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» Algebraisation approach: Noncommutative Geometry (NCG)

Q Znee = / e T fDdp
Dirac
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» Sketchy: Spectral Action on fuzzy (Q) geometries [CP arxiv:1912.13288]
in terms multi-matrix models: noncommutative polynomials, e.g. for

2D
A2, B2 AB,..., ABAB,A*B%, ABABAB, ...

» More in detail: Functional Renormalisation Group Equation (FRGE)
[C.P arxiv:2007.10914] described in terms of a “noncommutative calculus”

[Turnbull '28; Rota-Sagan-Stein ‘80; Voiculescu '00]

» we motivate the FRGE, before going to classical NCG (spectral
formalism)
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MoTIVATION FOR THE FRGE

» First motivation (the talk won't rely on)

discrete surfaces < matrix integrals Z(A)
[B. Eynard, Counting Surfaces '16]

smooth surface < (area)|p—p, —
& infinitesimal mesh

all topologies < ZAN) =L N>"2Z,(A)
i T~ (A= 120
double-scaling limit NA. -V =C
lin. RG-flow near & AMN)=A+(N/C)P
a fixed point 0 =—(9B/0A)| .

[Eichhorn-Koslowski, PRD, 13, '14]

» Second motivation of the Renormalisation Group (not this talk):

» gravity loops % influence matter, and vice versa @
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Connes’ geodesic distance formula (M spin)

inf [ ds=d(x,y) = sup {If() f)| : [IDf = fD|| <1}

fec=(M

« with f as multiplication operator on H = L2(M,S) J
o (C“’(M),LZ(M,S),D = 9"[0, + wy]) is a spectral triple!
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SPECTRAL TRIPLES
» noncommutative topology = theory of C*-algebras

» in noncommutative geometry (for h.e.p.-applications)
interesting objects are spectral triples (A, H,D), with

« aninvolutive algebra A, which need not be commutative
» a Hilbert space H, on which A is represented

 a self-adjoint operator (Dirac operator) D on H
+ conditions only relevant for co-dim algebras
+ algebraic behaviour of D and two extra operators ], 7 define a KO-dim (mod 8)

» Spin geometries M are commutative spectral triples:

« A= C(M), a commutative x-algebra
« H =1L2%(M,S) is a representation of A
e Dy H — H, a self-adjoint Dirac

the converse™X°™s js also true
[A. Connes Commun. Math. Phys. 1996; J. Varilly A. Rennie arXiv:0610418; A. Connes JNCG 2013]
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A fuzzy geometry of signature (p,q) (thus of dim. p + g and KO-dim g — p)
consists of
» A= MN (C)
» H=V ® Mp(C), being V aCl(p,q)-module (y*: V — V)
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» Characterization of Dirac operators for even p + g
e (YM)?2=+41, u=1,...p ~7* Hermitian,
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A fuzzy geometry of signature (p,q) (thus of dim. p + g and KO-dim g — p)
consists of

» A= MN(C)
» H=V ® Mp(C), being V aCl(p,q)-module (y*: V — V)

... (axioms for D omitted >r>) ...

» Characterization of Dirac operators for even p + g
o (YM2=+41, u=1,...,p 7# Hermitian,
o (V)2 =-1, pu=p+1,...,p+gq 7 anti-Hermitian,
o Thi=qt...qtrforpy;=1,...,p+q, 1= (p1,..-, tr)
then [op. cit] in terms of Hermitian H; and anti-Hermitian Lj in My (C)

D ;riha' &® {H[, . } = ;rinti' &® [LI, . ] |I] odd, I monot. incr.

DU3) =% {Hy, - } + ) oL -] [t

@
+ 717273 ®{HA/ : } + Zrﬁ ® [Lﬁ, . ] ‘matrix spin connection’
= a
=10



Path integral picture

» ...or for fixed fixed ¢ = (A, ), and D of the form

D= ;ri.a. ® {Hy, *} + ;rim ® L, -]

MPA ={D:¢&, adding D to¢ is a (p,q)-fuzzy geometry}

MPA = (Hn)P x su(N)*T (d=2)

MPA — H* x su(N)**  (Riemannian)
T H3? x su(N)*®  (Lorentzian)



Computing the spectral action (cparxiv:191213288)
Aim: for polynomial f, systematically restate
ke :/ e~ Trn f(D) gD
Dirac
for even dimension and (p,q) signature

n = diag(+1,...,+1,—1,...,—1) as multi-matrix
model
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Computing the spectral action (cparxiv:191213288)

Aim: for polynomial f, systematically restate
ke :/ e~ Trn f(D) gD
Dirac

for even dimension and (p,q) signature
n = diag(+1,...,+1,—1,...,—1) as multi-matrix
model

Strategy: Random fuzzy — random matrices (.

Barrett, L. Glaser, J. Phys. A 2016]. Since H = V ® MN(C) we
need:

» traces of products of gamma matrices

» traces of products of parametrizing
matrices L; and Hj

10



Chord Diagrams (CD) for d = 2 geometries, 1 = diag(eq,€2) cp 19]

Tr’H(D6) — ZNZEI‘I'V(')’]M C. 7#6; X
7

+(_1)27]#:#5,]/‘2/‘4”)13#6 +(_1)lnuwan/tz/ts,]ﬂs/u +(_1)Onuemnuzusnua/ts +(_1)17]1‘61‘1n)12)14,]/‘3/‘5 +(_1)Unus/unvwsnua;u

+(, 1 )1 ,]umanumanmus +(, 1 )Unmm ,]umanuwa +(, 1 )3,]MHL4 7]U2AL5 nuws +(,1 )znmm ,]uzw nusus +(, 1 )1 PHks nuz;u ,];uua

+(,1)U7Imuznuw4,]w,m, +(*1)1"/“]“27#‘3”3"IM‘“’ +(,1)0,/u1uz,,u.xu(;7];14;ts +(,1)1nuw3,]wu4,,Iusm; +(,1)2,,;(1;:3,,#2#5,];&4;&4,
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Chord Diagrams (CD) for d = 2 geometries, § = diag(ej,e2) (cr19]

solid circ.

