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Introduction

What is ‘quantum space’ here?

A model of spacetime not based on a smooth manifold.
This can be governed by a classical action.

Classical SUpnq-Yang-Mills theory is geometrically modelled on
connections on a SUpnq-principal bundle on a smooth space M.

We want to replace M by a ‘quantum space’ based on
noncommutative geometry (NCG).
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NCG and physics: The Standard Model from the Spectral Action

Num. of generations and C‘H‘M3pCq� NCG � Classical Lagrangian of the Standard Model

[Chamseddine-Connes-Marcolli ATMP ’07 (Euclidean); J. Barrett J. Math. Phys. ’07 (Lorenzian)]

go to sketch of proof Ź
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Why do we want SUpnq-Yang-Mills theory on that space?

The natural quantum theory to consider could be ‘gravity + matter’
[Donà, Eichhorn, Percacci, PRD 2014]:

What is the present ‘quantum space’ about?

This talk’s model is based on Connes’ noncommutative (nc) geometry
“ nc topology [Gelfand, Najmark Mat. Sbornik ’43] + metric [A. Connes, NCG ’94]

tcompact Hausdor� topological spacesu » tunital commutative C˚-algebrasu
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Replace spin manifold pM, gq by pC8pMq, L2pM,Sq, DMq
Connes’ geodesic distance

γ : R →M

x

y

x

y

f(x)

f(y)f(y)

f(y)

f :M → R

M

infγ as abovet
ş

γ dsu “ dpx, yq

“ sup
f PC8pMq

t |f pxq ´ f pyq| : ||DMf ´ fDM|| ď 1u
go to examples O
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Possible application to (Euclidean) quantum gravity

x

y

M

→

#

` ` . . .

+

ˆ [Hokusai]

looooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooon

Quantum superposition of geometries

(small perturbations` instantons)

functional integral operator integral

ş

metric
e´

1
~ SEHrgsdg

ş

Dirac
e´

1
~Tr f pDqdD

(hard to de�ne for manifolds)

f : RÑ R makes f pDq traceclass

paradigm shi�

Einstein-HilbertÑ spectral

« »
[Connes Marcolli, NCG, QFT and motives, 2007]
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Commutative spectral triples

A spin manifold M yields pAM,HM,DMq
AM “ C8pMq is a comm. ˚-algebra
HM :“ L2pM, Sq a repr. of AM
DM “ ´iγµpBµ ` ωµq is self-adjoint
for each a P AM, rDM, as is bounded,
and in fact rDM, xµs “ ´iγµ

DM has compact resolvent

. . .

go to more on spin geometry Ź

A spectral triple pA,H,Dq consists of
a ˚-algebra A
a representation H of A

a self-adjoint operator D on H with
compact resolvent and such that
rD, as is bounded for each a P A
The ‘commutative case’ motivates

Ω1
DpAq :“

!

ř

(�nite)

brD, as | a, b P A
)

Reconstruction Theorem: [A, Connes, JNCG ‘13] (quite roughly formulated)

Commutative spectral triples`some more axioms are Riemannian manifolds.
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Spectral triples
(A,H,D)

Quantum Groups

C*-algebras

von Neumann

. . .

NCG
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NCG toolkit in high energy physics
On a spectral triple pA,H,Dq the
(bosonic) classical action is given by

SpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f , Λ a scale. It’s
computed with heat kernel expansion
[P. Gilkey, J. Di�. Geom. ‘75]

Realistic, classical models come from
almost-commutative manifolds Mˆ F ,
where F is a �nite-dim. spectral triple

pC8pAF q,HMb HF ,DMb 1F ` γ5bDF q

applications require pA,H,Dq to have
a reality J : H Ñ H antiunitary axioms ,
implementing a right A-action on H

9
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let’s sketch connections: if SG is a
G-invariant functional on M

SG ù SMapspM,Gq

d ù d` A A P Ω1pMq b g

A1 “ uAu´1 ` udu´1 u P MapspM,Gq

given pA,H,Dq and a Morita
equivent algebra B (i.e. EndApEq – B)
yields new pB, E bA H,D1q. For
A “ B, in fact a tower

 pA,H,D ` ω ˘ JωJ´1q(
ωPΩ1

DpAq

Dω ÞÑ AdpuqDωAdpuq˚ “ Dωu
ω ÞÑ ωu “ uωu˚ ` urD, u˚s u P UpAq skip cube

9



NCG toolkit in high energy physics
On a spectral triple pA,H,Dq the
(bosonic) classical action is given by

SpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f , Λ a scale. It’s
computed with heat kernel expansion
[P. Gilkey, J. Di�. Geom. ‘75]

Realistic, classical models come from
almost-commutative manifolds Mˆ F ,
where F is a �nite-dim. spectral triple

pC8pAF q,HMb HF ,DMb 1F ` γ5bDF q
applications require pA,H,Dq to have
a reality J : H Ñ H antiunitary axioms ,
implementing a right A-action on H

let’s sketch connections: if SG is a
G-invariant functional on M

SG ù SMapspM,Gq

d ù d` A A P Ω1pMq b g

A1 “ uAu´1 ` udu´1 u P MapspM,Gq

given pA,H,Dq and a Morita
equivent algebra B (i.e. EndApEq – B)
yields new pB, E bA H,D1q. For
A “ B, in fact a tower

 pA,H,D ` ω ˘ JωJ´1q(
ωPΩ1

DpAq

Dω ÞÑ AdpuqDωAdpuq˚ “ Dωu
ω ÞÑ ωu “ uωu˚ ` urD, u˚s u P UpAq skip cube

9



Organization

Aim: Make sense of

Z “ ş

Dirac
e´TrH f pDqdD

Plane p~, 1{N,0q of ‘base geometries’
Plane p~,0, F q “ limN→8p~, 1{N, F q
Plane p0, 1{N, F q “ lim~→0p~, 1{N, F q of
classical geometries

[CP 2105.01025]
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Organization

1 Matrix Geometries
[J. Barrett, J. Math. Phys. 2015]

2 Dirac ensembles [J. Barrett, L. Glaser, J. Phys. A 2016] and
how to compute the spectral action [CP

1912.13288]

3 Gauge matrix spectral triples (this talk)
[CP 2105.01025]

4 Functional Renormalization [CP 2007.10914] and
[CP 2111.02858]
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II. Fuzzy Geometries and Multimatrix Models

A fuzzy geometry of signature pp, qq, so η “ diagp`p,´qq, consists of
A “ MNpCq
H “ SbMNpCq, with S a C`pp, qq-module
. . . (axioms for D omitted, go to axioms O) . . .

Fixing conventions for γ’s, characterization of D in even dimensions:

D “ ř

J
ΓJs.a. b tHJ , ¨ u `

ř

J
ΓJanti. b rLJ , ¨ s

multi-index J monot. increasing, |J| odd [J. Barrett, J. Math. Phys. ’15], H˚J “ HJ , L˚J “ ´LJ
Examples: [J. Barrett, L. Glaser, J. Phys. A 2016]

- Dp1,1q “ γ1 b rL, ¨ s ` γ2 b tH, ¨ u
- Dp0,4q “

ř

µ
γµ b rLµ, ¨ s ` γµ̂ b tHµ̂, ¨ u

so we will get double traces from TrH “ TrSbTrMNpCq “ TrSbTrb2
N

Notation: TrV X is the trace on operators X : V Ñ V , TrV 1 “ dim V . So TrN 1 “ N but TrMN pCqp1q “ N2.

12
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A tool to organize the fuzzy spectral action is chord diagrams:

TrSpγµ1γµ2γµ3γµ4q “ dimSp
θµ1µ2µ3µ4
hkkkkikkkkj

ηµ1µ2ηµ3µ4 `
ξµ1µ2µ3µ4

hkkkkkkkikkkkkkkj

p´qηµ1µ3ηµ2µ4 `
ζµ1µ2µ3µ4
hkkkkikkkkj

ηµ2µ3ηµ1µ4q

ζµ1µ2µ3µ4 =ξµ1µ2µ3µ4 =θµ1µ2µ3µ4 =

µ1

µ2

µ3

µ4

µ1

µ2

µ3

µ4

µ1

µ2

µ3

µ4

for dimension-d geometries, the combinatorial formula [CP ‘19] reads

1
dimS

TrpD2tq “
if J P Λd , dx

J ‰ 0 onRd

ÿ

I1,...,I2tPΛ´d

"

decorated chord diags
ÿ

χPCD2n
2n“

ř

i |Ii |

χI1...I2t µ1
µ2 µ3

µ4

µ5

µ6

µ7µ8
µ9

µ10

µ11

µ12

KI2
KI4

KI3

I1 = (µ1, µ2, µ3)KI1

Υ

2t = 4 example

2n = 12

d ≥ 4

ˆ
´

ÿ

ΥPP2t

sgnpIΥq ˆ TrN pKIΥc q ˆ TrN
“pK T qIΥ

‰

¯

*

go to explicit calculation Ź
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Multimatrix models with multitraces & ribbon graphs
The chord-diagram description holds in
general dimension and signature [CP ’19]

