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Motivation
« From physics to NCG: The Standard Model from the Spectral Action
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Motivation

« From physics to NCG: The Standard Model from the Spectral Action
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[Chamseddine-Connes-Marcolli ATMP 07 (Euclidean); J. Barrett J. Math. Phys. ‘07 (Lorenzian)]



Towards a quantum theory of noncommutative spaces
« The far distant goal is to set up a functional integral evaluating spectral

observables # ()= Se " f(O/N =3 v.DY)+p(eD) qe dyy dD M

[Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]

functional integral operator integral

paradigm shift

S ef]ﬁsEH [g] dg Einstein-Hilbert — spectral S eilhTr {(D) dbD

metric Dirac

(hard to define for manifolds)

f: R — R with f(D) — o0 at large argument

« Possible application to (Euclidean) quantum gravity

e D &

Quantum superposition of geometrles



Towards a quantum theory of noncommutative spaces
« The far distant goal is to set up a functional integral evaluating spectral

observables # ()= Se " f(O/N =3 v.DY)+p(eD) qe dyy dD M

[Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]

functional integral operator integral

paradigm shift

S ef]ﬁsEH [9] dg Einstein-Hilbert — spectral S eilhTr {(D) dbD

metric Dirac
(hard to define for manifolds)

f: R — R with f(D) — o0 at large argument

« Possible application to (Euclidean) quantum gravity

|-

Quantum superposition of geometrles (small perturbations+ instantons)

. [Hokusai]




« Origin of noncommutative topology
Connes’ noncommutative (nc) geometry = nc topology
[Gelfand, Najmark Mat. Sbornik "43] + meiric [A. Connes, NCG '94]
{compact Hausdorff topological spaces} ~ {unital commutative C*-algebras}

I I
{'noncommutative topological spaces’} ~ {unital commuteative C*-algebras}

« arguably, the 1st NCG-theorem is Weyl’s law (1911) on the rate of
growth of the Laplace spectrum (ordered A\g < M < A...) of Q ¢ RY @
i,

vol(unit ball)

VL vol Q- A9/2 1 o(N®)
T

From this, you cannot answer positively Marek Kac’ l‘?éé-qﬁe%tion.
But you can ‘hear the shape of Q' knowing a spectral triple.

(A, Connes, neG 20131 (and from it (Connes-van suiflekom, cup 2021 can hear an MP3;
our story today is not entirely unrelated.)

(i N <A} =



Replace spin manifold (M, g) by (C*(M), L?(M,S), Dy)

inf'y as above{S—y dS} = d(X7 y)



Replace spin manifold (M, g) by (C*(M), L?(M,S), Dy)




Replace spin manifold (M, g) by (C*(M), L?(M,S), Dy)

-

F(x) = 1Y)l




Replace spin manifold (M, g) by (C*(M), L?(M,S), Dy)

sup {[f(x) —f(y)| : ||Dmf — Dul| <1}
FeCo (M)



Replace spin manifold (M, g) by (C*(M), L?(M,S), Dy)

inf, o abovel, dst = d(x,y) = sup {[f(x) —f(y)| : ||Duf — Dull <1}
FeCo (M)



Commutative spectral triples

A spin manifold M yields (Au, Hu, Dm)
« Ay = C*(M) is a comm. =-algebra
« Huy:= L2(M,S) a repr. of Ay
e Dy = —iv*(0, + wy) is self-adjoint

« for each a € Ay, [Du, a] is bounded,
and in fact [Dy, x*] = —iy*

+ Dy has compact resolvent . ..

Quantum Groups

: von Neumann
Spectral triples
H,D) C*-algebras

NCG



Commutative spectral triples

A spin manifold M yields (Au, Hu, Dm) A spectral triple (A, H, D) consists of
o Ay = C*(M)is a comm. %-algebra + a x-algebra A
o Hpy = L%(M,S) a repr. of Ay + a representation H of A
e Dy = —iv*(0, + wy) is self-adjoint « a self-adjoint operator D on H with
. for each a € Ay, [Dy, a] is bounded, compact resolvent and such that
and in fact [Dy, x"] = —iy" [D, a] is bounded for each a € A

o Dy has compact resolvent . ..

Spectral triples
(A, H.D)




Commutative spectral triples
A spin manifold M yields (Au, Hu, Dm)
o Ay = C*(M)is a comm. %-algebra
o Hpy = L%(M,S) a repr. of Ay
e Dy = —iv*(0, + wy) is self-adjoint
« for each a € Ay, [Du, a] is bounded,
and in fact [Dy, x*] = —iy*

o Dy has compact resolvent . ..