Te(D) = 2N'Y Try (741 -91)
u

& AN e VN an

Hs| |2 4 s

N

Ha Hs Ha H3 Ha H3

He_— {1 #fﬁfﬁ ‘“/67\% He He
4+ Hs ﬁl‘& 4+ ks /jm + ks 2 aF /lsw%vlz aF /lrs\j/ 2
a3 ll\4* s pa— i pr— i3 u\47 Tt

+(,1)1,lmw,ﬁuuu,ﬂtws +<,1)U,,]mm,lww,luwo +(,1)3nmmnuws"wuu +(,1)2”mu4,’u2mnmus +(,1)1,]mus,,luzua,lumu

e 7ﬁ He 7\% M/ﬁiﬁ e 7\K N/Gf gt
a3 a3 %4\*% a3 N\4* T3

+(,1)0nmwnmmnusun +(,1)177mu2,7uwsnmus +(,1)U”muznmmnuws +(,1)1nmmnuzmnusus +(,1>2nmmnuws”mun
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Chord Diagrams (CD) for d = 2 geometries, 1 = diag(eq,€2) cp 19]

solid circ. dashed circ. (1,5),(2,4),(3,3)-partitions
1

Tr(D%) = ZNZITrV(’)/”‘ . -’y”ﬁ)l X ITIN(KV1 o Kye) + "TrP x TrQ terms
7

Ky K,L;\ Ky, K /»KM Ko K K K K
y ﬂ/ﬁf M 7 /ﬁ Ha N 7 L p— ) Y 7 Nr, Ha L p— ) |
}&'M/ls\\\ /l‘z[xm 4F k,bllséﬂzi\m 4F }ﬁm/fo j\l‘zlx,‘, 4F }( /lo\>(\l‘zlxm 4F }‘u /13\7\/@1{“,\
a1z ) 3 . ke . 3 .
K Ky 1\»4 Ku; *Km }‘}x;/ - Ky K
Ko i K B N K K. »k;s K~
Lp— it K / #ﬁ — M \ / #/57& \ HG — M He. 7& X
I 5| w;]xm & 7( Ms\ \;L;KM & 7‘» Mo\\\ /u;]xw & I&M ;LD\ /w;]xw & Iﬁusua\ /ﬂwzlx’u;
N My 3 g )y 15} #3 E
B Ky \J}M Ky’ NH Lo K s
Ky K. Ky, K. K e e B ey B
H{ﬁf\lﬂ% \ g He_— #1 N v #/sf\}ﬂ% N / #{67 ol N 7 He_— 1 Y
+K s 15 utzh’m‘ + 1\M | sz | + I\M | iis K+ 8K 115 s K, + 8K 115 Juiz K.
oM /:\#3 / #4 - #3 / N s s [
K K . Ko Ky Ko Ky N AM Ry’
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Chord Diagrams (CD) for d = 2 geometries, 1 = diag(eq,€2) cp 19]

solid circ. dashed circ. (1,5),(2,4),(3,3)-partitions
T 1 T 1 T 1
Tr(D®) =2N)_Try (9" - 9") x Ten (Kp, -+ Kyg) + TP x TrQ terms
n
K '}c;;\ 7;;; . K Ko P AN PN
: — X ,’ He _— 1 A ,’ He — A ,’ He —

)QW Single Tr term from this diagram ;( |
Ned L NV NS L N

*nz@fw_zN ZHVpeyevepTrN(KyKvaKvaKp) G K

=2N - Tay {e1KS + 262 (K1 K2)2K3 + ¢4 (K2K1)2 K

e, K + 2e1 (KoK )2K2 + e (K2K)?} \M;
JAVANENRN VNS

5!! diagrams
=2N - Tey {e1KS + 6e2K1K3 + 3ea (K3K2)? — 6,K3 (K1 K7)? }

/I)Ixm + }x s M| i K3

A\ +(1¢2)
A 115 2 Kuj + Ky u:,f%\ 2 Kuj + Ky 05 /&/\}Lz Kuj + K, uafﬁ/\#z K
\}u\/::#a % Ha 3 a3 \#4\*/#3 a3
K, Kyt K Ly K Kyt S HKu Ky 1‘u< K s
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Recap

» random noncommutative geometry leads to
random multi-matrix models [Barrett 15, BarrettGlaser ‘16

Zh / e N T P-Ty QU T QP g
MP#
N

» systematically computable in terms of cyclically
self-adjoint NC polynomials P and ‘bipolynomials’
in Q(l) ® Q(z), in 2PT1-1 matrices (cr 19

» chord diagram organization; same CD structure
also appeared in [Sati-Schreiber arXiv:1912.10425 & ncatlab article for fuzzy

sphere]

13



Free algebra and differential operators
» Let €y = C(Xy,... Xy) be generated by X;,... X, € Mf,(C),

