(M), , Dy)

Connes’ geodesic distance

fy)
f)
— f(z)
-y = (]
: 2~ z-
y:R—+ M f:M—R

inf, asabove{S ds} =d(x,y) = sup {]evx(f evy(f)| 1 [|Dmf — fDul] < 1}

feC® (M)




Commutative spectral triples
A spin manifold M yields (Ay, Hy, Dy) A spectral triple (A, H, D) consists of

« Ay = C*(M) is a comm. =-algebra « a ecommttative «-algebra A
o Hy:= L*(M,S) arepr. of Ay - arepresentation H of A
« Dy = —iy"*(0, + w,) is s.a. . aself-adjoint operator D on H with

. for each a € Ay, [Dy, a is bounded, compact resolvent and such that
and in fact [Dyy, x*] _ gy [D, a] is bounded for each ae A

. . QL(A) = { S b[D,d| | a,beA}

(finite)



Commutative spectral triples

A spin manifold M yields (Ay, Hy, Du)

Ap = C*(M) is a comm. =-algebra
Hy = L2(M,S) a repr. of Ay

Dy = —iy*(0, + w,,) is s.a.

for each a € Ay, [ Dy, a] is bounded,
and in fact [Dy, x*] = —iy*

Dy has compact resolvent . . .

A spectral triple (A, H, D) consists of

a eommttative -algebra A
a representation H of A

a self-adjoint operator D on H with
compact resolvent and such that
[D, a] is bounded for each ae A

QL (A) = { S b[D,d] | a be A}
(finite)

RECONSTRUCTION THEOREM: Roughly,

commutative spectral triples™ %X are

always Riemannian manifolds [Connes,

JNCG “13] after efforts by [Figueroa,

Gracia-Bondia, Varilly; Rennie, Varilly, ’06
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Commutative spectral triples
A spin manifold M yields (Ay, Hy, Dy) A spectral triple (A, H, D) consists of

« Ay = C*(M) is a comm. =-algebra - a eommutative «-algebra A

« Hy = [*(M,S) arepr. of Ay - arepresentation H of A

« Dy = —iy"*(0, + w,) is s.a. . aself-adjoint operator D on H with

. for each a € Ay, [Dy, a is bounded, compact resolvent and such that
and in fact [Dy, x| = —iy" [D, a] is bounded for each ae A

. . QL(A) ;:{zb[u,aua,beA}
(finite)
e RECONSTRUCTION THEOREM: Roughly,

commutative spectral triples are
Qua G . . .
O always Riemannian manifolds [Connes,
Spectral triples TR JNCG “13] after efforts by [Figueroa,
B

T
(A, H.D} C*-algebras

Gracia-Bondia, Varilly; Rennie, Varilly, ’06




NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action reads

S(D) = TrH [f ( D / /\ )] [Chamseddine-Connes CMP ‘97]

bump function Z
abstract Dirac operator




NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action reads

S(D) = TrH [f ( D / /\ )] [Chamseddine-Connes CMP ‘97]

bump function Z
abstract Dirac operator

« Realistic, classical models come from — “su=CoH®M(C)
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple
Aym = M, (CH

(C*(M, Ar), Hu®HF, DM®1F+75®DF)

F (‘finite geometries’)

Almost-commutative manifolds

(classical)

geometries or

C=(M)

commutative spectral triples




NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action reads

S(D) = TrH [f ( D / /\ )] [Chamseddine-Connes CMP ‘97]

Almost-commutative manifolds
. (classical)
bump function Z
abstract Dirac operator

F (‘finite geometries’)

« Realistic, classical models come from — “su=CoH®M(C)
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple .
Aym = M, (CH

(C*(M, Ar), Hu®HF, DM®1F+75®DF)

« applications require (A, H, D) to have
a reality ] : H — H antiunitary ,
implementing a right A-action on H

geometries or

(M) commutative spectral triples




NCG toolkit in high energy physics

. On a spectral triple (A, H, D) the « connections: if SC is a G-invariant

(bosonic) classical action reads functional on M

G Maps(M,G)
S(D) = TrH [f (D//\ ):| [Chamseddine-Connes CMP ‘97] S i S !