Spectral triples
(A, H.D)

A spectral triple (A, H, D) consists of
 a #-algebra A
« a representation H of A

« a self-adjoint operator D on H with
compact resolvent and such that
[D, a] is bounded for each a € A



IIl. Fuzzy Geometries and Multimatrix Models

A fuzzy geometry of signature (p, q), so = diag(+p, —q), consists of
« A= My(C)
« H=S®Mn(C), with S a Cl(p, g)-module

... (axioms for D omitted, go to axioms V)...

« Fixing conventions for +'s, characterisation of D in even dimensions:

D=3T.®{H, }+2M®[L, ]
J J

multi-index J monot. increasing, |/| odd . sarret, 1 math. phys. 20151, H}* = Hj, Lf = —L,

o - [J. Barrett, L. Glaser, J. Phys. A 2016]
- Doy =v'®I[L -1+ ®{H, -}
- Doy =20 ® Ly 1+ @{Hz, - }
"

so we will get double traces from Try = Trs ® Try,(c) = Tr§®Tr<,?2

Notation: Try X is the trace on operators X : V — V, Try 1 = dim V. So Ty 1 = N but Try, ) (1) = N2,



« A tool to organize the fuzzy spectral action is chord diagrams:
OPIHQH3H4 EHIH2H3 K4 k2134

——— Y
TrS(’}/'LL] rylLnyNSfyﬂA) = dim S(n/‘llwnﬂiﬁ,uﬂi + (_)77!"1#3 771”'2;”'4 + 77/"2:“‘377/“/"'4)

23 H1 H1
Qrikabisia —  fig \/LQ 6#1#2#3#4 = [ L2 Culuzﬂ-sm — flg /

\ fﬂz

3 H3 H3

« for dimension-d geometries, the combinatorial formula cr 191 reads

if/e Ay, dx # 0onR?  decorated chord diags
] {

21 bl :
dlmSTr(D ): 2 Z lezf /Mé ;/13

by shieNS ;f]iCZDZ‘;" /112%
=3 '

Ky, p :
% < Z Sgn(/T) X TrN(I</'rc) X TrN [(KT)/T]>} : //1111()
T‘egzz, |

M5 K I

Ho: a7
d>4 Hs
2t = 4 example [(I‘g :

2n =12 [



« A tool to organize the fuzzy spectral action is chord diagrams:
OPIHQH3H4 EHIH2H3 K4 k2134

——— Y
TrS(’}/'LL] 7#2ryﬂ3ryﬂ4) = dim S(n/‘llwnﬂiﬁ,uﬂi + (_)77!"1#3 771”'2;”'4 + 77/‘2/‘377/1‘1/"’4)

23 H1 1
Qrikabisia —  fig \/LQ 6#1#2#3#4 — liy L2 Culuzﬂ'sm — flg /

\ fﬂz

3 H3 H3

« for dimension-d geometries, the combinatorial formula cr 191 reads

if/e Ay, dx # 0onR?  decorated chord diags T
] " L KI! It = (s o, i3,
won- T w0 {y e
dimS ( ) _ S X /1,15 Ha2 5/13
hy..shieNy 21:2,'2\7/'\ M1z ). 14
Ky, pi ' s K,
x ( D7 san(hr) x Try (Kipe) x Tty [(KT)IT])}
Te,, H10 ; . He
Ho: 7

d>4 . Hs .
“fﬂ\/\uﬂ, ?Mﬁtiong \ildé l\] -TfN CP) wo 0“ khow and loge..., 2t =4 example K
. 3 .

2n =12



Warning: These chord diagrams are not Feynman diagrams, they just determine the classical
action.




Warning: These chord diagrams are not Feynman diagrams, they just determine the classical
action.

Teynmay
Vs
d/l'ags

4 ov&(/.[g,

d=2

¥ blug. omes make
Sange onl# ,
the blacle ends
color ag:e&_)
" atvurd
i//—d.g]l\md/

Let's go to the quantum theory, but before some remarks...



