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Made in Jena: Jenaer Erklärung «Thm: E human subspecies » [Fischer-Hoßfeld-Krause-Richter, 2019]

−∞ in human story

humans appear in Africa, ∼ 250 000 years ago

East-Africans populate the globe, ∼60 000 years ago

Zlatý Kůň, Bichon, . . . ∈ Center Europe ∼ 40 000 to 9 000 years ago

∼ 5 000 years ago, plant-based diet in Europe favours
light skin (which in winter produces enough
vitamin D, unlike dark skin)

Credits on individual pictures: T. Björklund (Zlatý Kůň woman), else Wikicommons-Authors: Kious et. al, Martin23230, Joe Roe
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Path integrals and (Euclidean) quantum gravity

x

y

M

→

#

` ` . . .

+

ˆ

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

Quantum superposition of geometries

(small perturbations` instantons)

1st. challenge:

- Whereas in quantum mechanics: path
integrals on a fixed spacetime M

- In quantum gravity: path integrals of
spacetime, Z “ ş

metric
e´ 1

ℏ SEHrgsdg

2nd. challenge: replace C8-category
discrete algebraic

single geometry
Ð paradigms Ñ

[Hokusai][Tetrahedra from Wikipedia] Ò from ‘traces of tensors’
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History of the spectral formalism

Weyl’s law (1911) on the Laplace spectrum of Ω Ă Rd (λ0 ď λ1 ď λ2 . . .):

#ti : λi ď Λu „ volΩ ¨ Λd{2 ` opΛd{2q

M. Kac’s question: “: Ω1,Ω2 :“ Ω1 fl Ω2
?ñ non-isospectral

differential noncommutative (nc) geometry “ nc topology + metric data
tcompact Hausdorff topological spacesu » tunital commutative C˚-algebrasu

spectral triples p A ,H, D q, cf. spin geometry pC8pMq, L2pM,Sq,DM)

topology geometry

[Gordon, Webb, Wolpert, Invent. Math. ‘92 after Milnor, Sunada, Bérard, . . . ] [Connes, JNCG 2013]
[Gelfand, Najmark Mat. Sbornik ’43] [Connes, NCG ’94]
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Physical motivation of spectral triples (deterministic)

Physics X Noncommutative Geometry Q The Standard Model from the Spectral Action

# of generations and C ‘ H ‘ M3pCq ↣ NCG ↣ Classical Standard Model

[Connes, Lott, Nucl. Phys. B ’91; . . . Chamseddine, Connes, Marcolli ATMP ’07 (Euclidean)]
[Barrett J. Math. Phys. ’07 (Lorenzian); Connes-Chamseddine JHEP ’12; van Suijlekom’s textbook ncgXhep ’15]
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Physical motivation of spectral triples (deterministic)

Physics X Noncommutative Geometry Q The Standard Model from the Spectral Action

DF “

0 0 Υ∗
ν 0 0 0 0 0 0 Υ∗

R 0 0 0 0 0 0 0 0

0 0 0 Υ∗
e 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Υν 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 Υe 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 Υ∗
u 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 Υ∗
d 0 0 0 0 0 0 0 0 0

0 0 0 0 Υu 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 Υd 0 0 0 0 0 0 0 0 0 0 0

ΥR 0 0 0 0 0 0 0 0 0 0 ΥT
ν 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 ΥT
e 0 0 0 0 0

0 0 0 0 0 0 0 0 0 Ῡν 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 Ῡe 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
u 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
d

0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡu 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡd 0 0







⊗ 13

⊗ 13

P M96pCqs.a.

# of generations and C ‘ H ‘ M3pCq ↣ NCG ↣ Classical Standard Model

[Connes, Lott, Nucl. Phys. B ’91; . . . Chamseddine, Connes, Marcolli ATMP ’07 (Euclidean)]
[Barrett J. Math. Phys. ’07 (Lorenzian); Connes-Chamseddine JHEP ’12; van Suijlekom’s textbook ncgXhep ’15]
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Towards a quantum theory of noncommutative spaces

« The far distant goal is to set up a functional integral evaluating (...)

observables S ⟨S ⟩ “ ş

S e´Tr f pD{Λq´ 1
2 ⟨Jψ,Dψ⟩`ρpe,Dqde dψ dD p˚q»

functional integral operator integral

ş

metric
e´ 1

ℏ SEHrgsdg
ş

Dirac
e´ 1

ℏTr f pDqdD

(hard to define for manifolds)

f : R Ñ R with f pDq Ñ 8 at large argument

paradigm shift

Einstein-Hilbert Ñ spectral

[˚ Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007] [Connes; Monge-Kantorovich]

infγ:xÑyt
ş

γ dsu “: dpx, yq “ sup
f PC8pMq

␣

|f pxq ´ f pyq| : ||DMf ´ fDM|| ď 1
(

ŹŹ comm. sp. str.
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Replace spin manifold pM, gq by pC8pMq, L2pM,Sq, DMq
Connes’ geodesic distance