dwsd+ A

/ —1 —1
o ) A" = uAu"" + udu
o Realistic, classical models come from

almost-commutative manifolds M x F, » given (A,H,D) and A ~,, B (i.e.
where F is a finite-dim. spectral triple ) yields (B, E®a H, D’s).
(COO(MA)H®H Dy@®1r-+5@ D) For A = B, a tower
) ’ ) ) W ]!
F M Fy UM FT75 F {(AH H7 D + w ijwj )}WEQ})(A>
« applications require (A, H, D) to have D, — Ad(t)DyAd(u)* = D

a reality ] : H — H antiunitary ,
implementing a right A-action on H

w— wy = wwu® + u[D, u*]




Fi rst reS u It (almost there)

F (‘finite geometries’)

Almost-commutative manifolds
( SPECTRAL ACTION

(classical)

Classical
S(D) = Tr f(D/N)
~ 3 AN DI+ £(0)¢(0)

seSpDimnR

=

Asm = CoH@ M3(C

Ayar = M, (CH
Quantum

Zac L SDIRAC 07’17 Ao

geometries or

C>(M) commutative spectral triples

[Chamseddine, Connes, Marcolli ATMP *07] using heat kernel expansion, for 4-manifolds:

N*§ |D|72 = a(N) (R

- C/ D% P C 2
Cp(0) = co J(R*R*) + ¢ § C
[GauB-Bonnet + conformal gravity]

N*§ |D|™* = cs(N)vol(M)

[cosmological constant] [Einstein-Hilbert]




First result

F (‘finite geometries’) F (‘finite geometries’)
Almost-commutative manifolds Gauge matrix geometries
(classical) (still classical)
Spectral action = Standard Model + gravity Spectral action = ?
Asm = C@ H@ M3(C) ° Asm =Co®H® M3(C) °
Spectral action = Einstein SU(n)-Yang-Mills Spectral action = Matrix SU(n)-Yang-Mills
Aym = My, (C) ° Aym = My, (C) °
truncation & flatness
spin-geometries or matrix geometries or
C>(M) commutative spectral triples My (C) fuzzy spectral triples

Matrix Yang-Mills(-Higgs) functional obeying spectral triple axioms; its partition function is a
multi-matrix model. Red arrow is a more general C(S?) <( . . .,

[CP Ann. Henri Poincaré 23, 2022 arXiv:2105.01025]




Second result

« which is the low-energy limit?

“<(.7 Q\'ﬁ 2009

. adopting the functional renormalisation group (FRG)
viewpoint | failed

« but still, as a corollary: important step in the
computation of the FRG for general multimatrix models



Multimatrix models with multi-traces

» A chord-diagram formula computes
the spectral action (in any signature)

Z={ e TufDdp (h=1)

DirAc

_ SM —NTI’N P— TI’ (Q(1>®Q(2))dX

- Xe Mpﬁ = products of su(N) and Hy
- dX,,, is the Lebesgue measure on M, 4
- P, Q) in Cyy = C(X) nc-polynomials

. Z.:ORMAL leads to colored ribbon graphs

& Ty (ABBBAB) ‘§I

N
Chord-diagram is what it sounds like: (\

[CP 19, CP "21, CP *22a, CP "22b]




Multimatrix models with multi-traces

» A chord-diagram formula computes
the spectral action (in any signature)

Z={ e TufDdp (h=1)

DirAC
_ SM e NTw P— Tl’ (Q(1)®Q(z))dX
- Xe Mpﬁ = products of su(N) and Hy
- dX,,, is the Lebesgue measure on M, 4
- P, Q) in Cyy = C(X) nc-polynomials
. Z.:ORMAL leads to colored ribbon graphs

V92 7~

2 T (AABABA® AA) < ;'\// S

N
Chord-diagram is what it sounds like: (\ )
>

[CP 19, CP "21, CP *22a, CP "22b]