Multimatrix models with multitraces & ribbon graphs

» The chord-diagram description holds in

general dimension and signature (cp 19) « Multitrace random matrices:

Z = e @dD (h=1) :

_ S efNTrN P*Tr%2(0(1)®0(2))dXL b
Mp,q € -
« X €M, 4 = products of su(N) and Hy -
+ dX, is the Lebesgue measure on M, 4 _

* P, Qj are certain nc-polynomials

graphs (maps)

G Trv (ABBBAB) <>

Al A2y

Al A
T

G T (AABABA® AA)

‘touching interactions’ [Kiebanov, PRD 95]
wormholes [ambjorn-lurkiewicz-Loll-Vernizzi, JHEP ‘01]
stuffed maps (6. sorot aHRD 141

trace polynomials (c. cébron, 1 Functanal. 131
[D. Jekel-W. Li-D. Shiyakhtenko, 202; A. Guionne.., ]

AdS/CFT iWitten, hep-tn/0112258]

« Ribbon graphs: Enumeration of maps
o Ziormal IS the gen. func. of colored ribbon [Brezin, ltzykson, Parisi, Zuber, CMP ‘78], here ‘face-worded’




lll. Functional renormalisation in random matrices

Motivation from ‘2D-Quantum Gravity’

discrete surfaces < matrix integrals Z(\)
[B. Eynard, Counting Surfaces "16]

smooth surface < (area) finite
& infinitesimal mesh a
2
o (2—2g)
(area), DViveny
. . 2—2g
all topologies o Z(A) =2 NTEZ.(N)
) “Theory space”
ﬂ (e = 0290
. . 176
double-scaling limit N =N =C ©  Chosen bare action § = [y
. Full effective action I' = T'y—¢
. _ _ —6 4 Interpolating action T'y—a_, (projected & truncated)
lln" RG ﬂOW near A )\(N) AC + (N/C) — RG-flow with truncation and projection
a ﬁxed p0|nt 6 = - (6,8/6)\) | Ae e Moduli of Dirac operators < theory space
[Eichhorn-Koslowski, PRD, '13] -~~~ RG-flow without truncation nor projection
g.. Rest of coupling constants

[CP20] —



Homogeneisation of notation

« Let's write E[«] for (). Wick’s theorem (. issetis somerica 19161 for zero-mean x;'s, . . .

]E[Xﬁ o 'Xlzn Z 1_[ ]E XIpXIq

weP,(2n) (p,q)em
(pairings)

« k the number of Hermitian matrices of size N, X{", ..., X{" pior $niadys notationi

« Ribbon graphs. For E[(X,");;(X)")1m] = 0,,0imdj pp =Ty ki iy m=1

X

(gN) - B[ Ty (X867 X 87X XX x%) | = ; ~ N



Some Feynman graphs of multimatrix ¢*-theory...
Several-loop graph One—loop graph

WP g

»

[pic by ‘Princil9skydiver’, Wikipedia] [pic by ‘Wojciech Kielar’, Wikipedia]
T, (48cD)

Gg“"*’"{""'k) foot - hand., ok.
but Leflere must coviei de !/
G grore A head )

mb‘f o




Some Feynman graphs of multimatrix ¢*-theory...
Several-loop graph

[pic by ‘Princil9skydiver’, Wikipedia]
advantage of functional renormalisation: 1-loops only

One—loop graph

g
£l

[pic by ‘Wojciech Kielar’, Wlklpedla]

N; -

A SR AEEN AR
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B B .
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« Some Feynman graphs of multimatrix ¢*-theory...
Several-loop graph One-loop graph

.

[pic by ‘Princil9skydiver’, Wikipedia] [pic by ‘Wojciech Kielar’, WTkipedia]
« advantage of functional renormalisation: 1-loops only

AL Mg A~ .. o---e
« v . . .
B \ B
. .
A B B
B B
o .- o BN A
L L 3 L ) “o----0 L

« Question (sloppy version): Given an operator Try w, in w € CEZ; , find (up to given degree

in the couplings) all 1-loops it might come from, in the above example sense
14



Functional Renormalisation for k-matrix models w/multitrace-measures)

Quantum theories ‘flow” with energy, here in RG-time t = log N, 1 « N < .#". E.g. for k = 2 and with
bare action

1 1 1 1 1
S[A, B] =N Try {*Az + =B+ gus —A* 4 gBAZB4 + EQABABABAB}

2 2 4

radiative corrections ‘generate’ effective vertices. For instance >> /\< generates .4 Tr 4 (ABBA).

operators from the bare action (but with ‘running couplings’) radiative corrections
Zy o Zey o Vo4 01 4 1 1_ 1_
[w[A, B] = Try { SR+ B + G g A+ Gpu B+ 5 GausABAB + 5 GasoABBA + 55 T (4) x A+ .. }