γ : R →M

x

y

x

y

f(x)

f(y)f(y)

f(y)

f :M → R

M

infγ as abovet
ş

γ dsu “ dpx, yq

“ sup
f PC8pMq

␣ |evxpf q ´ evypf q| : ||DMf ´ fDM|| ď 1
(
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Commutative spectral triples
A spin manifoldM yields pAM,HM,DMq

AM “ C8pMq is a comm. ˚-algebra
HM :“ L2pM, Sq a repr. of AM

DM “ ´iγµpBµ ` ωµq is s.a.
for each a P AM, rDM, as is bounded,
and in fact rDM, xµs “ ´iγµ

DM has compact resolvent . . .

Spectral triples
(A,H,D)

Quantum Groups

C*-algebras

von Neumann

. . .

NCG

A spectral triple pA,H,Dq consists of
a commutative ˚-algebra A
a representation H of A

a self-adjoint operator D on H with
compact resolvent and such that
rD, as is bounded for each a P A

Ω1
DpAq :“

!

ř

(finite)

brD, as | a, b P A
)

Reconstruction Theorem: Roughly,
commutative spectral triples`axioms are
always Riemannian manifolds [Connes,

JNCG ‘13] after efforts by [Figueroa,

Gracia-Bondía, Várilly; Rennie, Várilly, ’06]
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NCG toolkit in high energy physics

On a spectral triple pA,H,Dq the
(bosonic) classical action reads

SpDq “ TrH
“

f p D { Λ q‰ [Chamseddine-Connes CMP ‘97]

bump function
abstract Dirac operator

energy scale

Realistic, classical models come from
almost-commutative manifolds M ˆ F ,
where F is a finite-dim. spectral triple

pC8pM,AF q,HMbHF ,DMb1F`γ5bDF q
applications require pA,H,Dq to have
a reality J : H Ñ H antiunitary axioms ,
implementing a right A-action on H
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bump function
abstract Dirac operator

energy scale

Realistic, classical models come from
almost-commutative manifolds M ˆ F ,
where F is a finite-dim. spectral triple

pC8pM,AF q,HMbHF ,DMb1F`γ5bDF q
applications require pA,H,Dq to have
a reality J : H Ñ H antiunitary axioms ,
implementing a right A-action on H

connections: if SG is a G-invariant
functional on M

SG ù SMapspM,Gq

d ù d ` A A P Ω1pMq b g

A1 “ uAu´1 ` udu´1 u P MapspM,Gq

given pA,H,Dq and A »m B (i.e.
EndApEq – B) yields pB, E bA H,D’sq.
For A “ B, a tower

␣pA,H,D ` ω ˘ JωJ´1q(
ωPΩ1

DpAq

Dω ÞÑ AdpuqDωAdpuq˚ “ Dωu

ω ÞÑ ωu “ uωu˚ ` urD, u˚s u P UpAq
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First result (almost there)

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM =Mn(C)

ASM = C⊕H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action ⇒ Einstein SU(n)-Yang-Mills

Spectral Action

Classical

SpDq “ Tr f pD{Nq (bosons)

„
ÿ

sPSpDimXR`

fsN s
ş

- |D|´s ` f p0qζp0q . . .

Quantum

ZAC
?“ ş

Dirac
e´ 1

ℏ Tr f pD{NqdD

(hard to define for almost-comm. manifolds)

Matrix Yang-Mills(-Higgs) functional obeying spectral triple axioms; its partition function is a
multi-matrix model. Red arrow is a more general CpS2q ↠ 〈

, , . . . ,
〉

[Chamseddine, Connes, Marcolli ATMP ’07] using heat kernel expansion, for 4-manifolds:

N4
ş

- |D|´4 “ c4pNqvolpMq N2
ş

- |D|´2 “ c2pNq
ş

R ζDp0q “ c0
ş

pR˚R˚q ` c1
0

ş

C2

[cosmological constant] [Einstein-Hilbert] [Gauß-Bonnet + conformal gravity]
10



First result

(almost there)

truncation & flatness

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM =Mn(C)

ASM = C⊕ H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action ⇒ Einstein SU(n)-Yang-Mills

Gauge matrix geometries
(still classical)

fuzzy spectral triples

matrix geometries or

F (‘finite geometries’)

MN (C)

AYM =Mn(C)

ASM = C⊕ H⊕M3(C)
Spectral action ⇒ ?

