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Introduction

+ What is ‘quantum space’ here?

A model of spacetime not based on a smooth manifold.
This can be governed by a classical action.



Introduction

+ What is ‘quantum space’ here?

A model of spacetime not based on a smooth manifold.
This can be governed by a classical action.

« Classical SU(n)-Yang-Mills theory is geometrically modelled on
connections on a SU(n)-principal bundle on a smooth space M.

We want to replace M by a ‘quantum space’ based on
noncommutative geometry (NCG).



« NCG and physics: The Standard Model from the Spectral Action
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+ Why do we want SU(n)-Yang-Mills theory on that space?

The natural quantum theory to consider could be ‘gravity + matter’
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This talk’s model is based on Connes’ noncommutative (nc) geometry
= Nnc Top0|0gg [Gelfand, Najmark Mat. Shornik '43] + mefriC [A. Connes, NCG '94]

{compact Hausdorff topological spaces} ~ {unital commutative C*-algebras}



« Why do we want SU(n)-Yang-Mills theory on that space?

The natural quantum theory to consider could be ‘gravity + matter’

S AX

« What is the present ‘quantum space’ about?

[Dona, Eichhorn, Percacci, PRD 2014].

This talk’s model is based on Connes’ noncommutative (nc) geometry
= Nnc Top0|0gg [Gelfand, Najmark Mat. Shornik '43] + mefriC [A. Connes, NCG '94]

{compact Hausdorff topological spaces} ~ {unital commutative C*-algebras}

I {
{'noncommutative topological spaces’} {unital eommutative C*-algebras}
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Replace spin manifold (M, g) by (C* (M), L?(M,S), Dy)

inf'y as above{S—y dS} = d(X7 y)
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Replace spin manifold (M, g) by (C* (M), L?(M,S), Dy)

>

F(x) = 1Y)l




Replace spin manifold (M, g) by (C* (M), L?(M,S), Dy)

sup {[f(x) = f(y)| - [[Duf — Oull <1}
feC® (M)



Replace spin manifold (M, g) by (C* (M), L?(M,S), Dy)

inf as above (), ds} = d(x,y) = sup {[f(x) = f(y)| : ||Duf — Dyl <1}
feC® (M)

go to examples V
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Possible application to (Euclidean) quantum gravity
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Quantum superposition of geometries  (small perturbations+ instantons)




Possible application to (Euclidean) quantum gravity
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Quantum superposition of geometries

paradigm shift
_

functional integral operator integral

S e_thEH [g] dg Einstein-Hilbert — spectral S e_lhTr f(D)dD

metric Dirac
(hard to define for manifolds)

f : R — R makes f(D) traceclass



Possible application to (Euclidean) quantum gravity

z@a >+ +...

2

Quantum superposition of geometries

paradigm shift
—_—

functional integral operator integral

e_]ﬁSEH [9] dg Einstein-Hilbert — spectral S e_lhTr f(D)dD

Dirac

§

metric

(hard to define for manifolds)

f : R — R makes f(D) traceclass
The far distant goal is to set up a functional integral evaluating spectral observables S as
(1.592) (S)= N / § = T (D/A) =51, D¥)=p(e.D) DLy D[DIDIe],

[Connes Marcolli, NCG, QFT and motives, 2007]
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Commutative spectral triples

A spin manifold M yields (A, Hu, D)
o Ay = C*(M) is a comm. x-algebra
o Hy:=[2(M,S) a repr. of Ay
o Dy = —iv*(0, + wy) is self-adjoint
« for each a € Ay, [Du, a] is bounded,
and in fact [Dy, x*] = —iy*
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Ay = C*(M) is a comm. =-algebra
Huy := [>(M,S) a repr. of Ay

Dy = —iy* (0, + wy,) is self-adjoint
for each a € Ay, [Dy, a] is bounded,
and in fact [Dy, x*] = —iy*

Dy has compact resolvent

go to more on spin geometry =



Commutative spectral triples

A spin manifold M yields (Au, Hu, Du) A spectral triple (A, H, D) consists of
« Ay = C*(M) is a comm. x-algebra « a =-algebra A
o Hy:=[2(M,S) a repr. of Ay + a representation H of A
o Dy = —iv*(0, + wy) is self-adjoint « a self-adjoint operator D on H with

compact resolvent and such that
[D, a] is bounded for each a € A

The ‘commutative case’ motivates

Qh(4) = { S b[D, dl | a,beA}

(finite)

« for each a € Ay, [Dy, a] is bounded,
and in fact [Dy, x*] = —iyH

» Dy has compact resolvent

go to more on spin geometry =



Commutative spectral triples

A spin manifold M yields (Au, Hu, Du) A spectral triple (A, H, D) consists of
« Ay = C*(M) is a comm. x-algebra « a =-algebra A
o Hy:=[2(M,S) a repr. of Ay + a representation H of A
o Dy = —iv*(0, + wy) is self-adjoint « a self-adjoint operator D on H with

compact resolvent and such that
[D, a] is bounded for each a € A

The ‘commutative case’ motivates

Qh(4) = { S b[D, dl | a,beA}

(finite)

« for each a € Ay, [Dy, a] is bounded,
and in fact [Dy, x*] = —iyH

» Dy has compact resolvent

go to more on spin geometry =

Reconstruction Theorem: a, connes, NcG 131 (quite roughly formulated)
Commutative spectral triples™some more axioms gre Riemannian manifolds.



Spectral triples
(A, H,D)

NCG



F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Asu=CoH® M;;((C

Quantum Groups

. . von Neumann Ayy = M, (C
Spectral triples
(A,H,D)

C*-algebras

geometries or

(M) commutative spectral triples



F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Asu=CoH® M;;((C

Quantum Groups
von Neumann Aym = M, (C

Spectral triples
(A, H, D) C*-algebras

geometries or

(M) commutative spectral triples



NCG toolkit in high energy physics
+ On a spectral triple (A, H, D) the
(bosonic) classical action is given by

S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97]

for a bump function f, A a scale. It's
computed with heat kernel expansion

[P. Gilkey, J. Diff. Geom. ‘75]
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NCG toolkit in high energy physics
+ On a spectral triple (A, H, D) the

(bosonic) classical action is given by

S(D) = Tr/-[ f(D//\) [Chamseddine-Connes CMP ‘97]

F (‘finite geometries’)

Almost-commu ¢ manifolds
(

for a bump function f, A a scale. It's
computed with heat kernel expansion , Spectnl ston
Asm =CoHa® M3(C
[P. Gilkey, J. Diff. Geom. ‘75]
« Realistic, classical models come from i
. . Aym = M, (C|
almost-commutative manifolds M x F,

where F is a finite-dim. spectral triple

geometries or

(COO (AF), HM () HF, DM ) ]F + 5 () DF) (M) commutative spectral triples

« applications require (A, H, D) to have
a reality J : H — H antiunitary ™,

implementing a right A-action on H



NCG toolkit in high energy physics
« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

« let's sketch connections: if 5C is a
G-invariant functional on M

S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97] SG > SMapS(M7G)

_ dvwod+ A aed'Meg
for a bump function £, A a scale. It's , o o
. . A" = vAvT + udu u € Maps(M, G)
computed with heat kernel expansion
[P. Gilkey, J. Diff. Geom. ‘75]

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu ® Hr, Dy ® 1r + 5 ® Df)

« applications require (A, H, D) to have
a reality J : H — H antiunitary @°ms,
implementing a right A-action on H