We are interested in one-loop graphs. The effective
vertex OZT of such a graph is formed by reading
off each word w; traveling around all ribbon edges &

(propagators) by both sides: A\

g

o, @ L~ ol
eff ! . l ‘,\
0" = Tin(wr) x Ty (wz) X -+ x Trw (ws) ()

X ITrN(UI) x Tin(Up) ... % TrN(U,)I >

from vertices uncontracted with propagators

from vertices contracted with propagators

gral. situation (yet, without multitraces) inner word wi ® outer word w,



So the actual question is: find the pre-image of the map

& /’:'\.)

P
> —

inner word w; ® outer word w,

~—
gral. situation (yet, without multitraces)

.. actually, for multitrace operators: pre-image of any O = [ [, Try wa:{ o e

One then sums over the product of all g;'s appearing in such 1-loops.
These polynomials span the -function for O.



Two steps

1. Understanding the Func. Renormalisation Eq.
[CP 2007.10914, Ann. Henri Poincaré 2021]

2. Unicity (using a ribbon graph argument)

« prove Wetterich Equation, or FRGE; its
[CP 2111.02858 Lett. Math. Phys. 2022]

proof determines the algebra that

governs geometric series in the Hessian  write down Wetterich Equation
“r ] ; "
of I [ = 3 Ter(.A) {RN/[[_(Z) + RN]}
e [A. Eichhorn, T. Koslowski, Phys. Rev. D 13] oriented us, but « assume an expansion of its rhs in
the proof of the FRGE dictates an algebra unitary-invariant operators (# exact RG)

not reported there
« impose the one-loop structure and solve
+ (-equations found for a sextic truncation for the algebra A = Ay y

(48 running operators). For the unique _ )
real solution g* leading to a single « determine from it the algebra that

relevant direction (positive e.v. of computes Wetterich equation; it is unique
—(0Bi/29))ij|4+) yields an Ry-dependent and the one reported in icr 2007109141

* *
gAA =1.002x (9A4 |[Kazukov-Zinn-Justin, Nucl. Phys. B ‘99] )



« nc-derivative 0 : Cy — (C(?kZ) sums over ‘replacements of A by ®’

[Turnbull+Rota-Sagan-Stein+Voiculescu]:

OA(PAAR) = P@ AR+ PA® R, but
Oa(ALGEBRA) = 1® LGEBRA + ALGEBR ® |

« parenthetically, nc-derivatives allow to compactly write loop-equations (or
Dyson-Schwinger egs.) in random matrix theory

1 1

E[(N Ty @ T )(aXP) —E[PZxV] PeCy
/’/I

[J. Mingo, R. Speicher Probab. Math. Stat. 2013 ] [A. Guionnet Jon. J. Math. 2016]/16{ S. Azarfar and N. Pagliaroli’s talks)

/
/

D,P= OKTQ,'P Pe (EZ;)



« We Cyy, the nc-Hessian Hess Try W € M (Cy ® C(4y) has entries are
Hessp, , Tr W = (0x, © Ox,) Try W. Are computed by cuts e.g. W = ABAABABB v




‘FIYI VEL(, )V?‘ qu ot as afg‘(n,
@ I(C y)
ducts of traces = extend by [x], Ay = (C(xy ® Cy4y) @ (C¢

 pro

/ %:::ro+fs
{ds an Z ////f v ///%/‘/ fﬁ"m red

— \lu;ﬁsyaw
( e )
) r P - Hess, b[ r ]+ (axa r ).x ((3Xb r )+
Hessavb(IrP- rQ TrP-H : rQ P IrQ P Q



» products of traces = extend by x|, Ay = (Cixy ® Cxy) @ (Cry X Cypy)

§\\\
)

Hess, »(TrP-Tr Q) = Tr P - Hess, [ Tr Q] + (dx, Tr P) X1 (dx, Tr Q) + (

)
!