Multimatrix models with multi-traces

» A chord-diagram formula computes

i speeial e G, s » Ribbon graphs: Enumeration of maps, here

‘face-worded’

Z SD[KAC _Tr”f(D)dD (h = 1) S ..
— —NTI’N P— TI’ (Q( )@Q( ))
I © VX, / \/ - /\/\
- X € M, q = products of su(N) and Hy . Vakvaw
- dX,,, is the Lebesgue measure on M, 4 . : ood e
- P, Q) in C(yy = C(X) nc-polynomials  « Multitrace: ‘touching interactions’ [Kiebanov,
. Z.:ORMAL leads to colored ribbon graphs Phys. Rev. D.‘95], wormholes
NN [Ambjern-Jurkiewicz-Loll-Vernizzi, JHEP ‘01], ‘stuffed
£ Tr%z (AABABA AA) > :l Q'; maps [Borot Ann. Inst. Henri Poincaré Comb. Phys.
//, Interact. ‘14], AdS/CFT [Witten, hep-th/0112258]

N
Chord-diagram is what it sounds like: (\ )
>

[CP 19, CP "21, CP *22a, CP "22b]




Aym = M, (CH

[l. YANG-MILLS-HIGGS MATRIX THEORY

F' (‘finite geometries’)

Almost-commutative manifolds
(classical)

geometries or

(vx‘(‘\,) commutative spectral triples



[I. YANG-MILLS-HIGGS MATRIX THEORY

F (‘finite geometries’)

Almost-commutative manifolds
(classical) ? _1
ZAC = S € n Trf(D)dD

Asy = Co H@ M3(CH

Barrett’s matrix geometries < spectral

Ayy = M, (C)f F triples
A = My(C)
H=S® My(C)

geometries or

L 1O
D:"yl ®Xu + 172 3<>§§§a|o¢za$+~~~

< ‘UU commutative spectral triples




[I. YANG-MILLS-HIGGS MATRIX THEORY

F (‘finite geometries’)

Almost-commutative manifolds

(classical) ? _1
Zac = SD.W e n /(D) dp
Asy = C @ He M;(CHf i
Barrett’s matrix geometries < spectral
Is triples
Aym = M, (CH P
A = Mn(C)
H=S® My(C)

geometries or

s /(l [e%)e%
D:"yl ®Xu+"/ 172 3<>§§§a|o¢za$+~~~

< ‘UU commutative spectral triples

[cP 21]. A gauge matrix spectral triple G, x F is the spectral triple product of

a matrix geometry G, with a finite geometry F = (Ar, Hr, Df), dim Ap < 0.




(LEMMA-)DEFINITION . Consider a gauge matrix spectral triple G, x F with
F = (M”<(C) MH(C) DF)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

Dgaugc DHiggs
3 R
D, = Z ’\/# ® (f’u, = {1/}1) T ’VH ® (xﬂ = ,5/,,) +v7® (O @, = ‘gauge potential’, z;, = spin connection?
—0
K du,

—
The field strength is given by .#,,, := [, + apu, €y + @] = [Fuw, -]




(LEMMA-)DEFINITION . Consider a gauge matrix spectral triple G, x F with
F = (MH(C) MH(C) DF)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

Dgaugc DHiggs
3 R
D, = Z ,\//L ® (f’u, = {1/“) T ’VH ® (;U“ = ,5/,,) +v7® (O @, = ‘gauge potential’, 2, = spin connection?
—0
K du,

—
The field strength is given by .#,,, := [, + apu, €y + @] = [Fuw, -]
LEMMA. The gauge group G(A) = U(A)/U(Z(A)) = PU(N) x PU(n) acts as follows

Fuw — F,, = uFWu’x<

u
jng




MEANING

Derivation

Gauge potential

Covariant derivative

RANDOM MATRIX CASE, FLAT d = 4 RIEM.