NCG toolkit in high energy physics
« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

« let's sketch connections: if 5C is a
G-invariant functional on M

S(D) = TrH f(D//\) [Chamseddine-Connes CMP ‘97] SG > SMapS(M7G)
dvwosd+ A acdMag
for a bump function £, A a scale. It's

I —1 —1 |
computed with heat kernel expansion A°= LAY udy v € Maps(#, G)

[P Gilkey, J. Difl. Geom. 73] « given (A, H,D) and a Morita
« Redlistic, classical models come from equivent algebra B (i.e. End,(E) =~ B)
almost-commutative manifolds M x F, yields new (B, E®4 H,D"). For
where F is a finite-dim. spectral triple A = B, in fact a tower
(C*(AF), Hu® Hr, Dy ® 1 + 75 ® D) {(A, H,D+w+ /w]’])}we%(A)
« applications require (A, H, D) to have D,, — Ad(v)D,Ad(v)* = D,

axioms
,

a reality J - H — H antiunitary

* *
. . . . w— w, = uvwu* + ulD,u U(A) skip cube
implementing a right A-action on H . [ | oeu) s e
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Organization

F (‘finite geometries)

Classical geometry

single geometry parad

Asy = CaoH @ M;(C)

Ay = M, (C)

Matrix geometries

‘ommutative spectral triples
(Spin® Riemmanian Geomery)

(C=(M), L2(S), Par)

rrazitirrn
Wit lion

Aim:

Make sense of

e~ Try f(D)dD

Dirac

z=]

Plane (h,1/N,0) of ‘base geometries’
Plane (h,0,F) = limy_ (R, 1/N, F)

Plane (0,1/N, F) = lim;_o(%,1/N, F) of
classical geometries

[CP 2105.01025]



Organization

F (‘finite geometries’)

RQURER o trix spectral triple

matrix & fuzzy geometries

Matrix Geometries

[J. Barrett, J. Math. Phys. 2015]

Dirac ensembles p. Barrett, L. Glaser, /. Phys. 42016 and
how to compute the spectral action (cr
1912.13288]

Gauge matrix spectral triples (this talk)

[CP 2105.01025]

Functional Renormalization icp 2007109141 and
[CP 2111.02858]



IIl. Fuzzy Geometries and Multimatrix Models

A fuzzy geometry of signature (p, q), so = diag(+p, —q), consists of
« A= My(C)
« H=S®Mn(C), with S a Cl(p, g)-module

... (axioms for D omitted, go to axioms V)...



IIl. Fuzzy Geometries and Multimatrix Models
A fuzzy geometry of signature (p, q), so = diag(+p, —q), consists of
« A= My(C)
« H=S®Mn(C), with S a Cl(p, g)-module
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« Fixing conventions for ~+'s, characterization of D in even dimensions:
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multi-index J monot. increasing,

J| odd . Barrett 1 math. phys. 151, Hf = Hj, Lf = —L,



IIl. Fuzzy Geometries and Multimatrix Models

A fuzzy geometry of signature (p, q), so = diag(+p, —q), consists of
« A= My(C)
« H=S®Mn(C), with S a Cl(p, g)-module

... (axioms for D omitted, go to axioms V)...

« Fixing conventions for ~+'s, characterization of D in even dimensions:

D=3T.®{H, }+XM:®[L, ]
J J

multi-index J monot. increasing, |/| odd . sarret, 1 moth. phys. 151, H* = Hj, Lf = —L;

o Examples: . gorrett, L Glaser, 4 Phys. 4 2016]
- Doy =1"®[L -1+ ®{H, -}
- D4y =27 ® Ly, - 1+ @ {Hy, -}
m

so we will get double traces from Try = Trs ® Try, (c) = TrS®Tr<,?2

Notation: Try X is the trace on operators X : V. — V, Try 1 = dim V. So Ty 1 = N but Try, ) (1) = N2,



« A tool to organize the fuzzy spectral action is chord diagrams:
OPIHQH3H 4 EHIH2H3 R4 k2134

TI’S(’}/M 7#27)“3,}/#4) = dim S(nﬂl.‘@n#:}/’«t + (_)nﬂll% 7];“2#4 + ,,7.“2,“377.“1/14)

1 Ha H1
Qrikabisia —  fig \\ L2 §N1M2#3#4 — liy L2 <N1N2#3#4 = I J

A -

3 H3 3




« A tool to organize the fuzzy spectral action is chord diagrams:
OPIHQH3H 4 EHIH2H3 R4 k2134

—— S ——
TI’S(’}/M 7#27#3,)/#4) = dim S(nﬂllwn/%.“xi + (_)7]/11#3 77#2#4 + ,,7#2.“377.“1#4)

23 H1 1
QHrH2p3 e —  fig \ Lo §M1M2ﬂ3u4 S Lo Culuzﬂsm — fly j

\ fﬂz

3 H3 3

« for dimension-d geometries, the combinatorial formula cr 191 reads

ifJ e Ny, dx’! # Oon RI

decorated chord diags
] {

2 O i
— h..- by
gims (%) 2 2, X

T:
by shieNS 29,26:(32])2'7‘ I 12%

8 < Z sgn(hr) x Try (Kie) x Try [(KT)ITD} Ki, m

Tey, H1o

d>4
2t = 4 example !

2n =12



Multimatrix models with multitraces & ribbon graphs

The chord-diagram description holds in
general dimension and signature cp 19

Z = SDiruc e T f(D)dD (h - ])
_ SM o—N Ty P—Trf?z(o(])@o(z))dXLeb
p,q
X e My g = products of su(N) and Hy
dXe is the Lebesgue measure on M, 4

P, Q(,) in C(k} = (C<X]7 e 7X/<> = (C<X>
are certain noncommutative polynomials

Zormal leads to colored ribbon graphs

G Try (ABBBAB) < >>”

|§.‘

5 Tr2(AABABA® AA) o

7/ind



Multimatrix models with multitraces & ribbon graphs

+ The chord-diagram description holds in
general dimension and signature cp 19

Z = SDiruc e T f(D)dD (h - ])

2
_ SM o—NToy P=Tr (Qn®32) (X,
P,q

- X e My 4 = products of su(N) and Hy

dXe is the Lebesgue measure on M, 4

- P, Q(,) in C(k} = (C<X]7 e 7XI<> = (C<X>
are certain noncommutative polynomials

- Ziomal leads to colored ribbon graphs

5T (4BBBAB) Sl

ot

5 Tr2(AABABA® AA)  — 2

1T

« Multitrace: ‘touching interactions’ iiebanov, PRD 951,

worm hOleS [Ambjorn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01], 'Sfuﬁed
ma pS' [G. Borot Ann. Inst. Henri Poincaré Comb. Phys. Interact. ‘14],

AdS/CFT iWitien, hep-th/0112258]

Ribbon graphs: Enumeration of maps rezin,
ltzykson, Parisi, Zuber, CMP 78], here ‘face-WOrded'

& intersection num. of 1-classes konisevich, cmp, 921

oot (20— D1
Z w]a] 22___ NHH%

a+...+a,=dim¢ ngn j=1 Si

- ¥

G trivalent of type (g,n)

229—2+n -I

#Aut(G) ocG Sl(e) + Sk(e)




lll. Yang-Mills-Higgs matrix theory

F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Asm =CoHe M3(C

Aym = M, (C

geometries or

C®(M) commutative spectral triples
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Almost-commutative manifolds
(classical)

Spectral action = Standard Model + gravifj

Asm =CoHe M3(C

? 1 T

! —+ Trf(D
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Dirac

Spectral action = Einstein SU(n)-Yang-Mil8

Aym = M, (C (hard for almost-commutative manifolds)

geometries or
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lll. Yang-Mills-Higgs matrix theory

F (‘finite geometries’)

Almost-commutative manifolds
(classical)

Spectral action = Standard Model + gravifj

Asm =CoHe M3(C

? 1 T

! —+ Trf(D

Zye=§ e nTOqp
Dirac

Spectral action = Einstein SU(n)-Yang-Mil8

Aym = M, (C (hard for almost-commutative manifolds)

geometries or

C®(M) commutative spectral triples

Definition icr 210500251 We define a gauge matrix spectral triple G, x F as the spectral triple
product of a fuzzy geometry G, with a finite geometry F = (Af, H, D), dim Ar < 0.