Q)

« Wetterich Eq. governs the functional RG 7 = logN 1 = —0:1og(Z;)

8,RN }
Hess T'n[X] + Ry

[00)
asgme Z he(Nymy oo ymn) X
k=0

oTN[X] = % STr{

(—=1)* Tra, (1) { (Hess F',Q'”[X])*k}

N| —

regulator-independent part

o STr = Tr,®Tr4,. Tadpoles ‘o imply

Trg,(P®Q) =Ty P-Try Q, Tra, (PX Q) = Ty (PQ)



« products of traces = extend by X, Ay = (Cyy ® C(y) @ ((C<k> X Cxy)
>~ ‘////f ~rT Y

Hess, p(TrP-Tr Q) = Tr P - Hess, »[Tr Q] + (dx, TrP) X1 (0x, Tr Q) + (P < Q)

\\§§\\\

« Wetterich Eq. governs the functional RG = log N

&}
Hess Mn[X] + Ry U ()~ inverions

B
A Y N ) <5 (=) T {(Hess TIXD) ™}

oTN[X] = % STr{

—

L k=0 —
qro“wl’lnj regulator-independent part [
U ()= invariont's P P called
S\> < > ¥ Tadgoles, sirce
o STr=Tr,®Try,. Tadpoles” 21 e imply usﬁl% look hte

Tra (P®Q) =Ty P-Try Q, Tra, (PX Q) = Trv (PQ) ~~0O



Finding *

n—i < Hess, , Oy« Hessy, . Op x Hess, g O3 » ... x Hess, o Oy

n a0 = cal T
D9 S Do

21



Finding *

Associativity (trivial check):

~ g1

\:::\}2 /

= Hess, , Oy x Hess), . O, x Hess. 4 O3 *

93

...xHessy o Op

21



Case I Case II

TraJU@W)+ (PRQ)]  Tea[URW)* (PQ)]

(UW)*

|

/

_—

UeW)*(PRQ) (URW)»(P®Q)

\

Case I1I

Tra[(UeW) = (PRQ)]

Uew)

PeQ)/ ~
(URW) =
*(P®Q) (U=w)

B

Case IV

Tra, [(URW) + (PRHQ)]

(PRQ)/ ~

*(PRQ)

22



Case I Case 11 Case IIT Case IV

| | | |

Tra[U@W)« (PRQ)]  Tra[URW)+(POQ)] Tra[U@W)»(PRQ)] Tra[UKW)+(PRQ)]

(U@W)*(PR®Q)/ ~
(U@W)*(PRQ) (URW) P®Q (URW)+(PRQ)/ ~
UeW)*(PRQ) (URW)+(PRQ)

23



% &3 we & ;&

Thm.  cp22 If the RG-flow is computable (U W) (P®Q)=PUR WQ,

in terms of U(N)-invariants, the algebra (UR W)+ (P® Q) = UK PWQ

of Functional Renormalisation is My (A v, *) ’

where 7 (U W)+ (PRIQ)=WPUK Q,
(URIW) » (PEIQ) = Ty (WP)UR Q,

A = (Crpy @Cy ) ® (Cy BCy) and traces Tr, ® Tr,

Tra,(P®Q) =Ty P-Try Q,
Tra (PXQ) = Ty (PQ) .

whose product in hom. elements reads:

Remark: To be more precise, any occurrence of the free algebra in A, y should be replaced by the
algebra of ‘trace polynomials’ (e.g. Trn (XiX3) Xz + N Try (X7) ) 0. Jekel-W. Li-D. Shiyakhtenko, 21

23



Example: A Hermitian 3-matrix model. Consider O = %[TrN(A;)]Z and O, = g; Try (ABC).

Hess;; O = 6167 g1{Trn (A2/2) - [IN® In] + ARIA},

R X

where a ‘filled ribbon” means contracted in the one-loop graph, and ‘white ribbon’ uncontracted.

24



Example: A Hermitian 3-matrix model. Consider O = %[TrN(A;)]Z and O, = g; Try (ABC).

ABC
Hess;; O = /6 1{Try (A2/2)v' [(IN®In]+ AKIA}, o >><§
X X (wncorteachd ueter)

where a ‘filled ribbon” means contracted in the one-loop graph, and ‘white ribbon’ uncontracted.

oounts a5 0. single vartex

tven f{ as groph digeo nnected
?ecdemé also  Gobtans
eedw‘f,, mudti- +races

= maps o
Shuffid
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Example: A Hermitian 3-matrix model. Consider O = Q[TrN( )]? and O; = g, Try (ABC).

(U W)+ (P®Q) = PUR WQ,

. 2 (URIW) * (P® Q) = UK PWQ,

Hessiy O = 075 { T (4/2) - [In @ In] + AKIA) (U@ W)« (PEIQ) — WURQ,
X 3‘( (URW) + (PR Q) = Tr(WP) UK Q.