Tr = TRACE OF 0Ps. My @ M,, — My @ M,

fﬂ = [Lu®1n: ]
Wy = [Aue : ]
d/l = Lﬂu, + 2z

SMOOTH OPERATOR



MEANING

Derivation
Gauge potential

Covariant derivative

Field strength

Yang-Mills action
Higgs field

Higgs potential
Gauge-Higgs coupling

RANDOM MATRIX CASE, FLAT d = 4 RIEM.

Tr = TRACE OF 0Ps. My @ M,, — My @ M,
f/t = [Lu®1n7 ]

@y =[Au -]
d,=C,+a,
=0

—
[dua 0//1/] = [f;u Z/ﬂz/] +
[f/m @u] - ['/ﬂ//-, @;1] + [@/u @u]

(S T
)
Tr(L9? + &%)
—Tr(, o<" )

SMOOTH OPERATOR

0i
A;
D; =0; + A
=0
r—H
[Di, D] = [05, 0] +
fA, oA + [Aj, A]
7}1 SM Trsu(n> (FUFU)VOI
h

§u (— 12A1 + AlA[*) vol
*SM \]D),-h\zvol



Ill. Functional renormalisation in random matrices

Motivation from ‘2D-Quantum Gravity’

discrete surfaces < matrix integrals Z(\)
[B. Eynard, Counting Surfaces *16]

smooth surface < (area) finite & mesha — 0
all topologies o Z(A) =2 N*=28Z4(N)

1 (e = /\)“2 e
double-scaling limit NOe — N0 =

lin. RG-flow near < AN) = A + (N/C)~°
a fixed point 0 = —(0B/0N)|x,

[Eichhorn-Koslowski, Phys. Rev. D. 13




Ill. Functional renormalisation in random matrices

g 0 9 = RG-i,,
Motivation from ‘2D-Quantum Gravity’ .
N
discrete surfaces < matrix integrals Z(\) o= _— = o
[B. Eynard, Counting Surfaces *16] ‘?‘_&\’*"‘9%
. ” \&\w‘i R ypersit face
smooth surface < (area) finite & mesh a — 0 96 S ey b
all topologies o Z(A) =2 N*=28Z4(N) . f 94
2 “Theory space
1 (e —N)@72)/0 =
) L 8 ° Chosen bare action S = I'y_j
stantalieseriing Hin NQe = \¥ = € @ Full effective action I' = Ty_,
lin. RG-flow near PEN AN) = e + (/\///’C)*O ¢ Interpolating action I'y_,_, (projected & truncated)

a fixed point 0 = —(0B/0N)|x, —— RG-flow with truncation and projection
Moduli of Dirac operators < theory space
fffff » RG-flow without truncation nor projection

g.. Rest of coupling constants

[Eichhorn-Koslowski, Phys. Rev. D.’13]




Notation

o Wick’s theorem [L. Isserlis Biometrika 1918]: for zero-mean Xx;’s, . .

<Xj1 o XJZn - Z H X]prq

7 €P2(2n) (p q
(pairings)

o k =number of Hermitian matrices of size N, X;", ..., X;

« Ribbon graphs: For ((X,");j(Xs"),m) = N~ '6,,0imbji

~ NXEle=2 — N2

(gN) - ( Trw ( XXX ) = &
W




Functional Renormalisation for k-matrix models wmutitrace-measures)
Quantum theories ‘flow’ with energy, here in RG-time t = log N, 1 « N < .A". E.g. for k = 2
and with bare action

1 1 1 1 1
S[A, B = A Ty {EAZ + B+ g A+ g Bt EgABABABAB} pBwith Al — A 51— 5

radiative corrections ‘generate’ effective vertices, e.g. ///\\\\\ generates Tr® Tr(ABBA® 1).

operators from the bare action (but with ‘running couplings’) radiative corrections
Z) Zg
|—/\/[A~ B] = TI’N { 7/‘\2 4 7

-1 _ 1 1_ 1_ 1_
B + gA4ZA4 + gB4ZB4 + EgABABABAB+ EgA[;[;AABBA aF EgA‘A Try (A) XA+ ... }