Spectral action⇒ Matrix SU(n)-Yang-Mills

Matrix Yang-Mills(-Higgs) functional obeying spectral triple axioms; its partition function is a
multi-matrix model. Red arrow is a more general CpS2q ↠ 〈

, , . . . ,
〉

[CP Ann. Henri Poincaré 23, 2022 arXiv:2105.01025]
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Second result

which is the low-energy limit?

“
〈

, , . . . ,
〉
”“ MNpCq ?Ñ C8pMq

adopting the functional renormalisation group (frg)
viewpoint I failed

but still, as a corollary: important step in the
computation of the FRG for general multimatrix models

11



Multimatrix models with multi-traces
A chord-diagram formula computes
the spectral action (in any signature)

Z “ ş

Dirac
e´TrH f pDqdD pℏ “ 1q

“ ş

Mp,q
e´N TrN P´Trb2

N pQp1qbQp2qqdXLeb

- X P Mp,q “ products of supNq andHN

- dXLeb is the Lebesgue measure on Mp,q

- P , Qpiq in C⟨k⟩ “ C⟨X⟩ nc-polynomials

Zformal leads to colored ribbon graphs

g1 TrN pABBBABq Ø ḡ1

Chord-diagram is what it sounds like:

[CP ’19, CP ’21, CP ’22a, CP ’22b]

Ribbon graphs: Enumeration of maps, here
‘face-worded’

Multitrace: ‘touching interactions’ [Klebanov,
Phys. Rev. D. ‘95], wormholes
[Ambjørn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01], ‘stuffed
maps’ [Borot Ann. Inst. Henri Poincaré Comb. Phys.

Interact. ‘14], AdS/CFT [Witten, hep-th/0112258]
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‘face-worded’

Multitrace: ‘touching interactions’ [Klebanov,
Phys. Rev. D. ‘95], wormholes
[Ambjørn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01], ‘stuffed
maps’ [Borot Ann. Inst. Henri Poincaré Comb. Phys.

Interact. ‘14], AdS/CFT [Witten, hep-th/0112258]
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Multimatrix models with multi-traces
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II. Yang-Mills-Higgs matrix theory

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM =Mn(C)

ASM = C⊕H⊕M3(C)

Def. [CP ’21] A gauge matrix spectral triples is the spectral triple product G𝒻 ˆ F of a
fuzzy geometry G𝒻 with a finite geometry F “ pAF ,HF ,DF q, dimAF ă 8.
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commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM =Mn(C)

ASM = C⊕H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action ⇒ Einstein SU(n)-Yang-Mills

ZAC
?“ ş

Dirac
e´ 1

ℏ Tr f pDqdD

(hard for almost-commutative manifolds)

Barrett’s matrix geometries Ă spectral
triples

A “ MNpCq ŹŹ a bit more precise?

H “ S b MNpCq
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(Lemma-)Definition [CP’ 21]. Consider a gauge matrix spectral triple G𝒻 ˆ F with

F “ pMnpCq,MnpCq,DF q
and G𝒻 Riemannian (d “ 4) fuzzy geometry onMNpCq, whose fluctuated Dirac op. is

Dω “
3
ÿ

µ“0

Dgauge
hkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkj

γµ b p𝓁µ ` 𝒶µq ` γµ̂ b p𝓍µ ` 𝓈µq `
DHiggs
hkkikkj

γ b Φ , 𝒶µ “ ‘gauge potential’, 𝓍µ “ spin connection?

The field strength is given by Fµν :“ r
𝒹µ

hkkkikkkj

𝓁µ ` 𝒶µ,𝓁ν ` 𝒶νs “: rFµν , ¨ s

Lemma. The gauge group GpAq – UpAq{UpZpAqq – PUpNq ˆPUpnq acts as follows
Fµν ÞÑ Fuµν “ uFµνu˚ for all u P GpAq
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Meaning Random matrix case, flat d “ 4 Riem. Smooth operator
Tr “ trace of ops. MN b Mn Ñ MN b Mn