C(n) = {words or noncommutative (NC) polynomials in X;’ = £X;}
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Free algebra and differential operators
» Let €y = C(Xy,... Xy) be generated by X;,... X, € M5 (C),

C(n) = {words or noncommutative (NC) polynomials in X;’ = £X;}

> NC-deriVatiVe [Turnbull ’28; Rota-Sagan-Stein '80; Voiculescu ‘00]

9% Cpyy = Cpyy ®Cp)

k.
Xfl"'XﬁkHZ‘séi'Xf1"'X€i71®Xf ¢
i=1

=

i1 k

» Example: of (FREENESS) = FR ® ENESS + FRE ® NESS + FREEN ® SS, on
C(AB,..,Z)
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Free algebra and differential operators
» Let €y = C(Xy,... Xy) be generated by X;,... X, € M5 (C),

C(n) = {words or noncommutative (NC) polynomials in X;’ = £X;}

> NC-deriVatiVe [Turnbull ’28; Rota-Sagan-Stein '80; Voiculescu ‘00]

9% Cpyy = Cpyy ®Cp)

Xy - Xy

k.
1"'X€kﬁzéé,~'Xfl"'sz;l@Xf k
i=1

=

il
» Example: of (FREENESS) = FR ® ENESS + FRE ® NESS + FREEN ® SS, on
C(A/B,... Z), but
95 (FREENESS) = FREENE © S -+ FREENES © 1

b 9% = 06/6(Xpq), but with (U © W) apeq = UgpWeg for P € Cyyy,

[(0%XP) (X1, Xn)]absed = O [P(X1, -+, X)) ad

Important transposition T(ab;cd) = (cb;ad) for T = (13) € Sym(4)
14



» Cyclic derivative: % =it 09X : C(,y — C(,y and (U @ W) = WU

" (FREENESS) = 171 (FR ® ENESS + FRE ® NESS + FREEN ® SS)
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» Cyclic derivative: % =it 09X : C(,y — C(,y and (U @ W) = WU

" (FREENESS) = 171 (FR ® ENESS + FRE ® NESS + FREEN ® SS)
= ENESSFR + NESSFRE -+ SSFREEN = oF Tr(FREENESS).

15



» Cyclic derivative: % =it 09X : C(,y — C(,y and (U @ W) = WU

" (FREENESS) = 171 (FR ® ENESS + FRE ® NESS + FREEN ® SS)
= ENESSFR + NESSFRE -+ SSFREEN = oF Tr(FREENESS).

» 5 TeP = 2% P. For instance,
A

(08 094)Tr(ABAB) = 3°24(ABAB)
=205%(BAB) =2[1® AB+BA®1] ~ B@B

A
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» Cyclic derivative: % =it 09X : C(,y — C(,y and (U @ W) = WU

" (FREENESS) = 171 (FR ® ENESS + FRE ® NESS + FREEN ® SS)
= ENESSFR + NESSFRE -+ SSFREEN = oF Tr(FREENESS).

» 5 TeP = 2% P. For instance,
A

(08 094)Tr(ABAB) = 3°24(ABAB)
=205%(BAB) =2[1® AB+BA®1] ~ B@B

A

» (Optional:) Double derivatives on traces:

@ 00%)TrQ= Y 4, 8 m(Q)®m(Q),

=(uv)
X/A,,,,i(f’{ X,
z /// \\\ :
PANE / )‘( m(Q) Xy, m1(Q) Xy, matches Q
A\ ‘v, /Ny 1
\. %

Cx Xe

but1

15



NC-HessIAN AND NC-LAPLACIAN

» The noncommutative Hessian (NC Hessian) is the operator

Hess: im Tr — M,,(C) ®C<@3>2

“cyclic words”CCyy,
whose (ij)-entry (1 <i,j <n)is

(Hess Tty P);; := (0% 0 3% Tey P) € C82.

(n)

[C.P."20]
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NC-HessIAN AND NC-LAPLACIAN

» The noncommutative Hessian (NC Hessian) is the operator

Hess: im Tr — M,,(C) ®Cffl>2

“cyclic words”CCyy,
whose (ij)-entry (1 <i,j <n)is

(Hess Tty P);; := (0% 0 3% Tey P) € C82.

(n)

» Hess is not symmetric. For instance (n = 2)

94004 940098

Hess{Tr(ABAB)} = (aB 094 3Boab

) Tr(ABAB)

_2< B® B AB®1+1® BA

BA®1+1® AB ARA

[C.P."20]

)



NC-HessIAN AND NC-LAPLACIAN

» The noncommutative Hessian (NC Hessian) is the operator
o 8 ®2
Hess: im Tr — M, (C) ® Ci
“cyclic words”CCyy,
whose (ij)-entry (1 <i,j <n)is
(HessTry P);j := (0% 09I Try P) € C <®>2
» Hess is not symmetric. For instance (n = 2)
040094 094008
Hess{Tr(ABAB)} = (aB 094 3B BB> Tr(ABAB)
—9 B® B AB®1+1®BA
- "\BA®1+1® AB ARA

» Optional: The NC-Laplacian V of a “cyclic word” is the M,,(C)-trace of the
NC-Hessian
V2{Tr(ABAB)} =B® B+ A® A.