Functional Renormalisation for k-matrix models wmutitrace-measures)
Quantum theories ‘flow’ with energy, here in RG-time t = log N, 1 « N < .A". E.g. for k = 2
and with bare action

1 1 1 1 1
S[A, B = A Ty {EAZ + B+ g A+ g Bt EgABABABAB} pBwith Al — A 51— 5

radiative corrections ‘generate’ effective vertices, e.g. ////\\\\\ generates Tr® Tr(ABBA® 1).
operators from the bare action (but with ‘running couplings’)

Za 5 Zp, - 1., _ 1., 1_ 1_ 1_
Tn[A, B] :TVN{7A +7B +g/\42A +gB4ZB +EgABABABAB+£gABBAABBA+ igA\ATrN(A> XA+--~}

radiative corrections

Effective vertex O

from pieces contracted with propagators 7 @
o = Tr (wq) x Try (wy) x -+ - x Tr (W)I 3
G N (W1 N (W2 N\ Ws ) @ Bl = wy
X Try (Up) x Ty (Uy) .. x Try (U;) ‘/
' @)

from pieces uncontracted with propagators

Comment on the FRGE on the ABAB-model:

[CP J. ngh Energ. PhyS 2021] gral. situation (yet, without multitraces)

inner word wy & outer word wy



So the actual question is: find the pre-image of the map

f.-- @,

@) @ -l — wy wa
-
N
gral. situation (yet, without multitraces) inner word w1 ® outer word w

>
For multitrace operators, pre-image of O = [ [, Trx wa: 7>

One then sums over the product of all g;’s appearing in such 1-loops.

These polynomials span the S-function for O.




Two steps

1. Understanding the FRGE
[CP 2007.10914, Ann. Henri Poincaré 2021]

» prove Wetterich Equation, or FRGE; its
proof determines the algebra that governs
geometric series in the Hessian of [

¢ [A. Eichhorn, T. Koslowski, Phys. Rev. D “13]
oriented us, but the proof of the FRGE
dictates an algebra not reported there

» [-equations found for a sextic truncation
(48 running operators). For the unique real
solution g* leading to a single relevant
direction (positive e.v. of —(93;/0g;)ijl¢*)
yields

* *
gA4 = 1.002x (gA4 ‘[anak()v Zinn-Justin, Nucl. Phys. B *99] )

2. Unicity (using a ribbon graph argument)
[CP 2111.02858 Lett. Math. Phys. 2022]

write down Wetterich Equation
T =3 Trua) {Rw/[T® + R}

assume an expansion of its rhs in
unitary-invariant operators (# exact RG)

impose the one-loop structure and solve

for the algebra A = Ay v

determine from it the algebra that
computes Wetterich equation; it is unique
and the one reported before in [CP’ 21] (cf.
left column)




« nc-derivative 04 : C, — C®2 sums over ‘replacements of A by ®’
w — Ch p y

[Turnbull+Rota-Sagan-Stein+Voiculescu]

0A(PAAR) = P® AR+ PA® R, but
OA(ALGEBRA) = 1® LGEBRA + ALGEBR® 1

« this is not enterely abstract, just ‘take entries’ of the matrices:

A

o

(W)ad = (0aW)apied

OAp ¢




« W e C, the nc-Hessian [cp 211 Hess Try W € M (C iy ® Cyiy) has entries are
Hess,, Tr W = (0x, © dx,) Try W. Are computed by ‘cuts’: e.g. W = ABAABABB

ey e
in ellipsis 3 s like —e— — BAA® ABB
an



+ products of traces = extend by [x], Ay = (Cy @ C(xy) ® (Ciy XICpy)

Hess, p(Tr P- Tr Q) = Tr P - Hess, p[Tr Q] + (dx, Tr P) X1 (Ox, Tr Q) + (P < Q)




« products of traces = extend by X}, Ax = (C(xy ® Cxy) ® (Cpy K Cyyy)

Hess,p(Tr P - Tr Q) = Tr P - Hess, 5[ Tr Q] + (0x, Tr P) X] (0x, Tr Q) + (P < Q)
e Wetterich Eq. governs the functional RG with time t = log N