Derivation 𝓁µ “ rLµ b 1n, ¨ s Bi
Gauge potential 𝒶µ “ rAµ, ¨ s Ai

Covariant derivative 𝒹µ “ 𝓁µ ` 𝒶µ Di “ Bi ` Ai

Field strength r𝒹µ,𝒹νs “
”{ 0

hkkkikkkj

r𝓁µ,𝓁νs ` rDi,Djs “
” 0

hkkikkj

rBi, Bjs `
r𝓁µ,𝒶νs ´ r𝓁ν ,𝒶µs ` r𝒶µ,𝒶νs BiAj ´ BjAi ` rAi,Ajs

Yang-Mills action ´ 1
4 TrpFµνFµνq ´ 1

4

ş

M TrsupnqpFijFijqvol
Higgs field Φ h

Higgs potential Trpf2Φ2 ` Φ4q ş

M

` ´ µ2|h|2 ` λ|h|4˘vol
Gauge-Higgs coupling ´Trp𝒹µΦ𝒹

µΦq ´ ş

M |Dih|2vol
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III. Functional renormalisation in random matrices

Motivation from ‘2D-Quantum Gravity’

discrete surfaces Ø matrix integrals Zpλq

[B. Eynard, Counting Surfaces ’16]

smooth surface Ø ⟨area⟩ finite & mesh a Ñ 0

all topologies Ø Zpλq “
ř

g N
2´2gZgpλq

≀
ò pλc ´ λqp2´2gq{θ

double-scaling limit Npλc ´ λq1{θ “ C

lin. RG-flow near Ø λpNq “ λc ` pN{Cq´θ

a fixed point θ “ ´pBβ{Bλq|λc

[Eichhorn-Koslowski, Phys. Rev. D. ’13]

Λ Chosen bare action S “ ΓN“Λ

0 Full effective action Γ “ ΓN“0

♦ Interpolating action ΓN“Λ´ρ (projected & truncated)

RG-flow with truncation and projection

Moduli of Dirac operators ãÑ theory space

RG-flow without truncation nor projection

g... Rest of coupling constants

[CP ’21]
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Notation

Wick’s theorem [L. Isserlis Biometrika 1918]: for zero-mean xi’s, . . .

Erxj1 ¨ ¨ ¨ xj2ns :“⟨xj1 ¨ ¨ ¨ xj2n⟩ “
ÿ

πPP2p2nq
(pairings)

ź

pp,qqPπ

⟨xjpxjq⟩

k “ number of Hermitian matrices of size N , X1(N), . . . ,Xk(N)

Ribbon graphs: For ⟨pXµ(N)qi,jpXρ(N)ql,m⟩ “ N´1δµρδimδjl µ, ρ “ 1, . . . , k; i, . . . ,m “ 1, . . . ,N

pgNq ¨
〈
TrN

`

X1(N)X2(N)X1(N)X2(N)X3(N)X4(N)X3(N)X4(N)
˘

〉
“ g „ NχpΣgq|g“2 “ N´2
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Functional Renormalisation for k-matrix models (w/multitrace-measures)

Quantum theories ‘flow’ with energy, here in RG-time t “ logN , 1 ! N ă N . E.g. for k “ 2
and with bare action

SrA,Bs “ N TrN

!1
2
A2 ` 1

2
B2 ` gA4

1
4
A4 ` gB4

1
4
B4 ` 1

2
gABABABAB

)

A, B with A:
“ A, B:

“ B

radiative corrections ‘generate’ effective vertices, e.g. generates TrbTrpABBA b 1q.

ΓN rA,Bs “ TrN

!

operators from the bare action (but with ‘running couplings’)
hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

ZA

2
A2 `

ZB

2
B2 ` ḡA4

1
4
A4 ` ḡB4

1
4
B4 `

1
2
ḡABABABAB`

radiative corrections
hkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkj

1
2
ḡABBAABBA `

1
2
ḡA|A TrN pAq ˆ A ` . . .

)

Effective vertex Oe�
G :

Oe�

G “
from pieces contracted with propagators

TrN pw1q ˆ TrN pw2q ˆ ¨ ¨ ¨ ˆ TrN pwsq
ˆ TrN pU1q ˆ TrN pU2q . . .ˆ TrN pUrq

from pieces uncontracted with propagators

Comment on the FRGE on the ABAB-model:
[CP J. High Energ. Phys 2021]

loooooooooooooomoooooooooooooon

gral. situation (yet, without multitraces)

ÞÑ w2yw1 x

loooooooooomoooooooooon

inner word w1 b outer word w2
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ḡABBAABBA `

1
2
ḡA|A TrN pAq ˆ A ` . . .