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘white ribbon’ uncontracted.

-

0 C®l B® T®C+B0B B®A CRA
HessO, =g [In®@C 0 A®Iy zWaﬂM”:@% A®B ARA+C®C CQB
IW®B W®A 0 A®C BRC BRB+AR®A

Extracting coefficients
[6133] Tras,(a){Hess Oy x [Hess O,]*} = Try (42/2) x [(Try €)2 + (Try B)?] + Trw (ACAC + ABAB)

which are effective vertices of the four one-loop graphs that can be formed with the contractions of (the
filled ribbon half-edges of) any of {4, 44} with any of {3X, ){}.
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Example: A Hermitian 3-matrix model. Consider O = Q[TrN( )]? and O; = g, Try (ABC).

(U W)+ (P®Q) = PUR WQ,

. 2 (URIW) * (P® Q) = UK PWQ,

Hessiy O = 075 { T (4/2) - [In @ In] + AKIA) (U@ W)« (PEIQ) — WURQ,
X )( (URW) + (PR Q) = Tr(WP) UK Q.

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘white ribbon’ uncontracted.

—

0 C®l B® ToC+BoB B®A CRA
HessO, =g [In®@C 0 A®Iy 2maum”=g% A®B ARA+C®C CQB
IW®B W®A 0 A®C BRC BRB+AR®A

Extracting coefficients

[9153] Trm, A){Hess O * [Hess O,]*%} = TrN (A2/2 LTrN C (TrN B)Z] + Trw (ACAC + ABAB) ,
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Example: A Hermitian 3-matrix model. Consider O = Q[TrN( )]? and O; = g, Try (ABC).

(U W)+ (P®Q) = PUR WQ,

. 2 (URIW) * (P® Q) = UK PWQ,

Hessiy O = 075 { T (4/2) - [In @ In] + AKIA) (U@ W)« (PEIQ) — WURQ,
X )( (URW) + (PR Q) = Tr(WP) UK Q.

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘white ribbon’ uncontracted.

—

0 C®l B® ToC+BoB B®A CRA
HessO, =g [In®@C 0 A®Iy 2maum”=g% A®B ARA+C®C CQB
IW®B W®A 0 A®C BRC BRB+AR®A

Extracting coefficients

[6135] Trm, () {Hess Oy  [Hess oz]*z} Trw (A%/2) x [(Try C) - (Trw B)?| + Try (ACAC + ABAB)

which are effective vertices of the four ong- |oop graphs that can be for‘med with the contractions of (the

filled ribbon half-edges of) any of {=4-: (-FHL}WLH'J any of{ ,)(}

........... 24



Why not using graphs? Soon, nc-Hessians get bulky: In 20 48 such operators run

Operator Its nc-Hessian

TrA-(A®1+1®A) 0 _
Tr(A) Tr(4%) 3| +IRA+AR] Hhese em!vgj
0 0 are not in Gy / cycem,;g

(Tr(A)1® (ABB) + Tr(A)1® (BBA) +  Tr(A)(1® (AAB) + (BAA) ®1+ A®

Tr(A)(ABB)@1+ Tr(A)(BBAR1+1X] AB+BR A + 2R B+ BA® A) +
(AABB) + 1[x] (ABBA) 4 1] (BBAA) + 1X (A°B) + 1] (BA%)
(AABB) [x]1 + (ABBA) X1 + (BBAA) [X]
Tr ATr(AAABB) 14+ Tr(AA® B? + Tr(A)B* ® A)
Tr(A)(1® (BAA) + (AAB) @1+ A® Tr(A(1® (A) + (£)®1)
2 2
BA+B®A + AAQB+ AB® A) + emﬁ S ath

(A*B)X 1+ (BAY) X1

C\dfmdu'
Table: Some Hessians. Here Tr = Try. J
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Ill. Matrix gauge theory

F (‘finite geometries’)
Almost-commutative manifolds

(classical)

Spectral action = Standard Model + gravifg

Asm = CoH® Ms3(C

? LT

! —+ Trf(D

Zye 2 e n T Ogp
Dirac

Spectral action = Einstein SU(n)-Yang-Mill§

Aym = M, (C (hard for almost-commutative manifolds)

geometries or

commutative spectral triples

ue, but I didn't mention this in the actual talk
0500251 We define a gauge matrix spectral triple G, x F as the spectral triple
of a fuzzy geometry G, with a finite geometry F = (Af, Hr, Df), dim Ap < c0.
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Lemma-Definition cp 2105.01025) Consider a gauge matrix spectral triple G, x F with
F = (Mn(C), Mn(C), D)
and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuate

Dguuge D Higgs
A

~

3, _
D, = Z7”®(fu+@u)+7”®(wu+du)+7®¢
pn=0

auge potential’, z;, = spin connection?