Lemma-Definition  cp 2105.01025) Consider a gauge matrix spectral triple G, x F with
F = (Ma(C), M(C), Df)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

3 Dgauge DHiQQS
D, = Z Y ® (fu + @M) + ’yﬁ ® (xu + JM) +7Q¢, @, = ‘gauge potential’, 2, = spin connection?
pn=0
The field strength is given by 4,

—
Fu =lp+aulv+av] = [Fu, -]
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Lemma-Definition  cp 2105.01025) Consider a gauge matrix spectral triple G, x F with
F = (Ma(C), M(C), Df)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

3 Dgauge DHiQQS
D, = Z Y ® (fu + @M) + ’yﬁ ® (xu + JM) +7Q¢, @, = ‘gauge potential’, 2, = spin connection?
pn=0
The field strength is given by 4,

—
Fu =lp+aulv+av] = [Fu, -]

Lemma The gauge group G(A) = PU(N) x PU(n) acts as follows

Fuw — Fo, = uF,, 0" fordll ue G(4)

nv 1

The content of the Spectral Action ...



Meaning

Derivation
Gauge potential
Higgs field

Covariant derivative

Random matrix case, flat d = 4 Riem.

Tr = trace of ops. My @ My — My @ My,
Cp= [L;A@]m ’ ]
ap = [Au, -]
[0

dy,=C,+a,

Smooth operator



Meaning

Derivation
Gauge potential
Higgs field

Covariant derivative

Field strength

Higgs potential
Gauge-Higgs coupling

Yang-Mills action

Random matrix case, flat d = 4 Riem.

Tr = trace of ops. My ® Mp — My @ My,
f/J' = [L#®]n’ :|

e =[Au, -]
[0
dy,=C,+a,

=0

—
[ﬂ’/wa{u] = [fuvfl/] +
[ ev] = [Cv,ap] + [@n, 2]

Tr(H®? + f,04)
—Tr(, 92" )

AT F T

Smooth operator

0
A;
h
D; = (9,- + A;
=0
——
[Di, D] = [0;,0;] +
6,A, — 6,A; + [Ah AI]
§,y (BIA2 + £l ) vol
—{, IDih?vol
—% SM Trsu(n) (Fi,'Fii)VOI



Meaning

Derivation
Gauge potential
Higgs field

Covariant derivative

Field strength

Higgs potential
Gauge-Higgs coupling

Yang-Mills action

+ Propagators and ~ (£.)ii(Zw)jm(E*) mi (€7 )i <> JiL

LY”?‘FU
3

Random matrix case, flat d = 4 Riem.

Tr = trace of ops. My ® Mp — My @ My,
f/J' = [L#®]n’ :|

e =[Au, -]
[0
dy,=C,+a,

=0

—
[ﬂ’/wa{u] = [fuvfl/] +
[ ev] = [Cv,ap] + [@n, 2]

Tr(H®? + f,04)
—Tr(, 92" )

AT F T

Smooth operator

0
A;
h
D; = (9,- + A;
=0
——
[Di, D] = [0;,0;] +
6,A, — 6,A; + [Ah AI]
§,y (BIA2 + £l ) vol
—{, IDih?vol
—% SM Trsu(n) (Fi,'Fii)VOI

v
~ A skip FRG >
w u



IV. FRG for multimatrix models with multitraces

Motivation from 2D-Quantum Gravity'

discrete surfaces

smooth surface

all topologies

)

double-scaling limit

lin. RG-flow near
a fixed point

<«>

matrix integrals Z(\)
[B. Eynard, Counting Surfaces "16]

(area) finite
& infinitesimal mesh a

a?(2—29)
N el

(area)y ~

Z(N) = Xy N9 25(N)
!

(Ae — 072970
N — N = C
AN) = Xe + (NJO)7°
0 = —(0B/0A)|x

[Eichhorn-Koslowski, PRD, 13]



IV. FRG for multimatrix models with multitraces

Motivation from ‘2D-Quantum Gravity’

discrete surfaces

smooth surface

all topologies

f

double-scaling limit

lin. RG-flow near
a fixed point

matrix integrals Z(\)
[B. Eynard, Counting Surfaces "16]

(area) finite
& infinitesimal mesh a

_ ©2(2—29)

(area)gy e

Z(A) = Xy N9 Z,())
l
(Ae — A)(@—29)/0

N =N =C
osen bare action S = I'y_x
O  Chosen by ion § =T
o @  Full effective action T = Tn-o
A(N) = )\c + N C - 4 Interpolating action Tx—a_, (projected & truncated
73
0= — ( a B / a)\) | N — RG-flow with truncation and projection
§ . c Moduli of Dirac operators < theory space
[Eichhorn-Koslowski, PRD, "13] ----7 RG-flow without truncation nor projection

g..  Rest of coupling constants



Two approaches
1. Mathematical construction:

[CP 2007.10914, Ann. Henri Poincaré 2021]

« prove Wetterich Equation, or FRGE; its
proof determines the algebra that
governs geometric series in Hess [ .
Benedetti, K. Groh, P. F. Machado and F. Saueressig, JHEP 2011]

» scalings of the couplings with Z and N
based on [a. Eichhorn, T. Koslowski, Phys. Rev. 0131, (but
our proof of the FRGE dictates an algebra
not reported there)

« fixed-point solution to B-equations for a
sextic truncation (48 running operators)

« the unique real solution g* leading to a
single relevant direction (positive e.v. of
—(0Bi/29))ijlg*) yields an Ry-dependent

* *
gAA = ]002 X (gAA |[Kc|zukov—Zinn—Juinn, Nucl. Phys. B '99] )



Two approaches
1. Mathematical construction:

| didn’t understand why the reduction of an ensemble H y x
[CP 2007.10914, Ann. Henri Poincaré 2021]

Hy to diagonal matrices used by [A. Eichhorn, A. D. Pereira and A.

e prove Wetterich Equoﬁon, or FRGE; its G. A. Pithis, JHEP 2020] for the ABAB-model would be allowed:
proof determines the algebra that that simplification leads fo 3-func contributions without I-
governs geometric series in Hess [ . loop structure as proven in [CP 2102.06999 JHEP 2021]

Benedetti, K. Groh, P. F. Machado and F. Saueressig, JHEP 2011]

» scalings of the couplings with Z and N
based on [a. Eichhorn, T. Koslowski, Phys. Rev. 0131, (but
our proof of the FRGE dictates an algebra
not reported there)

« fixed-point solution to B-equations for a
sextic truncation (48 running operators)

« the unique real solution g* leading to a
single relevant direction (positive e.v. of
—(0Bi/29))ijlg*) yields an Ry-dependent

* *
gAA = ]002 X (gAA |[Kc|zukov—Zinn—Juinn, Nucl. Phys. B '99] )



Two approaches
1. Mathematical construction:

| didn’t understand why the reduction of an ensemble H y x
[CP 2007.10914, Ann. Henri Poincaré 2021]

Hy to diagonal matrices used by [A. Eichhorn, A. D. Pereira and A.

e prove Wetterich Equoﬁon, or FRGE; its G. A. Pithis, JHEP 2020] for the ABAB-model would be allowed:
proof determines the algebra that that simplification leads fo 3-func contributions without I-
governs geometric series in Hess [ . loop structure as proven in [CP 2102.06999 JHEP 2021] , $O ...