)

Effective vertex Oe�
G :

Oe�

G “
from pieces contracted with propagators

TrN pw1q ˆ TrN pw2q ˆ ¨ ¨ ¨ ˆ TrN pwsq
ˆ TrN pU1q ˆ TrN pU2q . . .ˆ TrN pUrq

from pieces uncontracted with propagators

Comment on the FRGE on the ABAB-model:
[CP J. High Energ. Phys 2021]

loooooooooooooomoooooooooooooon

gral. situation (yet, without multitraces)

ÞÑ w2yw1 x

loooooooooomoooooooooon

inner word w1 b outer word w2

19



So the actual question is: find the pre-image of the map

loooooooooooomoooooooooooon

gral. situation (yet, without multitraces)

ÞÑ w2yw1 x

loooooooomoooooooon

inner word w1 b outer word w2

For multitrace operators, pre-image of O “ ś

α TrN wα:
ḡ1

ḡ3

ḡ2

One then sums over the product of all gj ’s appearing in such 1-loops.
These polynomials span the β-function for O.
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Two steps
1. Understanding the FRGE
[CP 2007.10914, Ann. Henri Poincaré 2021]

prove Wetterich Equation, or FRGE; its
proof determines the algebra that governs
geometric series in the Hessian of Γ
[A. Eichhorn, T. Koslowski, Phys. Rev. D ‘13]

oriented us, but the proof of the FRGE
dictates an algebra not reported there
β-equations found for a sextic truncation
(48 running operators). For the unique real
solution g˚ leading to a single relevant
direction (positive e.v. of ´pBβi{Bgjqi,j|g˚ )
yields ŹŹgo to β-functions

g˚
A4 “ 1.002ˆ`

g˚
A4 |[Kazakov-Zinn-Justin, Nucl. Phys. B ‘99]

˘

2. Unicity (using a ribbon graph argument)
[CP 2111.02858 Lett. Math. Phys. 2022]

write down Wetterich Equation

“ 9Γ “ 1
2 TrMkpAq

␣

9RN{rΓp2q ` RN s( ”
assume an expansion of its rhs in
unitary-invariant operators (‰ exact RG)

impose the one-loop structure and solve
for the algebra A “ Ak,N

determine from it the algebra that
computes Wetterich equation; it is unique
and the one reported before in [CP’ 21] (cf.
left column)
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nc-derivative BA : C⟨k⟩ Ñ Cb2
⟨k⟩ sums over ‘replacements of A by b’

[Turnbull+Rota-Sagan-Stein+Voiculescu]:

BApPAARq “ P b AR ` PA b R , but

BApALGEBRAq “ 1 b LGEBRA ` ALGEBR b 1

this is not enterely abstract, just ‘take entries’ of the matrices:

B
BAb,c

pW qa,d “ pBAW qab;cd
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W P C⟨k⟩, the nc-Hessian [CP ’21] Hess TrN W P MkpC⟨k⟩ b C⟨k⟩q has entries are
Hessb,a TrW “ pBXb ˝ BXaqTrN W . Are computed by ‘cuts’: e.g. W “ ABAABABB

BBBA
ˆ

B

B A

A

B

B

A

A
˙

go to examples of nc-Hessians ▽

“ 1N b
ˆ B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q

˙

`
ˆ B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q
˙

b 1N ` . . .

in ellipsis
ř

cuts like

B

B A

A

B

B

A

A

S

S Ñ BAA b ABB
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products of traces ñ extend by b, Ak “ pC⟨k⟩ b C⟨k⟩q ‘ pC⟨k⟩ b C⟨k⟩q
Tr
(X

2
c
)

O [TrXc]
2 O

Hessa,bpTr P ¨ TrQq “ Tr P ¨ Hessa,brTrQs ` pBXa Tr Pq b pBXb TrQq ` pP Ø Qq

Wetterich Eq. governs the functional RG with time t “ logN

BtΓN rXs “ 1
2
Trk bTrAn

! BtRN

Hess ΓN rXs ` RN

)

0.5

1
0.4 0.6 0.8 1

0

5

a/N
b/N

r c
,N
(a
,b
)/
Z
c

piecewise cte. RN“
8
ÿ

k“0

h̄kpN , η1, . . . , ηnq ˆ 1
2

p´1qk TrMkpAq

␣pHess ΓInt
N rXsq‹k

(

looooooooooooooooooooomooooooooooooooooooooon

regulator-independent part

From ḡ
Q

· · ·

P · · ·

ḡ′

Q

· · ·

P · · ·

ñ TrAnpP b Qq “ TrN P ¨ TrN Q, TrAnpP b Qq “ TrN pPQq
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Thm. [CP ’22] If the RG-flow is com-
putable in terms of UpNq-invariants, the
algebra of Functional Renormalisation is
MkpAk,N , ‹q where