(?'[»RN
5T NX :7T T {—}
OTn[X] " ® 1740\ Hess T [X] + Ry

Q0
iecewise cte. - 1 )
piecewise cte. Ry Z he(Ny s - ,Mn) X 5(71) Ter(A){ (Hess F'NT k}

regulator-independent part

o From Q’ ",:Q O}i Tra,(P®Q) =Ty P-Try Q, Try, (PXI Q) = Try (PQ)




Tum. [cp '22] If the RG-flow is com-

putable in terms of U(N)-invariants, the U W)+ (P®Q) = PUR®WQ,

( ) % ( ) =
algebra of Functional Renormalisation is (UK W)*(P®Q) =UXPWQ,
My (A,n, *) where (URQ W) *(PRIQ) = WPUKR Q,
(URW)* (PR Q) = Try(WP)UR Q,
and traces Try® Try,
whose product in hom. elements reads: Tra (P®Q) =Ty P-Trn Q,

Trg, (PXIQ) = Try (PQ) .

Ay = (Cy @Cy) @ (Cy BT )

To be more precise, any occurrence of the free algebra in Ay v should be replaced by the
algebra of ‘trace polynomials’ (e.g. Try (X;X3) Xy + N Try (X)) [D. Jekel-W. Li-D. Shlyakhtenko, 21]




Example: a Hermitian 3-matrix model
Consider two operators O; = %‘[TrN(A;)]Z and O; = g, Try (ABC). We compute
g185-coefficients:

Hess; ) Oy = 867 &1{Try (A%/2) - [INn® Ty] + ARIA},
R X
where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘empty ribbon’

uncontracted. TL +

0 CRINy BRIy C®C+B®B
HessO, =g | In® C 0 A® 1y | =[Hess 0;]*? = g2
IN®B Iv®A 0

[8183] STr{Hess O, » [Hess 0,]**} = Try (A%/2) x [(Try C)> + (Try B)?] + Try (ACAC + ABAB) .

These are effective vertices of the four one-loop graphs that can be formed with the contractions of

(the filled ribbon half-edges of) any of{ | - | I } with any of {V \/}




CONCLUSION: SOME PROGRESS

1 Matrix Geometries
[Barrett, J. Math. Phys. “15]

F (‘finite geometries’)

i? 2 Dirac Ensembles [Barrett-Glaser, J. Phys

‘ , matrix spectral triple A, ‘16] and how to compute the
P spectral action [cP19]
» - 3 Gauge matrix spectral triples
[CP “22a]
matrix & fuzzy geometries
1 4 Functional Renormalisation

(Wetterich equation) in formal
1 2 random matrix theory [CP ‘21a, CP
21b] and [CP ‘22b]

References: [CP J. Noncommut. Geom. 2023] on the spectral action, [CP Ann. Henri Poincaré 2022] on Yang-Mills-Higgs.

Related: [CP Ann. Henri Poincaré 2021] on Wetterich Eq., [CP J. High Energ. Phys 2021] [CP Lett. Math. Phys. 2022] on algebra and FRG




CONCLUSION

o small step towards [Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007]
« The far distant goal is to set up a functional integral evaluating spectral

observables ¥ () = S e~ Tf(D/A) dD »
OuTLOOK (PHYSICS)

» Random/Quantum YM
Y W « Missing is a fully mathematicallly
‘ correct FRG for arbitrary regulator
matrix geometries « Tensor Models & FRG (MSc. thesis of
o Leena Tharwat, on the job market)

« Software for Graph Theory & FRG
(MSc. thesis of. Niels Gehring)

commutative spectral triples
(Spin® Riemmanian Geomery)

L%(S), Par)

Thanks for listening!

References: [CP/ Noncommut. Geom. 2023] on the spectral action, [CP Ann. Henri Poincaré 2022] on Yang-Mills-Higgs.