Benedetti, K. Groh, P. F. Machado and F. Saueressig, JHEP 2011]

2. Algebraic-graphic approach:

° SCOllngS Of ihe COUp|IngS Wlth Z Gnd N [CP 2111.02858, Lett. Math. Phys., to appear]

based ON [A. Eichhorn, T. Koslowski, Phys. Rev. D 13], (bUT

our proof of the FRGE dictates an algebra « write down Wetterich Equation
not reported there) « assume an expansion of its rhs in

« fixed-point solution to 3-equations for a unitary-invariant operators (# exact RG,
sextic truncation (48 running operators) but it's «what people do»)

« the unique real solution g* leading to a * impose the one-loop structure
single relevant dire'ciion (positive e.v. of « determine from it the ‘algebra of
—(0Bi/2g))ijlg+) yields an Ry-dependent functional renormalization’; it is unique

« * and the one reported in cp 2007109141
gAA - ]002 X (gAA |[Kc|zukov—Zinn—Juinn, Nucl. Phys. B '99] )



Some Feynman graphs of multimatrix ¢*-theory...

Several-loop graph

[pic by ‘Princil9skydiver’, Wikipedia]

One-loop graph
*

{,
% o
e

‘ i
[pic by ‘Wojciech Kielar’, Wikipedia] '
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Functional Renormalization for k-matrix models w/mulitrace-measures)

Quantum theories ‘flow” with energy, here in RG-time t = log N, 1 « N < 4. E.g. for k = 2 and with
bare action

1 1 1
S[A, B] = L/VTr'/V {§A2 + 582 + gAAZ

1
A4 + gp+
radiative corrections ‘generate’ effective vertices. For instance >/\

1
B*+ = ABAB
4 + 5 9ABAB }

< generates .4 Tr 4 (ABBA).

operators from the bare action (but with ‘running couplings’)
Zy 2 LB 1 1 1 1

FN[A, B] = Try { 2 — A+ 5 —B + Oyt 4A + 95473 + 2gABA5ABAB+ ZQABBAABBA + 29A|A Ty (A) X A+ }

radiative corrections
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Functional Renormalization for k-matrix models w/mulitrace-measures)

Quantum theories ‘flow” with energy, here in RG-time t = log N, 1 « N < 4. E.g. for k = 2 and with
bare action

1, 1 1 1
S[AB] = N Try {§A2 + 58+ gu A + g B+ EgABABABAB}

radiative corrections ‘generate’ effective vertices. For instance m generates .4 Tr 4 (ABBA).

operators from the bare action (but with ‘running couplings’) radiative corrections
Zy o Zey - Vo4 1 4 1 1_ 1_
[w[A, B] = Try { SR+ TE + G g A+ Gpu B+ 5 GausABAB + 5 GasonABBA + 55 T (4) x A+ .. }

We are interested in one-loop graphs. The effective

. . ~
vertex OEF of such a graph is formed by reading
off each word w; traveling around all ribbon edges 7 R
(propagators) by both sides: 93/ !
1®) gD 1 — wy wo
from vertices contracted with propagators -
T 1 g
O = Ty (wr) x Trw(wa) x -+ x Trw (ws) +5
X TrN(U1) X TrN(Uz)... X TI’N(Ur) =
1 1
from vertices uncontracted with propagators gral. situation (yet, without multitraces) inner word w; ® outer word w;

21



* nc-derivative 0p : Cy — (C%(Z> sums over ‘replacements of A by ®'

[Rota-Sagan-Stein+Voiculescu]:

O4(PAAR) = P@ AR + PAQ R, but
94(ALGEBRA) = 1® LGEBRA + ALGEBR ® 1

22



* nc-derivative 0p : Cy — (C%(Z> sums over ‘replacements of A by ®'

[Rota-Sagan-Stein+Voiculescu]:

O4(PAAR) = P@ AR + PAQ R, but
94(ALGEBRA) = 1® LGEBRA + ALGEBR ® 1

« We Cyy, the nc-Hessian tcp 2007109141 Hess Try W e M (C iy ® Cyiy) has entries are
Hess, o Tr W = (0x, o 0x,) Try W. Are computed by ‘cuts”: e.g. W = ABAABABB

22



. products of traces = extend bg N Ak = (Ciy ®Ciy) ® (Cipy K Cyy)

Hess, ,(TrP-TrQ) = Tr P - Hess, [ Tr Q] + (0x, Tr P) XI (0x, Tr Q) 4+ (P < Q)
+ Wetterich Eq. governs the functional RG = log N
a[RN }
Hess FN[X] + Ry

o0
assume T 'l .
= Z he(N,m, - mn) X 5(_])/( STr{(Hess r|m k}
k=0

oTN[X] = % STr{

regulator-independent part

gjﬂ??g imply

Tra,(PR®Q) =Ty P-Try Q, Tra, (PR Q) = Try (PQ)

o STr=Tr,®Tr4,. Tadpoles




Finding »

//5

‘_‘?

Want: ! //

% Hess, , Oy x Hess, . O, x Hess. g O3 * ... x Hess, , Oy

24



Finding »

i < Hess,, |, Oy« Hessy, . Op x Hess g O3 » ... x Hess,. , Oy

24



Case I Case II

TraJU@W)+ (PRQ)]  Tea[URW)* (PQ)]

(U@W)*

|

/

_—

UeW)*(PRQ) (URW)»(P®Q)

\

Case I1I

Tra[(U@W) = (PRQ)]

Uew)

P®Q)/ ~
(UK W) =
*(P®Q) (U=w)

B

Case IV

Tra, [(URW) + (PRHQ)]

(PRQ)/ ~

*(PRQ)

25



Case [ Case 11 Case 111 Case IV

Tra[(U@W)+ (PRQ)]  Tra[URW)«(PRQ)] Tia [URW)«(PRQ)] Ty [(URW)+(PRQ)]

(UeW)*(PRQ)/~

VW) *(PRQ) UE . (PeQ T | (W)« (PREQ)/ ~

S

UeW)+(PRQ) (URW) = (PRQ)

26



Case I Case IT Case IIT
Tea [(U@W)* (PHQ)]  Trg[URW)*(POQ)]  Tra[UW)+(P®Q)]

——

URW)*(PRQ)

wew)

*(P®Q)

UeW)~

Thm. cp2mozsss If the RG-flow is computable in terms
of U(N)-invariants, the algebra of Functional Renormal-

ization is My (Ap k,*) where Ay, = ((C%) ® (CEZ;) @®

cMzc™) whose product in homogeneous elements
(k) (k)

reads:

)+ (PRQ)/ ~

(P®Q)

Case IV

Ty [(URW) * (PRQ)]

URW)«(PRQ)/ ~

URW)+ (PRQ)

UR W)

U@ W)*(PKQ) =
PX Q)

URIW) =

\\

Z ”‘§
A\/U
% /\J

Sk

( (P®Q) =PUR WQ,
(UR W)+ (P®Q) =
( (
( (

URPWQ,
WPUK Q,

= Tr(WP)UR Q.