Ak,N “ pCpNq

⟨k⟩ b CpNq

⟨k⟩ q ‘ pCpNq

⟨k⟩ b CpNq

⟨k⟩ q
whose product in hom. elements reads:

pU b W q ‹ pP b Qq “ PU b WQ ,

pU b W q ‹ pP b Qq “ U b PWQ ,

pU b W q ‹ pP b Qq “ WPU b Q ,

pU b W q ‹ pP b Qq “ TrN pWPqU b Q ,

and traces Trk bTrAk

TrAnpP b Qq “ TrN P ¨ TrN Q ,

TrAnpP b Qq “ TrN pPQq .

W
U

P

...

...

Q

...

irrelevant →

Xa

Xb

ḡ2ḡ1 ḡ1 ḡ2 ḡ1 ḡ2

Remark: To be more precise, any occurrence of the free algebra in Ak,N should be replaced by the
algebra of ‘trace polynomials’ (e.g. TrN pX1X3qX2 ` N TrN pX 2

2 q ) [D. Jekel-W. Li-D. Shlyakhtenko, ’21]
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Example: a Hermitian 3-matrix model
Consider two operators O1 “ ḡ1

2 rTrN pA2

2 qs2 and O2 “ ḡ2 TrN pABCq. We compute
g1g22-coefficients:

HessI,J O1 “ δJI δ
A
I ḡ1tTrN pA2{2q ¨ r1N b 1N s

loooooooooooomoooooooooooon

` A b A
loomoon

u ,

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘empty ribbon’
uncontracted.

HessO2 “ ḡ2

»

–

0 C b 1N B b 1N
1N b C 0 A b 1N
1N b B 1N b A 0

fi

flñrHessO2s‹2 “ ḡ22

«

..
hkkikkj

C b C `

..
hkkikkj

B b B B b A C b A
A b B A b A ` C b C C b B
A b C B b C B b B ` A b A

ff

.

rḡ1ḡ22sSTrtHessO1 ‹ rHessO2s‹2u “ TrN pA2{2q ˆ “pTrN Cq2 ` pTrN Bq2‰ ` TrN pACAC ` ABABq .

These are effective vertices of the four one-loop graphs that can be formed with the contractions of

(the filled ribbon half-edges of) any of
" .. , .. *

with any of
"

,

*
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Conclusion: Some progress

Classical geometry

Quantum base geometries

Qu
ant
um

Sm
oot
h G

eom
etr
ies

~

Ran
do

mnes
s

matrix & fuzzy geometries

F (‘finite geometries’)

FYM-H

?

S

1

3

YM-H matrix spectral triple

4 2

1 Matrix Geometries
[Barrett, J. Math. Phys. ‘15]

2 Dirac Ensembles [Barrett-Glaser, J. Phys

A, ‘16] and how to compute the
spectral action [CP ’19]

3 Gauge matrix spectral triples
[CP ‘22a]

4 Functional Renormalisation
(Wetterich equation) in formal
random matrix theory [CP ‘21a, CP

‘21b] and [CP ‘22b]

References: [CP J. Noncommut. Geom. 2023] on the spectral action, [CP Ann. Henri Poincaré 2022] on Yang-Mills-Higgs.

Related: [CP Ann. Henri Poincaré 2021] on Wetterich Eq., [CP J. High Energ. Phys 2021] [CP Lett. Math. Phys. 2022] on algebra and FRG
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Conclusion
small step towards [Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007]

« The far distant goal is to set up a functional integral evaluating spectral

observables S ⟨S ⟩ “ ş

S e´Tr f pD{Λq´ 1
2 ⟨Jψ,Dψ⟩`ρpe,Dqde dψ dD »

Classical geometry
(single geometry paradigm)

Quantum base geometries
without matter fields

Qu
ant
um

sm
oot
h g
eom

etr
ies

~

qua
nti
zat
ion

matrix geometries

1/N

F (‘finite geometries’)

AYM = Mn(C)

MN(C)

ASM = C⊕H⊕M3(C)

commutative spectral triples
(Spinc Riemmanian Geomery)

(C∞(M), L2(S), /DM )

Outlook (Physics)

Random/Quantum YM

Missing is a fully mathematicallly
correct FRG for arbitrary regulator

Tensor Models & FRG (MSc. thesis of
Leena Tharwat, on the job market)

Software for Graph Theory & FRG
(MSc. thesis of. Niels Gehring)

Thanks for listening!
References: [CP J. Noncommut. Geom. 2023] on the spectral action, [CP Ann. Henri Poincaré 2022] on Yang-Mills-Higgs.