[C.P."20]

)



Twisted products ®;

» The RG-flow (later) generates multi-traces... it thus twists

V(TrP-TrQ) = (V2TrP) - TrQ + (V2 TrQ) - Tr P

+Y {2%P . 2%Q+ 2% Q. 5P},
j

17



Twisted products ®;

» The RG-flow (later) generates multi-traces... it thus twists

V(TrP-TrQ) = (V2TrP) - TrQ + (V2 TrQ) - Tr P
+Y {2%P®. 2%Q+2%Q®. 2% P},
j

» With the twisted product by T = (13) € Sym(4) of the four indices,

(l,[ X7 W)aluz;ustu = (ll ® W)ﬂm)ﬂf(z) 7At(3)A7(4)
(U St W)ub;cd = ucbwudr
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Twisted products ®;

» The RG-flow (later) generates multi-traces... it thus twists

V(TrP-TrQ) = (V2TrP) - TrQ + (V2 TrQ) - Tr P

+Y {2%P . 2%Q+ 2% Q. 5P},
j

» With the twisted product by T = (13) € Sym(4) of the four indices,

(U ®< W)ﬂlﬂz;ﬂ3ﬂ4 =U® W)aT(l)aT(Z);aT(3)aT(4)
(U St W)ub;cd = ucbwudr

» We consider A, = (C,) ® C(,y) ® (Cy ®r Cyyy) with product

[(U Xy W) * (P Qu Q)]ab;cd = (U Xy W)ah;xy<P Qu Q)yx;cdr

where a, ¥ stand for either T or an empty label.

17



Algebraic structure (dictated by the proof of the FRGE)

» A, = Caf &3] C%;)Z is an associative algebra satisfying

(U W)*(P®:Q)=PUR:WQ,
(U®W)* (P®:Q)=U®PWQ,
(Ue:W)x(P®Q)=WPU®Q,

(UW)*x(P®Q)=Tr(WP)U®Q
9 AT state)

for U,W,P,Q € C(n)

18



Algebraic structure (dictated by the proof of the FRGE)

» A, = Caf &3] C%;)Z is an associative algebra satisfying

(U W)* (P®: Q) =PU®:WQ,
(UW)*(PR:Q)=U®PWQ,
(U@:W)*(PRQ)=WPURQ,

(UW)*x(P®Q)=Tr(WP)U®Q
AT amate)

for U,W,P,Q € C(n)

» A, isalsounital,1=1®.1

18



» One is particularly interested in M, (.A;) D NC Hessians.
2 ®27 _
Q - (Qij|ab;cd) ij=1,..n e M, (C) ® [Cf,% 2] C<n> ] - Mn(An)
ab,cd=1,.,N
with USUpertrace” (no relation to SUSY)

STr=Tr, ®Try, : Mu(An) —>C

n N
STI‘(Q) - Qii|ua;bb 0
i=lab=1

19



» One is particularly interested in M, (.A;) D NC Hessians.
2 ®27 _
Q - (Qij|ab;cd) ij=1,..n e M, (C) ® [Cf,% 2] C<n> ] - Mn(An)
ab,cd=1,.,N
with USUpertrace” (no relation to SUSY)

STr=Tr, ®Try, : Mu(An) —>C

n N
STI‘(Q) - Qii|ua;bb 0
i=lab=1

» Twisted products are thus merged. Example:

1@ A4 * 4 @ 2

= NTr(A*) + Tr(B*)

19



Sketching the Functional Renormalisation Group (scalar ¢)

» The splitting Z = [ D[gr] D]gple 512571l in high/low dof’s

exp(—Sesr[pL])
implemented smoothly by an IR-regulator ASy[¢] = 3 Ry ¢?

w 8= I}\

momenta

A
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Sketching the Functional Renormalisation Group (scalar ¢)

» The splitting Z = [ D] goL D[gyle 51289l in high/low dof’s

exp(—Sesr[pL])
implemented smoothly by an IR-regulator ASy[¢] = 3 Ry ¢?

w 8= I}\

6tRN

i (

momenta

» ASn[¢] prote”dtgthe low dofs
NI — [eSlel=aSnlel+(-9) D[y

A
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Sketching the Functional Renormalisation Group (scalar ¢)

» The splitting Z = [ D] goL Dlgyle 5l® H“"L] in high/low dof’s

exp(—Sesr[pL])
implemented smoothly by an IR-regulator ASy[¢] = 3 Ry ¢?

w g s= N

6tRN

momenta

A

| ;
| » ASN|[¢] prote”dtgthe low dofs
‘ WU = [ e=Slol-8Snlol+(-9)D[g)

» For the ‘classical’ field (¢); = X, the interpolating eff. action
I'n[X]:=sup; {J- X = Wn[]]} — (ASN)[X].

20



FuncTiIONAL RENORMALISATION GROUP FOR MULTILMATRIX MODELS

[C.P.720]
Influenced by [Brézin-Zinn-Justin, Phys.Lett. B ‘92] [Eichhorn-Koslowski, PRD, '13]
» Bare action S for n matrices (pi of size A X A OBy
is IR-regulated by a mass term
Ry=rny-1®:1:
" Ry
_1 @2 i i ™ 2 .
ASN[g] = 5 ) e T?((¢' @7 ¢') xRy) ~ = =%
N p) ~N A

21



FuncTiIONAL RENORMALISATION GROUP FOR MULTILMATRIX MODELS

[C.P.720]

Influenced by [Brézin-Zinn-Justin, Phys.Lett. B ‘92] [Eichhorn-Koslowski, PRD, '13]

» Bare action S for n matrices @' of size A x A

is IR-regulated by a mass term

Ry=rny-1®:1:

1y 2(( o i r
AsN[<P]:§ZeiTr§2((¢ ®T¢)*RN)~7N¢2
=il

» IR-regulated partition function

Zn[]] = U]

7 pa
My

e Slel-A5n[el+Te(9) qyy , ()

Ry

momenta

A

rn(a,b)/Z
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FuncTiIONAL RENORMALISATION GROUP FOR MULTILMATRIX MODELS

[C.P.720]
Influenced by [Brézin-Zinn-Justin, Phys.Lett. B ‘92] [Eichhorn-Koslowski, PRD, '13]
» Bare action S for n matrices (pi of size A X A OBy
is IR-regulated by a mass term
Ry=rny-1®:1:
" Ry
_1 @2 i i ™ 2 .
ASn[p] =5 ) e T (¢ ®c @) xRn) ~ -9 ;
i=1 /

» IR-regulated partition function
Zn[]] = Nl
= | e Slel-A5n[el+Te(9) qyy , ()
N

» Interpolating effective action

T(X]i=sup (Te(]- X0~ Wall])

— (ASN)[X]

21



Functional Renormalisation Group Equation wetterich, Morris]

Ry
t =logN
HeSSng[X] +RN> 8

E)tl"N[X} —. %STI‘ (

where

» 0 =diag(ey,...,e,) scales the diag of Hess with ¢;, X = ¢; X;

22



Functional Renormalisation Group Equation wetterich, Morris]

Ry
t =logN
HeSSUFN[X} +RN> 8

E)tl"N[X} —. %STI‘ (

where
» 0 =diag(ey,...,e,) scales the diag of Hess with ¢;, X = ¢; X;

» inverse means Neumann expansion Hess, I'y[X] + Ry = F[X]| + P
(idea based on [gichhorn-kostowski, PRD, 13], but different structure)

o Tn[X] = %(Trn RTeE2){ — iy (N)F[X] + Fio (N) (F[X]) 2 + ...}

22



Functional Renormalisation Group Equation wetterich, Morris]

1 Ry B
o I'n[X] = 5 STr (HesngN[X] - RN) t=1logN

where
» 0 =diag(ey,...,e,) scales the diag of Hess with ¢;, X = ¢; X;

» inverse means Neumann expansion Hess, I'y[X] + Ry = F[X]| + P
(idea based on [gichhorn-kostowski, PRD, 13], but different structure)

o Tn[X] = %(Trn RTeE2){ — iy (N)F[X] + Fio (N) (F[X]) 2 + ...}

(atRN)ub;cd ith

(k+1)
NzPab;cd

» dependence on Ry through hy = hm Za Bedeil

I’l] 6 — 517) hz = 8 — 777) ]’lg = —(10 917) n= *atlogz

24 ( 48 ( 80

22



Optional: The one-matrix model

Choosing a truncation for the effective action

Z 34 4, 86 6
I'nviX|=TrTr< —1 X2 In® X In® X
VX =Tr® r{ZN neX+Riyext+ Liye

LBy o 2 82y o v
8 8
one needs

1 2 2
ﬁa TrAl,N (1N®X ):1N®1N

1 2 4 2 2
e Trg,, (IN®X) =X®@X+INQX +X*®1y

1 2 2 2 X2
ST, (X ®X):X®TX+1N®1NTrN(7)

1 2 6 3 4 2 2
i Trg,, (IN®X%) =X®X +1y@X +X*®X
+XX+Xte1y

23



The quantum fluctuations & B = 9;g;-functions

XZ
ﬁ{(N +2)g2‘2+4Ng4}TrN< ; )
- N ]
N ((4 + 5 )8+ 4Ng6)
le o ~ X4
aF N2 (12g2\zg4 +4Ngi)}TrN (T)

+ { 1}\[]22 ((8+N*)g3; +8N&pgs +1283)
- % (4N g4 + 436) } 5 T (X?)

+ {%(36372\4?4 + 3025286 + 12Ng436)

s (81g2‘2g4+6Nq4)} (%)

h g % G A, =
+ {ﬁé(gz|4((38 + N?)%ojp + 12Ngy) + 8NZop36 + 483136)

By oo . ) . "
_ N%(72g§‘2g4 +12Ngp33 +48g2)}T1N <7> Try (T) )

24



The quantum fluctuations & B = 9;g;-functions

V{(N +2)%p +4Ng4}TIN ();2)

5 (8+ N33, + 8NZyp84 + 128F)

+
—
Z‘Nl

h i i,
— 1 (NG + 420) | TR(XD)

I o L _
4 {%(3682\4g4 + 3082286 + 12Ng156)

I3 X6 -
N2 (8182\284 + 6NQ4)}T1‘N <?> gi ~

hy _ _ o o
+ {ﬁé(gz|4((38 + N?)%ojp + 12Ngy) + 8NZop36 + 483136)
h 2 - I ) e &
— 5 (7288 + 12Ngp g} +4823) } Ty <7> Ty (Z) ,

24



Extracting the coeff’s in the large N,

n=mh (%gz\z + 284) ,
Ba = (1+21)34 + 4hag} — I (4gs + %) ;
Bapp = (24 2)822 — 4h1 (g4 + g6) + ha (g5, + 8gapes +1285),
Be = (2 +31)g6 + 128486h2 — 63313,
Baja = (3+31)8214 + M2(82282)4 + 882)286 + 12851484 + 488486)
— h3 (12851087 +4883) -

with solution

1 i
n’ = —0.2494, gy = —0.08791,  (g7° = — 15 = —0.0833)
8¢ = —0.003386, g3, = —0.02423, 8o = —0.17415.