26



Example: a Hermitian 3-matrix model

Consider two operators O = %[Tm(%z)]2 and O, = g, Try (ABC). We compute g;g3-coefficients:

Hess/; O = 6161 Gi1{Trw (4%/2) - [INn® In] + ARIA},
X X

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘black ribbon’ uncontracted.
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Example: a Hermitian 3-matrix model
Consider two operators O = %[Tm(";)]2 and O, = g, Try (ABC). We compute g;g3-coefficients:

Hess/; O = 6161 Gi1{Trw (4%/2) - [INn® In] + ARIA},
X X

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘black ribbon’ uncontracted.

— -

0 CRIn BRIy C®C +B®B B® A CRA
HessO; =g, | In® C 0 ARy é[Hesst]*z—gg[ A®B ARA+CR®C C®B
IW®B IN®A 0 AR C B® C BRB+ARA
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Example: a Hermitian 3-matrix model
Consider two operators O = %[Tm(";)]2 and O, = g, Try (ABC). We compute g;g3-coefficients:

Hess/; O = 6161 Gi1{Trw (4%/2) - [INn® In] + ARIA},
R X
where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘black ribbon’ uncontracted.

— -

0 CRIn BRIy C®C +B®B B® A CRA
HessO; =g, | In® C 0 ARy é[Hesst]*z—gg[ A®B ARA+CR®C C®B
IW®B IN®A 0 AR C B® C BRB+ARA

Extracting coefficients

[G152] STr{Hess Oy x [Hess O]*?} = Try (42/2) x [(Trw C)? + (Try B)?] + Trw (ACAC + ABAB) ,

which are effective vertices of the four one-loop graphs that can be formed with the contractions of (the
filled ribbon half-edges of) any of {4, -} with any of {3X, ){}. This is a toy example in cp2n; in (cp

201 48 such operators run = (48 less friendly Hessians)®.

go to nc-Hessians examples =

27



Conclusion
« spectral triple = spin without commutativity of the ‘algebra of functions’

« spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

o fuzzy or matrix geometry =~ finite spectral triple + C/-action

1
(Zivy = Sy € 7 fO)dD is a multimatrix model with multitraces)
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Conclusion
spectral triple = spin without commutativity of the ‘algebra of functions’

spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geomeirg ~ finite spectral triple + C/-action

S # T f(D)dD is a multimatrix model with multitraces)

Gy x F=fuzzy x finite = gauge matrix spectra triple
is PU(n)-Yang-Mills-Higgs-like if F is over M,(C); partition func. is a k-matrix model, k
|Cl|’g€. SmO” Sfep 1OWC|I’dS [Connes Marcolli, NCG, QFT and motives, ‘07, next sceenshot]

The far distant goal is to set up a functional integral evaluating spectral observables S as

€ (1.892) Y f § ¢~ TUD/A) = HBT 58 DL D DD, »
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Conclusion
spectral triple = spin without commutativity of the ‘algebra of functions’

spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geomeirg ~ finite spectral triple + C/-action

(Zhmy = SDW e~ T (DD is a multimatrix model with multitraces)

Gy x F=fuzzy x finite = gauge matrix spectra triple

is PU(n)-Yang-Mills-Higgs-like if F is over M,(C); partition func. is a k-matrix model, k

|(]rge. SmO” Sfep 1OWC| rdS [Connes Marcolli, NCG, QFT and motives, ‘07, next sceenshot]

The far distant goal is to set up a functional integral evaluating spectral observables S as

€ (1.892) Y f § ¢~ TUD/A) = HBT 58 DL D DD, »
thank you!

References: [CP191213288] [CP 2007.10914] [CP 2102.06999] [CP 2105.01025] [CP 2111.02858]
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The classical Dirac operator in Riemannian geometry

For us M will be a Riemannian closed manifold, dimM = d.

In physics, M is a spacetime (for this first part, still deterministic).

Q: When do Dirac operators exist on M?

A: Only if the obstruction to a spin-structure wy(M) € H?(M, Z;) is trivial.

29



The classical Dirac operator in Riemannian geometry

For us M will be a Riemannian closed manifold, dimM = d.

In physics, M is a spacetime (for this first part, still deterministic).

Q: When do Dirac operators exist on M?

A: Only if the obstruction to a spin-structure wy(M) € H?(M, Z;) is trivial.

Z;-ech cohomology in short,

« U= {U;}; good open cover of M

+ j-simplices are o = (ko, ..., k) such that
Uk ke = Uiy " Uy 0o Uy # O

« j-cochains, maps f : {j-simplices} — Z, saiivsfging invariance 7*f = f
under 7 € &(j + 1), form an abelian group C/(U, Z,)

« coboundary maps &' : C/(U,Z,) — CI*Y(U, Z,) given by

(6lf>(k07 . '7k/+]> = f(k]v .. '7k/+1)f(k07k1- ‘e '7k/+]) e f(k07 .. 7k/)

. Hi(U,Z;) = ker 6 /im 6!

29



A more familiar Z,-ech cohomology class
is the orientability obstruction

+ {U;}; good open cover of M

+ pick s; : U — F(M) sections on the
frame bundle O(d) — F(M) - M

« on a l-simplex (ko, k1), s, = Sk, Gy,

f(ko, ki) = det(Gy, «,)
= det(Gy, x,) = f(ki, ko)

« since {G;,}; are transition functions,

(5])[)(/7 /7 m) = G/,IG/,me»/ =1

other choice of sections s yields
G, = ngk/gf] and f' = (6°h)f
where h = det g,

other choice {V}; of a good open

cover yields a cochain complex map
C*( Vv Z2) - C*(Uv ZZ)/

30



LOW Shefel-Whlfneg ClGSSGS (first two floors of Whitehead tower)

Theorem M is orientable iff the st Stiefel-
Whitney class wi(M) := [f] = 1.

Proof of if’ If mi(M) =1, f(ko, ki) = det(Gy, 4)
is a 0-coboundary, f = 6°h. We can pick sec-
tions {s : Uy — F(M)}, and g, € O(d) with
det gr = h(k), so that the transition functions
for s, := s - gy satisfy

det(Gy, ,) = det(g,:o‘ Gyl Ik:)
=[(6°h) - fl(ko, ki) =1. DO
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LOW Shefel-Whlfneg ClGSSGS (first two floors of Whitehead tower)

Theorem M is orientable iff the st Stiefel-
Whitney class wi(M) := [f] = 1.