Related: [CP Ann. Henri Poincaré 2021] on Wetterich Eq., [CP J. High Energ. Phys 2021] [CP Lett. Math. Phys. 2022] on algebra and FRG
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Classical Dirac operators (assume d even)

M (spacetime) will be a closed,
Riemannian manifold

ifM is spin, there is a vector bundle S with
fibers satisfying EndpSxq – Cℓpdq
(x P M). The sections ΓpSq are spinors
the Levi-Civita connection ∇lc can be also
lifted to the spin connection
∇s : ΓpSq Ñ Ω1pMq b ΓpSq

∇scpωqψ “ cp∇lcωqψ ` cpωq∇sψ

ψ P ΓpSq, ω P Ω1pMq

being c Clifford multiplication, basically
cpdxµq “ γµ

on the space of square integrable spinors
L2pM,Sq there is an (ess.) self-adjoint
operator, the Dirac operator,

DM “ ´ic ˝ ∇s loc.“ ´i

d
ÿ

µ“1

γµpBµ ` ωµq

and by Leibniz rule

rDM, as “ ´icpdaq a P C8pMq
which is bounded

back to `spectral triples' ŸŸ
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Sketch of the Standard Model derivation from NCG [Chamseddine, Connes, Marcolli ATMP ’07]

One starts with the M ˆs.t. F and ALR “ C ‘ HL ‘ HR ‘ M3pCq
F “ pALR,M#generations

F ,DF q,MF an ALR-module

MF has to be of the formMF “ E b Eo, with

E “ p2L b 1oq ‘ p2R b 1oq ‘ p2L b 3oq ‘ p2L b 3oq , dimC E “ 16

Thus the HF – C32ˆ3. The 96 ˆ 96 matrix DF can have off-diagonal elements only for the
maximal subalgebra

AF “ C ‘ H ‘ M3pCq
Lie group part of SUpAF q “ Up1q ˆ SUp2q ˆ SUp3q
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Sketch of the Standard Model derivation from NCG

With Q : C ãÑ H, Qλ “ diagpλ, λ̄q and Qλ |̆ y “ ˘λ |̆ y,

Weak hypercharge:

ν e u d
Y |̀ y b 1o |́ y b 1o |̀ y b 3o |́ y b 3o

L ´1 ´1 `1{3 `1{3
R 0 ´2 `4{3 ´2{3

SUp2q-adjoint action is 2 onHL or trivial in the HR sector
SUp3q-adjoint action is the color action onHq and trivial onHℓ

LiepSUpAF qq “ Up1qY ˆ SUp2qL ˆ SUp3qcolor
All DF such that pAF ,HF ,DF q is a spectral triple are
DF pΥR,Υν ,Υe,Υu,Υdq dimt Dirac operatorsu “ 31 “ # Yukawa coupl. in νMSM
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Fermionic Spectral Action

The fermionic part is not treated here
but is essentially given by [not needed

here]

Sf pDq “ 1
2
⟨Jψ | Dψ⟩

where ψ are classical fermions, J
implements charge-conjugation (J
fixes the spin structure)

Dirac FSM operator

DF “

0 0 Υ∗
ν 0 0 0 0 0 0 Υ∗

R 0 0 0 0 0 0 0 0

0 0 0 Υ∗
e 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Υν 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 Υe 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 Υ∗
u 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 Υ∗
d 0 0 0 0 0 0 0 0 0

0 0 0 0 Υu 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 Υd 0 0 0 0 0 0 0 0 0 0 0

ΥR 0 0 0 0 0 0 0 0 0 0 ΥT
ν 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 ΥT
e 0 0 0 0 0

0 0 0 0 0 0 0 0 0 Ῡν 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 Ῡe 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
u 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
d

0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡu 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡd 0 0







⊗ 13

⊗ 13

P M96pCqs.a.