Related: [CP Ann. Henri Poincaré 2021] on Wetterich Eq., [CP J. High Energ. Phys 2021] [CP Lett. Math. Phys. 2022] on algeb,



Classical Dirac operators essme deven)

e M (spacetime) will be a closed,
Riemannian manifold

« if Mis spin, there is a vector bundle S with
fibers satisfying End(S,) =~ C¢(d)
(x € M). The sections '(S) are spinors

o the Levi-Civita connection V¢ can be also

lifted to the spin connection
VEiT(S) - Q' (M) T (S)

Viec(w)y = (V< w)) + c(w) Ve

being c Clifford multiplication, basically
c(dxt) = *H

« on the space of square integrable spinors

L%(M,S) there is an (ess.) self-adjoint
operator, the Dirac operator,

d
Dy = —ico V* e Z V(0 + wy)
p=1
and by Leibniz rule
[Du, a] = —ic(da)

which is bounded




Sketch of the Standard Model derivation from NCG [Chamseddine, Connes, Marcolli ATMP *07]

One starts with the M x4 F and Ajg = COH,; @ Hg @ M3(C)
o F= (A, M?genera‘tions, Dr), Mg an A;g-module

o M has to be of the form M = £ ® £°, with

E=(2101°)®(2%R®1°)®(2,®3)®(2,®3°), dimcE =16

« Thus the Hr =~ C32*3. The 96 x 96 matrix Df can have off-diagonal elements only for the
maximal subalgebra

A =CoeH® M;(C)

+ Lie group part of SU(AF) = U(1) x SU(2) x SU(3)




Sketch of the Standard Model derivation from NCG

With Q: C — H, Q, = diag()\, A) and Qy, |[£) = +) 1),

v e u d
Y 10 . ]O o _ o
» Weak hypercharge: +)® =® +)®3° [-)®3
L —1 —1 +1/3 +1/3
R 0 -7 +4/3 —2/3

« SU(2)-adjoint action is 2 on H or trivial in the Hg sector
« SU(3)-adjoint action is the color action on H4 and trivial on #,

Lie(SU(AF)) = U(1)y x SU(2)1 x SU(3)color
« All D such that (Afr, HFr, Df) is a spectral triple are

De(Tr, Ty, Te, Ty, Ty) dim{ Dirac operators} = 31 = # Yukawa coupl. in YMSM




€ Mos(C)s.a.

00 0 00 0 00

00 0 0 0T

00T 0

20 0 0 000 00 0 00 0 00
0
0
0

0
0
00 0 00

0
0 0T 0

00 0 00 0 00

00 0 00

000 0 00 0 00

©
°
°
°
°
°
°
°
°
°

0 0 0 xf

T. 0 0 0
0 T

0 00 0 00000000 0
0 00 0 000O00O0O0O0O0 0
0 00 0 00000000 0

0 0

Dirac F,, operator

» The fermionic part is not treated here

Fermionic Spectral Action

but is essentially given by

)

Dy

(i

1
2
where 1) are classical fermions

S¢(D) =

J

implements charge-conjugation (J

fixes the spin structure)

b

~ 10* zeroes from geometry.




OPERATOR

ITS NONCOMMUTATIVE HESSIAN

Tr(A) Tr(A%) 3.

Tr ATr(AAABB)

TrA- (AQ1+1®A) 0
+1X A2+ A2[X] 1
0 0
(Tr(A)1® (ABB) + Tr(A)1®
(BBA) + Tr(A)(ABB) ® 1 +
Tr(A)(BBA)®1+ 1[xI(AABB) + 1X]
(ABBA) + 1[x](BBAA) + (AABB)
1+ (ABBA) X1+ (BBAA) X1+
Tr(A)A® B + Tr(A)B* ® A)

Tr(A)(1® (BAA) + (AAB) ® 1 +
ARBA+BRA>+ A’Q B+ AB®
A) + (A*B)XI1+ (BAY) X1

Tr(A)(1® (AAB) + (BAA) ® 1 +
ARAB+ BRA*+ A2Q B+ BA®
A) + 1[xI (A’B) + 1] (BA®)