25



The FRGE for multi-matrix models motivated by random NCG

oken i hyp

heory space” = C&Z /cyclicity

A4 Chosen bare action S = I'y_x

0" Full effective action I' = T'y—g
Interpolating action I'y—x_, (projected & truncated)
— RG-flow with truncation and projection

* Moduli of Dirac operators — theory space

----+ RG-flow without truncation nor projection
g..  Rest of coupling constants

26



The two-matrix models from random NCG
Flowing operators for Tr f (D) with f(x) = %(%2 + xf + %6)

DEGREE OPERATORS | COUPLING CONSTANT  SCALINGS
QUADRATIC 1y ® (AA) 1Zse, *
1y ® (BB) 1 Zsey *
o
ARA 2011 1/N
0=
BeB 2401]01 1/N

27



The two-matrix models from random NCG
Flowing operators for Tr f (D) with f(x) = %(%2 + xf + %6)

DEGREE

QUADRATIC

QUARTIC

OPERATORS

Iy ® (AA)
1y ® (BB)
A®A
B®B

Iy ® (AAAA)
1y ® (BBBB)
1y ® (AABB)

COUPLING CONSTANT
%Z“e,,
12
30
201101

4

el
S A

4
C22€a8p
- %51111%%
dnm
Zaz‘ozeﬂeb
Zimea
31\12%
301\21%
301\03511
3dy)p

3dpp02

SCALINGS

*
*
1/N
1/N

1/N
1/N
1/N
1/N

1/N?

1/N2

1/N?

1/N2

1/N?

1/N?

1/N2

1/N?

27



SEXTIC OPERATORS

1y ® (AAAAAA)
1y ® (AAAABB)
Iy ® (AAABAB)
1y ® (AABAAB)
1y ® (BBBBBB)
1y ® (AABBBB)
1y ® (ABBBAB)
1y ® (ABBABB)
A®(AAAAA)
A® (ABBBB)
A® (AAABB)
A® (AABAB)
B® (AAAAB)
B® (AABBB)
B® (ABBAB)
B® (BBBBB)
(AB) ® (AAAB)
AB)® (ABBB)
(AA)® (AABB)
(AA)® (ABAB)
(AA) ® (AAAA)
AA)® (BBBB)
BB)® (AABB)
BB) ® (ABAB)
BB)® (BBBB)
(BB) ® (AAAA)
(AAA) ® (AAA)
(ABB) ® (AAA)
(AAB) ® (AAB)
(BBB)® (BBB)
(AAB) ® (BBB)
(ABB)® (ABB)

(
(
(
(
(

NCG COEFFICIENT COUPLING ~ SCALINGS

VALUE

CONSTANT
a

Caz
a1l
o121
be

Coa
Ci311
Ci212
dijs
dijia
dijsz
dijornn
dorjan
dijos
dotji2nn
dotjos
s
duijig
dojaa
oyt
dajy
dajos
dozjzz
dozpin
dozjos
dosja
dajs
disjs
doja1
dosjos
datjos
digjia

1/N?
1/N?
1/N?
1/N?
1/N?
1/N?
1/N?
1/N?
1/N3
1/N3
1/N3
/N3
/N3
1/N?
1/N3
1/N3
1/N3
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GEOMETRY SIGNATURE ~ KO-DIM. # OPERATORS
IN THE RG-FLOW
‘Double time’ (+,+) 6 48
2D Lorentzian (+,-) 0 41
Riemannian (=, —) 2 34

Forbidden: A - B (Ising 2-matrix model), A-A-A-B,...,

# OPERATORS

WITH DUALITY
26

19

A-A-A-A-A-B, A-A-A-B-B-B, A-A-B-A-B-B,

A-A-B-B-A-B, A-B-A-B-A-B, A-B-

or inserting ® anywhere inside.

29



The B-functions for the 2-geometries
For the 2-dimensional fuzzy geometry with signature diag(e‘a,eb),
211 (as + co2 + 2djp + 6dp) = 1a
211 (by + €20 + 6dgp|0p + 2d)02) = 1p
—I[ea(as — c1111) + 2dy1p + 6dy)3] +dyj1 (17 + 1) = B(dy)1)
—h1[ep(ba — c1111) + 601103 + 2401121 + dorjor (17 + 1) = B(doxjo1)

30



The B-functions for the 2-geometries
For the 2-dimensional fuzzy geometry with signature diag(e‘a,eb),
21y (ag + c22 + 2d5)0p + 6dpp) = 1a
211 (by + €20 + 6dgp|0p + 2d)02) = 1p
—I[ea(as — c1111) + 2dy1p + 6dy)3] +dyj1 (17 + 1) = B(dy)1)
—h1[ep(ba — c1111) + 601103 + 2401121 + dorjor (17 + 1) = B(doxjo1)
The next block encompasses the connected quartic couplings:
hy (403 +4c%) +as(27 +1)
—h1(24age, + dcapen + Adgpjaey + 4dsjses) = B(as)

hy (4b3 + 4c3,) + ba (27 + 1)
—h1(24bsey, + 4epge, + 4dgpjoaes + 4daj04¢a) = B(bs)
—h1 (2eqc1212 + €52¢2121 + 3eacos + 3epcar + eadgpppy + evd)r)
+ha (20402 + 24020 + 24046211 + 2eae5cdy) + e (257 + 1) = ()
8eqepciinicanha + cr111 (2 + 1)
+h1 (4eseiann + depcannn + 2eadgpinn + 2epda1111) = Blernn)