Proof of if’ If mi(M) =1, f(ko, ki) = det(Gy, 4)
is a 0-coboundary, f = 6°h. We can pick sec-
tions {s : Uy — F(M)}, and g, € O(d) with
det gr = h(k), so that the transition functions
for s, := s - gy satisfy

det(Gy, ,) = det(g,:o‘ Gyl Ik:)
=[(6°h) - fl(ko, ki) =1. DO

In similar way, a spin structure
Spin(d) x P(M) —— P(M)
=
—

M

SO(d) x Fso(M) — Fso(M)

exists when the SO-frame bundle can be
lifted in compatible way with the double
cover Zy — Spin(d) % SO(d). Transition
functions g : Uj — SO(d) can be lifted to
Spin(d)-valued g;. For Uy # &, let

GGG =: 2(i, [, k)idgpin(a)

Theorem i Haefliger 561 Orientable M is spin iff
its second Stiefel-Whitney class wy(M) =

[z] =1
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Spectral Action: Try D?™ ce 19213288 Chord diags. d = 2 geometries, n = diag(e, €) s to more c0ee

| |
Try(D®) = 2N Y Tra(y" - - 4#) x
7

(1) 2rprssppasa st (1)L puebequsa  y (_1)OpHer puamsptats (] )lppomppeiapisis 4 (—])0ppei patis phsps
(1) iprmsppanoppas 4 (—1)Opmuappanspisie (] )Sprmapansplsie | (_])2pEmaplziepisis () lpeiss gl i

(1) Oppran g (1)l s 4 (—)ppkapase pns (1) s s gns (1) e i
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Spectral Action: Try D?™

solid circ.

| —— |
Try(D%) = ZNZ Trg (- 41 x

[ He_— 1 He 1
A0 W T
5| 2+ ﬂs\ Wz + /la\ ulz
\ /
. M= N\
Uy~ 3 13 Ha 13

(1) 2prassgpanagpaps (1)l paneppsi 4 (—

He_— f He < 2
/ \\ 7 \ //
+  Hs| iz Hsl jwz
/ /& /
Ha—13 ﬂ\ H3 1y "7/%

(=) L ez psns ()0 puaits st (

He & He_— ‘%

I ) 13 [ M

(= 1)Oppaz st ppsts 4 (—1)lpmpegasyrae(

1)0ppposs b uians 4 (—

—1)3pppagpensypsns

+(—

S He -
A
um;{ %IM q\ iz o \ iz
Ny S/ N

1) Oz gpsis s (1) ips s s (—

icr191213288) Chord diags. d = 2 geometries, n = diag(ey, €) g to nore corse

1)177uom ppHapHaks +(71)Unﬂh“«ln}ﬂﬂbn}‘dhl

[0t He_—_fa
/ \ // \\
1% 2 4 s 2
/ \ /&
Ha *U/K b‘* s
1)2ppaappeboppsns (1) Lymnsypabsypao
He_— [y
[ \
+  Hs |2
\ /
N
Ha—13

L)2gpnspans st
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Spectral Action: Try D?™

Trg(D%) = 2N Y Trg(9# - - #) x Try (K, - -

Ky K
/ [ — \
J\',,,;n uu I\“,
Ha 3 -
K, K
Ky K
[ — Y \\
K, /L':\L ICY
R ey I
K, (s ””
K, K~
R — ]

. / . \
If\u—,l"ﬁ\\ 2 Ky
R e R

K, K

solid circ.

dashed circ.

icr191213288) Chord diags. d = 2 geometries, n = diag(ey, €) g to nore corse

(1,5),(2,4),(3,3)-partitions

K Ky
Ho

K, ;1

\
i

K,

Ky, Ko
m, —p

IX,, 15, \ vw Ix,,,
4 T u;

Ix,u I\,,J,

Ix,u K
M |
Ix,, /m\ ;:g]x,,,
o ﬂs .

Ix,“

Ky

15|

i

S H

Ko
He__h

g

\ N
/\;12 I\/u“

Ky

R
oy

15

K,,;\

p—s

K

K,

He

A

\
|12 K

K 3"

K,

__m

\ N
/\/l,:) Ix,,%

1 T 1
) 4+ Trv P x Try Q terms

K

He

K Ko

/’ [ — ) \\

Ky |2 I\,‘_}
WA
Ky Ky
K, Ko K, K~ .
) . . I —H 1
5K, 5| ( /Wz]\,.J
— iy / N J/
1\/u K 1\,.‘
K, Ko K, K
He_— 1 N e e _— [ N
1\“ 115 ( ]/lex',,j f]\',,;llaf ‘:\/121\}‘;‘
\\ a1 K N I Y K
1\», K" B Ky’
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Spectral Action: Try D™ (cr 913288 Chord diags. d = 2 geometries, ) = diag(er, &) ¢o o moze

solid circ. dashed circ. (1,5),(2,4),(3,3)-partitions

I 1 I 1 ) 1

Try(D%) = ZNZ Trs(y" - 4#¢) x Ty (K, -+ Ky,)  + Tow P x Ty Q terms
"

K Ko Ky K Ky K

He_ . oo - . ey

/' /77 Single-Tr term from this diagram —

K 15| . . j/‘zl\,,;
=

Sk K =2N-N L eneve, Tiv(KuK KoK KW Kp)

Q!

e’

AR . a =2N T {ek® + 26 (KK K2 + en(K2KD? -
0 . A/—/ t+ekf + 2a(kK)’KE + e (K2K)*}
K ‘:\[lg[\/,r‘,‘ K s ‘ng\,,r‘; 1K, M| = Jp K s 15|~ J/Ag[\',,j
K, -~ K K. -~ SR K. -~ UK K ’
~ 5!l diagrams

| =2N-Tiv {ek’ + 6e:Ki'K; + 3ea(K'Ko)” — 6eak? (Kiky)" }+ (152)

\ a2 K g /P‘,uhy,; 5K, s

o S
Ky K K

2 Ky

CD’s>
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Classical Dirac operators (assume d even)

« M (spacetime) will be a closed,
Riemannian manifold

if M is spin, there is a vector bundle S
with fibers satisfying

End(Syx) = C4(d) (x € M). The
sections I'(S) are spinors

the Levi-Civita connection V' can be

also lifted to the spin connection
Ve iT(S) - QM) ®T(S)

(VW)Y + c(w) V5

Yel(S),we Q'(M)

Vec(w)y =

being ¢ Clifford multiplication,
basically c(dx*) = ~*

« on the space of square integrable
spinors L?(M,S) there is an (ess.)
self-adjoint operator, the Dirac
operator,

d
Dy = —icoVs'% DIRG
pn=I1

(Op +wy)

and by Leibniz rule
[Dm, a] = —ic(da) ae C*(M)

which is bounded

back to ‘spectral triples’ <
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Matrix or Fuzzy Geometries

Deﬁniﬁon (“condensed” from [. Barrett, /. Math. Phys. 2015]).
A fuzzy geometry of signature (p, q) € 7%, is given

by

» a simple matrix algebra A - we take always
A = My(C)

* a Hermitian C¢(p, g)-module S with a chirality
~. That is a linear map v : S — S satisfying
v =yand 4% =1

o a Hilbert space H = S ® My(C) with inner
product (vR R, w® S) = (v, w) Try (R*S) for
each R, S € My(C), being (-, -) the inner
product of S

e a left-A representation
p(a)(v®R)=v® (aR) on H, ae A and
VRReH
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Matrix or Fuzzy Geometries