Tr(A(1® (A% + (A*) @ 1)




B-functions of NCG two-matrix models, signature = diag(e;, e,)

2h1(ag + ¢ + 2dy)gp + 6dyp) =
2h;(bs + c2 + 6dgoj02 + 2d3)02) =
—hi[ea(as — ciinr) + 2dyjgp + 6dyp3] +dyji(n + 1) = (dm)
—hi[es(bs — c1111) + 6dg1j03 + 2dg1j21] + dorjor(n + 1) = B(do1j01)

The next block encompasses the connected quartic couplings:
hy(4a] + 4c3,) + ag(2n + 1
—h; (2436631 + 4cqpep + 4d02|4€b + 4d2‘4€a

p(as)

)

) =

hy (4bj + 4c3,) + ba(2n + 1)
7h] (24b66b + 4C24€a + 4d02|04€b + 4d2‘04€a) ( )
)=

—hy (2eaC1212 + ep2¢o121 + 3€aC24 + 3epcan + €adozjan + epdy

+h2 (234C22 aly 2b4C22 atx Zeaebcﬁﬂ + 2ea€bC§2) + c22(27] + 1

Blcn)




2h2(6a4a(, + eaebC22C42) + a6(3r] + 2

4hy{asczinn + eaep[ca(cizin + 2c311

) =
2h2(6b4b6 i eaebc22c24) 4 b()(gl] A 2) =

)

)=

—cii(2e2121 + ¢a2) ]} + 3 (3n + 2

2hy[2a4ca121 + eaen(—2ciir1ca111
+4ca121C2 + C22€24)] + €2121(3n + 2

2h2[a4c24 ar 3b4C24 ar 2€a€b(C22(3b() ar C2121 aF Co4 ar Cq2
—ciinciz)) + caa(3n + 2

—c1111(2c1212 + c24) ]} + c1311(3n + 2

) =

)

) =
4hy{bsciz11 + eaep[can(2ciz11 + c3111)

) =

)

) =

}
2hy[2bsci1z + €aen(co(4crin + ca
—2ciim1c13n)] + c1212(37 + 2

B(bs)
33(C3111)

9‘3(C2121)
X?(C24)

3(C1311)

3(&212)




Finding x

»n 1 < Hess,, O; x Hess, . O, x Hess, 4 O3 x ... x Hess,, , Oy




Finding x

—n~1 < Hess,, Oy x Hess, . O, x Hess, 4 O x ... x Hess,. , Oy




Fuzzy oR MATRIX GEOMETRIES

A fuzzy geometry of signature (p, q), so n = diag(+,, —4), consists of
- A= My(C)
« H=S® My(C), with S a Cl(p, g)-module

.. +axioms (omitted) that can be solved for D. ..



Fuzzy oR MATRIX GEOMETRIES

A fuzzy geometry of signature (p, q), so n = diag(+,, —4), consists of
- A= My(C)
« H=S® My(C), with S a Cl(p, g)-module

.. +axioms (omitted) that can be solved for D. ..

« Fixing conventions for ’s, D in even dimensions:

D=3, ®{H, }+XM®lL, -]
J J

multi-index J monot. increasing, |J| odd, H} = H), L} = —L,




Fuzzy orR MATRIX GEOMETRIES
A fuzzy geometry of signature (p, q), so n = diag(+,, —4), consists of
- A= My(C)
« H=S® My(C), with S a Cl(p, g)-module

.. +axioms (omitted) that can be solved for D. ..

« Fixing conventions for ’s, D in even dimensions:
D=3, ®{H, }+ X0, -]
J J

multi-index J monot. increasing, |J| odd, H} = H), L} = —L,
« Examples:

- Doy =7'®[L 1+ ®{H, -}
- D(0,4) - ZA/#@) [L,llw ’ ]+ 7ﬁ® {Hfu ’ }

o
so we will get double traces from Try = Trg®TrMN(C) = T@@Tr%z

Try X is the traceof X : V. — V, Try 1 =dim V. So Try 1 = N but Tr,c 1= N2
ME