The field strength is given by

a7 .
T

Lemma The gauge =~ PU(N) x PU(n) acts as follows

w F;V = UFM,,U* for all u € G(A)

the Spectral Action ...
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Meaning Random matrix case, flat d = 4 Riem.
Tr = trace of ops. My @ M, — My @ M,

Derivation Cu=1L,®1,, -

Gauge potential @, = [Au, -

Covariant derivative

Field strength [y, 2]
(€2

Yang-Mills action

Higgs field

Higgs potenii

oupling

True but | didn't talk about this (no time)

dy=C+a,

H(F TV
®

Tr(H®? + f,04)
~ Tr(, 02" ®)

Propagators and ~ (£,.);i(¢v)jm (") mi(€") 1 <.

+ [@m @y

N

L

=

v3

=

Smooth operato

D; = 6; + A;
=0
—
[]D)ia]D)/] = [aiaa/] +
6,A,- — 6,A,- + [A,‘, A/]

— 1§ Troun (FjFTvol
h
e (BIAP + fal|*)vol
— § IDih[?vol

U2
n A
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Conclusion

spectral triple = spin manifold mod. commutativity of the ‘algebra of functions’

spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

Gy x F=fuzzy x finite = gauge matrix spectra triple
is PU(n)-Yang-Mills-Higgs-like if F is over M,(C); Small step towards
[Connes Marcolli, NCG, QFT and motives, ‘07, next sceenshot]

The far distant goal is to set up a functional integral evaluating spectral observables S as

« (1.892) (S) = NfSe—Tf(f(D/A))—%(J?[%DW—P(E:D)‘DW,]D[D]D[eL

»

The matrix algebra My (Ay ) where functional renormalisation for random matrices

(k-martix model) takes place was provided. Ay , is a bigger relative of (Cil:;
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Conclusion

spectral triple = spin manifold mod. commutativity of the ‘algebra of functions’

spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

atrix spectra 1r|p|e True but | didn't talk about this (no time)
is PU(n)-Yang-Mills-Higgs-like if F is over
[Connes Marcolli, NCG, QFT and motives, ‘07, next sceenshot]

The far distant goal is to set up a functional integral evaluating spectral observables S as

(1.892) (S)= NfSe—“(f(D/A) =50 D¥)=p(:D) D[y D[D]DYe], »”

«

The matrix algebra My (Ay ) where functional renormalisation for random matrices

(k-martix model) takes place was provided. Ay , is a bigger relative of (CEZ;

thank you!

References: [CP191213288] [CP 2007.10914] [CP 2102.06999] [CP 2105.01025] [CP 2111.02858]
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Spectral triples
(A, H,D)

NCG

30



Quantum Groups

von Neumann

Spectral triples

(A, H, D) *-algebras

Sort of appendix,
which wasn't needed

F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Asn =CaeHe M;3(C

Aym = M, (C

geometries or

commutative spectral triples

(M)
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F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Asy=CoH® ]\fg(C

Quantum Groups

; 4 von Neumann Aym = M, (C
Spectral triples '
(A, H,D)

lgebras

geometries or

(M) commutative spectral triples
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NCG toolkit in high energy physics

+ On a spectral triple (A, H, D) the
(bosonic) classical action is given by

S(D) = TrH f(D/A) [Chamseddine-Connes CMP ‘97]

for a bump function f, A a scale. It's
computed with heat kernel expansion

[P. Gilkey, J. Diff. Geom. ‘75]

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(CP(AF), Hu ® Hr, Du® 1r + 5 ® Df)
« applications require (A, H, D) to have

a reality J : H — H antiunitary @°7s,
implementing a right A-action on H

Asm = Ce He M3(C

F (‘finite geometries’)

Ayy = M, (C

(M)

Almost-commutative manifolds
(classical)

geometries or

commutative spectral triples
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NCG toolkit in high energy physics
« On a spectral triple (A, H, D) the « let's sketch connections: if SC is a
(bosonic) classical action is given by G-invariant functional on M