Deﬁniﬁon (“condensed” from [. Barrett, /. Math. Phys. 2015]).
A fuzzy geometry of signature (p, q) € 7%, is given

by

o three signs ¢,¢’,¢” € {1, +1} determined
through s := g — p by the following table:

a simple matrix algebra A - we take always
A = My(C)

a Hermitian C¢(p, g)-module S with a chirality
~. That is a linear map v : S — S satisfying
v =yand 4% =1

a Hilbert space H = S ® My(C) with inner
product (vR R, w® S) = (v, w) Try (R*S) for
each R, S € My(C), being (-, -) the inner
product of S

a left-A representation
p(a)(v®R)=v® (aR) on H, ae A and
VRReH

s=qg—p (mod8) 0 1 4

|U1
|+ +|o
+ 4+

+
+

+ 1

a real structure J/ = C ® *, where * is complex
conjugation and C is an anti-unitarity on S
satisfying C? = € and Cy* = €~4*C for all the
gamma matrices u =1,...,p+ q.

a self-adjoint operator D on H satisfying the
order-one condition

[[D. p(@)], Jp(b)) ] = 0

a chirality T = v ® 1.4 for H, where ~ is the
chirality of S. The signs above impose:

foralla,be A
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Two-matrix model from Try D, n = diag(ey, ), K* = €Ki

Ssl[Ki, ko] = 2- Trv {eK’ + 6e2K*K; — berK7 (KiKz)? + 3ex(KPKy)?
+ ks + bak kP — 6ak; (KaKi)® + 3el(KSKi)’}
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Two-matrix model from Try D, n = diag(ey, ), K* = €Ki

Ssl[Ki, K] = 2- Ty {eK’ + 6e2K'K; — berK? (KiKa)? + 3en (kP K2)?
+ ks + bak kP — 6ak; (KaKi)® + 3el(KSKi)’}

and the double-trace part is

Ba[Ki, Ko] = 6TrN<m){2 Tr (KF) + 2 Trw (KIKE) + 6eres T (KPKZ) — 2eres TFN(K12K2K1K2)]}
+ 6TrN(K2){2 Trv (K3) + 2 Ten (KoK*) + berer Trv (K3 KP) — 2eres TrN(K§/<1/<2/<])]}
+ 48 Ty (KiKy) - [& Trv (K Kz) + €2 T (K3 K]

+ 6T (kD) {e2 [8 Tr (K2KZ) — 2 Trw (Ko KiKaKi)] + 1[5 Trw (Ki*) + Trw (Kg‘)]}
+ 6 Trn (K2) {e1 [8 Try (K2KZ) — 2 Tew (KiKoKiKo)] + €[5 Trw (K&) + Trw (K{‘)]}
+4(5[Try (K°))* + 6eres Trw (KiKz) T (K°) + 9[Try KPR

+5[Trv (K3)]* + berer T (K7 Kz) Ty (K3') + 9[Trw KiK3 1)

back to main presentation <
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Sketch of the Standard Model derivation from NCG

One starts with the M x5 F and Ajg = COH; @ Hz & M3(C)
e« F= (ALR,Mfge“erations, Df), Mg an Ag-module
o Megf has to be of the form M = £ ® £°, with

5=(2L®]O)C—B(2R®]o)@(2L®30)(—D(2L®30), dimc & =16

o Thus the Hf = C32%3. The 96 x 96 matrix D can have off-diagonal elements only for the
maximal subalgebra
Ar =CoOH® M;(C)

« Lie group part of SU(Af) = U(1) x SU(2) x SU(3)
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Sketch of the Standard Model derivation from NCG

With Q: C — H, Q\ = diag(\, ) and Q) |[£) = +\ [+,

U d
+)®1° 1° |+)®3° 3°
» Weak hypercharge: | >(>]9 - >f>]9 | i]@/% | J>r]<>/93
R 0 -2 +4/3 -2/3

» SU(2)-adjoint action is 2 on H, or trivial in the Hg sector

 SU(3)-adjoint action is the color action on H, and trivial on #,
Lie(SU(AF)) = U(1)y x SU(2). x SU(3)color
 All Dr such that (Af, Hr, Df) is a spectral triple are

DF(TR7 Tua Tea TU? Td)

the moduli of such Dirac operators has dimension 31 = num. Yukawa couplings in “MSM.
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Fermionic Spectral Action

« The fermionic part is not treated here
but is essentially given by [not needed

here]
1
SH(D) = 5 {0 | D)

where 1) are classical fermions, J
implements charge-conjugation (J
fixes the spin structure)

back to spectral standard model <

~ 10* zeroes from geometry.

38



o Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]
p p i

-A=C3

- H = C® —~ A, in defining representation
0 1/d 0

-D—(1/do o) (0# deR)
0 00
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» Example 1: (Finite spectral triples) (Exercise from W. van Suijlekom’s book]

-A=C3
- H = C® —~ A, in defining representation
0 1/d 0
-D—(l/do o) (0 # d eR)
000
)
looks like
)
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» Example 1: (Finite spectral triples) (Exercise from W. van Suijlekom’s book]

- A=C3 = functions a:{1,2,3} - C
- H = C® —~ A, in defining representation C® diag = M3(C)

0 1/d 0
-D—(1/do o) (0# deR)
0 00
@
looks like )
O
for dj = :leiz{la(i) —a()l = [I[D,a]ll <1}
= sup{|a(i) — a())] : la(l) — a(2)? < d?} Vi j=1,2,3
ae A
« Example 2: (Finite spectral triples)
- A= M;3(C)
-H=C
-D=0

back to main presentation <



Example 1: (Finite spectral triples) [Exercise from W. van Suilekom’s book]

- A=C3 = functions a:{1,2,3} - C
- H = C® —~ A, in defining representation C® diag = M3(C)

0 1/d 0
-D—(l/do o) (0 # d eR)
0 0 O
@
looks like )
)

for df;=:gz{|0(i)*a(/)| S [[Dsa] <1}

= supfla(i) —a()] : fa(l) = a(2))? < &}

Vi, j=1,2,3
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» Example 1: (Finite spectral triples) (Exercise from W. van Suijlekom’s book]

-A=C3
- H = C® —~ A, in defining representation
0 1/d 0
-D—(l/do o) (0 # d eR)
000
)
looks like )
)

for dj = sup(la(i) — a(()| = ||[D,c]| <1}
= sup{la(i) = o()| : la(1) ~ a(2)* < o}

« Example 2: (Finite spectral triples)

- A= M(C)
- H=C
- D=0

back to main presentation <

Vi, j=1,2,3
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» Example 1: (Finite spectral triples) (Exercise from W. van Suijlekom’s book]

-A=C3
- H = C® —~ A, in defining representation
0 1/d 0
-D—(l/do o) (0 # d eR)
000
)
looks like )
)

for dj = sup(la(i) — a(()| = ||[D,c]| <1}
= sup{la(i) = o()| : la(1) ~ a(2)* < o}

« Example 2: (Finite spectral triples)
- A= M(C) =C[G.]