„ 104 zeroes from geometry.
back to spectral standard model ŸŸ
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Operator Its noncommutative Hessian

TrpAqTrpA3q 3 ¨

¨

˚

˝

TrA ¨ pA b 1 ` 1 b Aq 0
`1 b A2 ` A2 b 1

0 0

˛

‹

‚

TrATrpAAABBq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

pTrpAq1 b pABBq ` TrpAq1 b
pBBAq ` TrpAqpABBq b 1 `

TrpAqpBBAqb1`1bpAABBq`1b

pABBAq `1b pBBAAq ` pAABBq b

1 ` pABBAq b 1 ` pBBAAq b 1 `
TrpAqA b B2 ` TrpAqB2 b Aq

TrpAqp1 b pAABq ` pBAAq b 1 `
A b AB ` B b A2 ` A2 b B ` BA b

Aq ` 1 b pA3Bq ` 1 b pBA3q

TrpAqp1 b pBAAq ` pAABq b 1 `
A b BA ` B b A2 ` A2 b B ` AB b

Aq ` pA3Bq b 1 ` pBA3q b 1

TrpAqp1 b pA3q ` pA3q b 1q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Table: Some Hessians of operators. Here Tr “ TrN .
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β-functions of NCG two-matrix models, signature η “ diagpe1, e2q
2h1pa4 ` c22 ` 2d2|02 ` 6d2|2q “ ηa

2h1pb4 ` c22 ` 6d02|02 ` 2d2|02q “ ηb

´h1reapa4 ´ c1111q ` 2d1|12 ` 6d1|3s ` d1|1pη ` 1q “ βpd1|1q
´h1rebpb4 ´ c1111q ` 6d01|03 ` 2d01|21s ` d01|01pη ` 1q “ βpd01|01q

The next block encompasses the connected quartic couplings:
h2
`

4a24 ` 4c222
˘ ` a4p2η ` 1q

´h1p24a6ea ` 4c42eb ` 4d02|4eb ` 4d2|4eaq “ βpa4q
h2
`

4b24 ` 4c222
˘ ` b4p2η ` 1q

´h1p24b6eb ` 4c24ea ` 4d02|04eb ` 4d2|04eaq “ βpb4q
´h1

`

2eac1212 ` eb2c2121 ` 3eac24 ` 3ebc42 ` ead02|22 ` ebd2|22
˘

`h2
`

2a4c22 ` 2b4c22 ` 2eaebc21111 ` 2eaebc222
˘ ` c22p2η ` 1q “ βpc22q

back to main presentation ŸŸ
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2h2p6a4a6 ` eaebc22c42q ` a6p3η ` 2q “ βpa6q
2h2p6b4b6 ` eaebc22c24q ` b6p3η ` 2q “ βpb6q
4h2ta4c3111 ` eaebrc22pc1311 ` 2c3111q

´c1111p2c2121 ` c42qsu ` c3111p3η ` 2q “ βpc3111q
2h2r2a4c2121 ` eaebp´2c1111c3111

`4c2121c22 ` c22c24qs ` c2121p3η ` 2q “ βpc2121q
2h2ra4c24 ` 3b4c24 ` 2eaebpc22p3b6 ` c2121 ` c24 ` c42q

´c1111c1311qs ` c24p3η ` 2q “ βpc24q
4h2tb4c1311 ` eaebrc22p2c1311 ` c3111q

´c1111p2c1212 ` c24qsu ` c1311p3η ` 2q “ βpc1311q
2h2r2b4c1212 ` eaebpc22p4c1212 ` c42q

´2c1111c1311qs ` c1212p3η ` 2q “ βpc1212q

back to main presentation ŸŸ
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Finding ‹

Want:
Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3 Ă Hessa,b O1 ‹ Hessb,c O2 ‹ Hessc,d O3 ‹ . . . ‹ Hess˚,a Oℓ

Associativity (trivial check):
Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3 “
Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3
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Fuzzy or Matrix Geometries
A fuzzy geometry of signature pp, qq, so η “ diagp`p,´qq, consists of

A “ MNpCq
H “ S b MNpCq, with S a Cℓpp, qq-module
. . . +axioms (omitted) that can be solved for D . . .

Fixing conventions for γ’s, D in even dimensions: [Barrett, J. Math. Phys. ’15]

D “ ř

J
ΓJs.a. b tHJ, ¨ u ` ř

J
ΓJanti. b rLJ, ¨ s

multi-index J monot. increasing, |J| odd, H˚
J “ HJ , L˚

J “ ´LJ
Examples:

- Dp1,1q “ γ1 b rL, ¨ s ` γ2 b tH, ¨ u
- Dp0,4q “ ř

µ
γµ b rLµ, ¨ s ` γµ̂ b tHµ̂, ¨ u (µ̂ “ omit µ from p0123q)

so we will get double traces from TrH “ TrS bTrMN pCq “ TrS bTrb2
N

Notation: TrV X is the trace of X : V Ñ V , TrV 1 “ dimV . So TrN 1 “ N but TrMC
N
1 “ N2.

ŸŸback
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