(+ others fitting in 5 pages)

30



1 2
ITN[X] = E(Trn(z@TrN ){ — hi(N)F[X] + Iy (N) (F[X])™ + ...
OPERATOR ITs Hess,
Tr(A%) <4ea(1®A2+A02®1+A®A) 8)
T’ B ( 0 2€bl ®. 1 )
2¢,B® B 2(1® BA+ AB®1)
Tr(ABAB) < 2010 AB+BA®1) 20,A® A )
3e,[Tr(A )(A®1+1®A
Tr(A) Te(A%) +1@: A2+ A%®
0

Some Hessians of second and fourth order operators

}

31



Quantum fluctuations
» from hl Ter(Az) (F)

ce Ty (A - A) X (26,6, Ny oy +4N%eqdn g + 12N2e,d5

+2¢,Nay +2e,Ncyp + 6N31‘3)
+Tiy (B - B) x (26,6, Ndyj1p + 12N2e,dgp)p + 4N2epds 0

+2¢,Nby + 25Ny + 6Nigq|g3)
+Tiy(A-A-A-A) x (2N2edy|4 +12¢,Nag + 10¢,Ndy 5

+2N2eydgy 4 + 26, Negy + 26, Ny ja1)
+Tiy (B B- B B) x (2N2e,d;)4 + 2¢,Neog + 2¢,Nidy 14

+2N2e,dgp|04 + 126, Nbg + 10¢, Ny 5)
+Tiy(A-A-B-B) x (2N?eudy|pp +20aNegy + 2¢,Ndy |3

+2N2e,dgy|pp + 265 Negy + 26, Ny p3)
+Tiy(A-B-A-B) x (2N?eadyj111 +26aNes111 +26aNdy 111

+2¢,N2dg 1111 + 26, Neya11 + 2, Ndggj1p11) + -
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Quantum fluctuations
» from hl Ter(Az) (F)

ce Ty (A - A) X (26,6, Ny oy +4N%eqdn g + 12N2e,d5

+2e,Nay +2¢,Nty + 6N31‘3)
+Tiy (B - B) x (26,6, Ndyj1p + 12N2e,dgp)p + 4N2epds 0

+2¢,Nby + 25Ny + 6Nigq|g3)
+Tiy(A-A-A-A) x (2N2edy|4 +12¢,Nag + 10¢,Ndy 5

+2N2eydgy 4 + 26, Negy + 26, Ny ja1)
+Tiy (B B- B B) x (2N2e,d;)4 + 2¢,Neog + 2¢,Nidy 14

+2N2ey g4 + 1265 Nbg + 10¢,Ndgy o)
+Tiy(A-A-B-B) x (2N?eudy|pp +20aNegy + 2¢,Ndy |3

+2N2e,dgy|pp + 265 Negy + 26, Ny p3)
+Tiy(A-B-A-B) x (2N?eadyj111 +26aNes111 +26aNdy 111

+2¢,N2dg 1111 + 26, Neya11 + 2, Ndggj1p11) + -

> for iy Ty, (4,) [F*?], multiply the (48 —2) x (48 — 2) Hessians



Ribbon graphs interpretation

X x

B(c22) = —h1(2eac1212 + €v2c2121 + 3eacrs
+ Bepcan + eadgppz + evdaynn)
+ hy (2114C22 + 2bgcon + Zeﬂebc%nl
+ 2¢qepc3, ) + c22(217 + 1)

¥ x

Tr AABB Tr ABAB

EE]



Beta functions of 2-matrix models: ribbon graph interpreted

KXXX

as Tr(A%) by Tr ( gaass Tr (AABB) gapas Tr (ABAB)

(filling of the ribbons has no meaning)

B(gaans) = —h1(28aBBABE +28BAABAA
+3gAABBBB + 38BBAAAA 1 disconn.)
+ha (204 - ganpE + 2048 aaBE + 285548
+2¢% app) +8aaBB(27 +1)

> ﬂmz A ‘\\>%m ) 3; A \

Q"‘r 8 AABR

\ X
Y

\‘\;\

)

3 ABBARD

2
\/“274%@.



Results for the (2,0)-geometry

» We obtain a unique solution leading to a single positive eigenvalue
of the stability matrix (—9B;/9g;)1},

6 = +0.2749

and the corresponding fixed point has the coupling constants:

,7: = 03625 Ogj = —0.07972 Ouﬁ =0 Cil%l =0
22 = —0.03986 S =0 Lo =0 =0
dajgy = —0.01337 dyjp =0 Aoy =0 dys =0
daj, = —0.005156 dajpy =0 dajy =0 diyp =0
o 3 o q
)1, = —0.00985 dy3 =0 Ay =0 g =0
O 0 9
all‘3 = —0.00985 d1\2111 =0 d1\32 =0

O 0 O
dgy oy = —0.2543 dyyjpy = —0.004201 e =0



Results for the (2,0)-geometry

» We obtain a unique solution leading to a single positive eigenvalue

of the stability matrix (—9B;/9g;)1},

o

cig1 = 0

ey =0
ﬁwfo
d<1>2\3 =0
d?m =0

0 = +0.2749
and the corresponding fixed point has the coupling constants:
n° =-03625 ay = —0.07972 a2t =0
o3, = —0.03986 co121 =0 3111 =0
0 3
dyjp = —0.01337 dyos =0 dyj117 =0
dyp = —0.005156 dajpy =0 dajy =0
o 13 0
dm = —0.00985 dgj =0 H3aor =0
O 0
1‘3 = —0.00985 i dyjy =0
L o 0
dgy g = —0.2543 djy g = —0.004201 disjgn =0-