SG o SMaps(M,G)
S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97]
dvwod+A AcdMeg

for a bump function f, A a scale. It's A" = vAuT 4+ udu™" ve Maps(m, 6)
computed with heat kernel expansion

[P. Gilkey, J. Diff. Geom. ‘75]

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu ® Hr, Dy ® 1r + 5 ® Df)

« applications require (A, H, D) to have
a reality J : H — H antiunitary @°ms,
implementing a right A-action on H



NCG toolkit in high energy physics -

« On a spectral triple (A, H, D) the . let's sketch connections: if S is a
(bosonic) classical action is given by G-invariant functional on M

SG o SMaps(M,G)
S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97]
dwod+A 2Acd M@0

for a bump function f, A a scale. It's A" = vAuT 4+ udu™" ve Maps(m, 6)
computed with heat kernel expansion
IP. Gilkey, J. Diff, Geon. ‘75] « given (A, H,D) and a Morita

equivent algebra B (i.e.

End4(E) = B) yields new

(B,E®us H,D"). For A= B, in fact a
tower

{(AH,D +w+ Jw)~

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple
(C*(Af), Hu® He, Dy ® 1 + 75 ® Df) .

)}WEQ]D(A)

« applications require (A, H, D) to have
a reality J : H — H antiunitary @°7s, D, = Ad(u)DuAd(v)" = D,
implementing a right A-action on H w o wy = vwU® + U[D, U*]  vel(A) s cuve
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Organisation

F (‘finite geometries’)

NOYBER i spectral triple

matrix & fuzzy geometries

Matrix Geometries
[J. Barrett, J. Math. Phys. 2015]

Dirac ensembles p. Barret, L Glaser, /. Phys. 4 2016] and
how to compute the spectral action
[CP 1912.13288]

Gauge matrix spectral triples (this talk)
[CP 2105.01025]

Functional Renormalisation (cp 2007.10914) and
[CP 2111.02858]

Sort of appendix,
which wasn't needed
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B-functions of NCG two-matrix models, signature 1 = diag(ey, &)

2m(ag + o2 + 2dyj02 + 6dy2) = 7
2h(bg 4 c22 + 6dozj02 + 2dzj02) = 1 -
—Mles(as — cim) + 2diz 4 6dyz] + dip(n +1) = B(di)
—hi[e,(bs — am) + 6dorjoz + 2doyjar] + doyar(n + 1) = B(dojor)

The next block encompasses the connected quartic couplings:
hy (4% + 4ck)) + as(2n +1)
—h](24aéeq + 4epe, + 4d02|4eb + 4d2‘4ea) = 5(04)

hy (4b% + 4cky) + by(2n + 1)
—hi(24bge, + 4crseq + 4dozjose, + 4dyj0s€a) = B(bys)
—h(2eqcr2r2 + €221 + 3€acas + 3epcaz + €adozi + Epd222)
+hy (20422 + 2bscz + 2eaencin + 2eaencyy) + (20 +1) = Blcz)
8eqepcmenhy + am(2n +1)
+h (4eacl3ﬂ + 4epcam + 2eqdozpm + 2%d2|nn) = f(cm)

back to main presentation <
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MOtriX Or FUZZg Geomeh’ies GO TO characterization <

Deﬁniiion (“condensed” from [J. Barrett, . Math. Phys. 2015]).
A fuzzy geometry of signature (p, q) € Z2, is given

by

a simple matrix algebra A - we take always

A = My(C)

a Hermitian C¢(p, g)-module S with a chirality
~. That is a linear map v : S — S satisfying
v =~yand 4% =1

a Hilbert space H = S ® My(C) with inner
product (v R, w® S) = (v, w) Try (R*S) for
each R, S € My(C), being (-, -) the inner
product of S

a left-A representation
pla)(v®R) =v® (aR) onH, ae A and
vVRReH

three signs ¢, €', ¢” € {1, +1} determined
through s := q — p by the following table:

1 2 3
+__
-+ +
+ -+

s=q— p (mod8) 4 5

+

m
+ + +|o
I+ +|o
+ 4+~

+
J’_

a real structure J/ = C ® *, where * is complex
conjugation and C is an anti-unitarity on S
satisfying C? = € and Cy* = €~4*C for all the
gamma matrices p=1,...,p + g.

a self-adjoint operator D on H satisfying the
order-one condition

[[D, p(a)],Jp(b)) '] =0 foralla,be A

a chirality T = v ® 1.4 for H, where ~ is the
chirality of S. The signs above impose:
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