R

D=0

back to main presentation <

Vi j=1,2,3
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Chord Diagrams of 10 points (1/4) (appear in D'°|4_y, D*|y_4, D[ 44 )
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Chord Diagrams of 10 points (2/4)

Y S S D P S S
O R BP N
Uk ST TR AL e N oK Ak 3 R
Tie 2% e ol 2 Ol Ke oF ke T ok K
S S Y R S S I A S
YD EE LRt P S RV SRS
A e ok e e R Ok ok T ok kA
E(I T e NI S S = G
YR R RN S S SEIG
ks S G I S
DA I I Y o (G
PR IR S R D S (G
e N S G i S S
e i SRV RV G S SRRV S
i R A R G
o Fe e 2k Lk e T ok A ok
AR Y RV O S R NG
LE A VK T L e ¢ 3 R R
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Chord Diagrams of 10 points (3/4)

T D 2 5 Ak A L% Lk A 0% Nk Nk =% T = YEOJE
R SR U S U SN O VN VN e
W Ak she Fr A de % Ak s A% Ak ok K A F O NF N RY
vk Alk o sk slk st o ok K %%%XH?%M%

e e e B Al 5 5K S S % Tk T K Ol
Yo % T 2 Wi Vi e 42 N2 %ﬁﬁiﬁ#%%%
D R R R R R R
TR R A o R TR vEvEy
Ko Al FE s AR e A A e A e A KA A
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T i T e A Ve ¥ A g ¥ VAR T T
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Chord Diagrams of 10 points (4/4)

43
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Non-vanishing ones...; Tr D* = NSkiemann 4 3 Tp, ®2(A; @ B;)
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Non-vanishing ones...; Tr D* = NSkiemann 4 3 Tp, ®2(A; @ B;)
®: 0 0 & @® & O

SFiemann = TrN {2Z(Li + H:) =+ 4 Z (ZLfLLIZJ + 2H3LH12, — LHLVLHLV - H;LHUHHHU)

w p<v
— 3 [2(LuH )P + ALH] + D [2(LuH,)? — ALLHE]
pFEY "
+ 8[/—/1(L2 [Ls, L] + Ls[Le, o] + La[L, Ls]) (cp 191
+ H, (L] [L?,7 L4:| + L3 [L4, L]] + Ly [L], Lg]) LH, HM are random matrices!

+ Hs(Li[La, Le] + Lo[Ls, b] + La[Ly, Lo])

+ He(L[La, L] + Lo[Ls, 4] + Ls[Ls, Lz])] +8[H L]}
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Non-vanishing ones...; Tr D* = NSkiemann 4 3 Tp, ®2(A; @ B;)
® -9 & @ @ @ @

SFiemann = TrN {2Z(Li + H:) =+ 4 Z (ZLfLLIZJ + 2H3LH12, — LHL,,LHL,/ - H;LHUHHHU)

2 p<v
— 3 [2(LuH )P + ALH] + D [2(LuH,)? — ALLHE]
pFEY "
+ 8[/—/1(L2 [Ls, L] + Ls[Le, o] + La[L, Ls]) (cp 191
+ Ha (Li[Ls, La] + Ls[Ls, Li] + La[La, L3]) L., H, are random matrices!

+ Hs(Li[La, Le] + Lo[Ls, b] + La[Ly, Lo])

+ He(L[La, L] + Lo[Ls, 4] + Ls[Ls, Lz])] +8[H L]}

e Analogy [Lu, -] = 0 {Hu, -} — wy 1. Barrett, L Glaser, /. Phys. A2016]

» Obtained for any signature, also the A;, B; noncommutative-polynomials icr 9]
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Operator lts noncommutative Hessian

TrA-(A®1+1®A) 0

Tr(A) Tr(A%)  3- HIRA + A X1
0 0
B®B (1®BA+AB®]1)
Tr(ABAB) 2.( (1@ AB 1 BA®Y) A A )

(Tr(A)1® (ABB) + Tr(A)1® (BBA) +  Tr(A)(1® (AAB) + (BAA) ®1+ A®

Tr(A)(ABB)®@1+ Tr(A)(BBAR1+1X]  AB+BRA* + AAQ@ B+ BA® A) +
(AABB) + 1[x] (ABBA) + 1] (BBAA) + 1 (A*B) + 1 (BA®)
(AABB) [x]1 + (ABBA) X1 + (BBAA)
Tr ATr(AAABB) 1+ Tr(AA® B2 + Tr(A)B2 ® A)
Tr(A)(1® (BAA) + (AAB) @1+ A® Tr(A(1® (4) + (A1)
BA+BRA + QB+ ABR® A) +

(A*B)X1 + (BA*) W1

Table: Some Hessians order operators. Here Tr = Try.




Operator lts noncommutative Hessian

TrA-(A®1+1®A) 0

Tr(A) Tr(A%)  3- HIRA + A X1
0 0
B®B (1®BA+AB®]1)
Tr(ABAB) 2.( (1@ AB 1 BA®Y) A A )

(Tr(A)1® (ABB) + Tr(A)1® (BBA) +  Tr(A)(1® (AAB) + (BAA) ®1+ A®

Tr(A)(ABB)®@1+ Tr(A)(BBAR1+1X]  AB+BRA* + AAQ@ B+ BA® A) +
(AABB) + 1[x] (ABBA) + 1] (BBAA) + 1 (A*B) + 1 (BA®)
(AABB) [x]1 + (ABBA) X1 + (BBAA)
Tr ATr(AAABB) 1+ Tr(AA® B2 + Tr(A)B2 ® A)
Tr(A)(1® (BAA) + (AAB) @1+ A® Tr(A(1® (4) + (A1)
BA+BRA + QB+ ABR® A) +

(A*B)X1 + (BA*) W1

Table: Some Hessians order operators. Here Tr = Try.
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B-functions of NCG two-matrix models, signature n = diag(ey, &)

2/’11(04 + ¢ + 2d2‘02 + 6d2|2) Na
2 (bs + c22 + 6dozj02 + 2d2j02) = 1
—hlea(as — cm) + 2dip2 4 6dyz] 4 dip(n + 1) = B(dip)
—hi[e,(bs — cm) + 6dorjoz + 2doyjar] + doyar(n + 1) = B(dorjor)

The next block encompasses the connected quartic couplings:
hy (4% + 4c5) + as(2n +1)
_h](24066c| + 4epe, + 4d02|4eb + 4d2‘4ea) = 5(04)

hy (4b% + 4cky) + ba(2n +1)
—hi(24bge, + 4crseq + 4dozjose, + 4dyj0s€a) = B(bys)
—h (2eqcr2r2 + €221 + 3€acas + 3epcaz + €adogz + Epd2p2)
+hy (20422 + 2bacr + 2€aeucim + 2eaenchr) + (2 +1) = B(cz)
8eaepcmchy + am(2n +1)
+ (4euC1311 + 4epcam + 2eqdozpm + Zebdznm) B(cm)

back to main presentation <
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2h2(60406 + eqebC22C42) + ag (377 +2

4/72{04C3m + eqey [sz (C13n + 2cam
—am(2can + c42)]} + cam(3n + 2

) =
2h2(6b4b,5 + eqebC22C24) + bé(37] + 2) =

)

) =

2hy[2a4ca21 + €aep(—2cmesm
+4caaicn + ccas)]| + o2 (30 + 2

2hp[ascs + 3bacos + 2eaep(c22(3bs + o + cos + car
—cameian)| + c24(3n + 2

_CHH(2C1212 + C24)]} + C]3H(377 +2

2h2[2b4C1212 + eueb(C22(4C1212 + ca2
—2cimen)| + a2 (3n + 2

) =

)

) =
4hy{bscian + €aey[co2(2ci3n + cam)

) =

)

) =

2h;[3ascsr + 2eqe,(3asc2 — ameam + ciac

—+CooCo4 + C22C42) + b4C42] + C42(3’I7 + 2) =

back to main presentation <

Bas)
B(bs)
Bleam)
Bleam)
Blcas)

B(cran)

B (Clzlz)

B (C42)

47