» Agreement: —0.07972 ~

0
a, = 1.0018 x (LZ4 )Kazakov—Zinn-Justin

and 2C§2 = —ﬁ (after normalization convention)

47T, so (after flipped sign convention)
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The RG-flow and the space of Dirac operators

oken i hyp

heory space” = C&Z /cyclicity

A4 Chosen bare action S = I'y_x

0" Full effective action I' = T'y—g
Interpolating action I'y—x_, (projected & truncated)
— RG-flow with truncation and projection

* Moduli of Dirac operators — theory space

----+ RG-flow without truncation nor projection
g..  Rest of coupling constants
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» (0,2)-geometry We obtain a unique solution leading to a single positive eigenvalue of
the stability matrix (—9B;/9gy) 1y, 6 = +0.2749 fixed point:

7’ =—03625 ﬁzfﬁ
c<2>121 =0 ng = —%
dg\oz = *ﬁ d§|04 =0
diy 3y = —0.004201 dyg =0
dg\z ~ 764% d21|21 =0

ag =0
C<3>111 =0
d;\llll =0
d;zz =0
dyy =0

0

e =0
0
cyp =0
0
d12\3 =0
0
d11\31 =0
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» (0,2)-geometry We obtain a unique solution leading to a single positive eigenvalue of
the stability matrix (—9B;/9gy) 1y, 6 = +0.2749 fixed point:

17<> = —0.3625 aﬁ = ,ﬁ aZ =0 C;)m =0
c<2>121 =0 ng = _% C<3>111 =0 CZz =0
dg\oz = *ﬁ d§|04 =0 d;\llll =0 dfz\s =0
diy 3y = —0.004201 dyg =0 sy =0 diyje =0
dg\z ~ 764% d21|21 =0 d§|3 =0

» Rescalable Dirac with g1/ in goD? + g4D*, then g2 — g2/ /31 [Glaser, J.Phys. A 2017].
Speculating (projection of the fixed point to the moduli of D’s)

BG
8 o 1
g0 = \/i| — 3;4//16 ~ *§(<g4>)71/2 ~ —2.992 (rough estimate)
| I

my convention
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» (0,2)-geometry We obtain a unique solution leading to a single positive eigenvalue of
the stability matrix (—9B;/9gy) 1y, 6 = +0.2749 fixed point:

17<> = —0.3625 aﬁ = ,ﬁ aZ =0 C;)m =0
c<2>121 =0 ng = _% C<3>111 =0 CZz =0
dg\oz = *ﬁ d§|04 =0 d;\llll =0 dfz\s =0
diy 3y = —0.004201 dyg =0 sy =0 diyje =0
dg\z ~ 764% d21|21 =0 d§|3 =0

» Rescalable Dirac with g1/ in goD? + g4D*, then g2 — g2/ /31 [Glaser, J.Phys. A 2017].
Speculating (projection of the fixed point to the moduli of D’s)

BG
8 o 1
g0 = \/i| — 3;4//16 ~ *§(<g4>)71/2 ~ —2.992 (rough estimate)
| I

my convention

(g% ~ —2.238 if sum is wheighted)
» Parenthetically, since /7t appears, the correct units might be

Vi ~ (¥)

| IS
[Khalkhali-Pagliaroli, ‘20, 1-dim|
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A landscape

F (‘finite geometries’)

Classical geometry
(single geometry paradigm)

1 Asm = Co Ho M3(C)

Barrett, Chamseddine, Connes, Marcolli
van Suijlekom, D’Andrea, Dabrowski
Sitarz, Paschke, Krajewski, Landi . ..

..., Madore, O’Connor, Steinacker

Barrett. Druce. CGeant., Clasor

1116( Dong-Khalkhali
@eO Connes-Chamseddine-

van Suijlekom

cube having

*exception is [M

/\ fuzzy geometries

My(C) ®M(C)

)
. OUT 1 Avm = My (C) Still unexplored* are theories in this

three non-trivial projections

Marcolli, W. van Suijlekom, J. Geom. Phys. '13

Commutative NCG
(Spin Riemmanian Geomery)
(C=(M), L*(S). Pum)

Base geormetrios

(prisre mravity. 1o smatter)
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FURTHER DIRECTIONS ON RANDOM NCG

F (“finite geometries’)

Classical geometry

(single geometry paradigm) » precision results for critical

Asm = CoH® M;(C) exponents

40 o .
ﬂlcﬂl » solvability via
oV o .
(¢ Eynard-Orantin Topological
o Ayy = My(€) .
gt Recursion

» extend upwards to add
fuzzy geometries .
RO 5O matter fields

» use the FRGE to compute
critical exponents with
matter

geormetries

39



FURTHER DIRECTIONS ON RANDOM NCG

F (“finite geometries’)

Classical geometry
(single geometry paradigm) »
Asn =C @ H@ M3(C)
i >
I
6
Uof Avw = M, (C)
All]
b,
>
fuzzy geometries
Mn(C) ®¢M;(C)
»
Base geormetrios
g

precision results for critical
exponents

solvability via
Eynard-Orantin Topological
Recursion

extend upwards to add
matter fields

use the FRGE to compute
critical exponents with
matter

39