Z “ ş

Dirac e
´TrH f pDqdD p~ “ 1q

“ ş

Mp,q
e´N TrN P´Trb2

N pQp1qbQp2qqdXLeb

- X P Mp,q “ products of supNq and HN

- dXLeb is the Lebesgue measure on Mp,q

- P , Qpiq in C〈k〉 “ C〈X1, . . . , Xk〉 “ C〈X〉
are certain noncommutative polynomials

- Zformal leads to colored ribbon graphs

ḡ1 TrN pABBBABq Ø ḡ1

ḡ2 Trb2
N pAABABAb AAq Ø g2

Multitrace: ‘touching interactions’ [Klebanov, PRD ‘95],
wormholes [Ambjørn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01], ‘stu�ed
maps’ [G. Borot Ann. Inst. Henri Poincaré Comb. Phys. Interact. ‘14],
AdS/CFT [Witten, hep-th/0112258]

Ribbon graphs: Enumeration of maps [Brezin,

Itzykson, Parisi, Zuber, CMP ‘78], here ‘face-worded’

A A

BA

AA

BB B

B B

B
B

B
B

B
A

B

& intersection num. of ψ-classes [Kontsevich, CMP, ‘92]

ÿ

a1`...`an“dimC Mg,n

ψa11 ¨ ψ
a2
2 ¨ ¨ ¨ψ

an
n

n
ź

j“1

p2aj ´ 1q!!

s
2aj`1
j

“
ÿ

G trivalent of type pg,nq

22g´2`n

#AutpGq

ź

ePG

1
sLpeq ` sRpeq

14
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general dimension and signature [CP ’19]

Z “ ş

Dirac e
´TrH f pDqdD p~ “ 1q

“ ş

Mp,q
e´N TrN P´Trb2

N pQp1qbQp2qqdXLeb

- X P Mp,q “ products of supNq and HN

- dXLeb is the Lebesgue measure on Mp,q

- P , Qpiq in C〈k〉 “ C〈X1, . . . , Xk〉 “ C〈X〉
are certain noncommutative polynomials

- Zformal leads to colored ribbon graphs

ḡ1 TrN pABBBABq Ø ḡ1

ḡ2 Trb2
N pAABABAb AAq Ø g2

Multitrace: ‘touching interactions’ [Klebanov, PRD ‘95],
wormholes [Ambjørn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01], ‘stu�ed
maps’ [G. Borot Ann. Inst. Henri Poincaré Comb. Phys. Interact. ‘14],
AdS/CFT [Witten, hep-th/0112258]

Ribbon graphs: Enumeration of maps [Brezin,

Itzykson, Parisi, Zuber, CMP ‘78], here ‘face-worded’
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B B

B
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B
A

B
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III. Yang-Mills-Higgs matrix theory

De�nition [CP 2105.01025] We de�ne a gauge matrix spectral triples as the spectral triple product
Gf ˆ F of a fuzzy geometry Gf with a �nite geometry F “ pAF ,HF ,DF q, dimAF ă 8.

15
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Lemma-De�nition [CP 2105.01025] Consider a gauge matrix spectral triple Gf ˆ F with

F “ pMnpCq,MnpCq,DF q
and Gf Riemannian (d “ 4) fuzzy geometry on MNpCq, whose �uctuated Dirac op. is

Dω “
3
ÿ

µ“0

Dgauge
hkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj

γµ b plµ `aµq ` γµ̂ b pxµ ` sµq`
DHiggs
hkkikkj

γ b Φ , aµ “ ‘gauge potential’, xµ “ spin connection?

The �eld strength is given by

Fµν :“ r
dµ

hkkkikkkj

lµ `aµ,lν `aνs “: rFµν , ¨ s

Lemma The gauge group GpAq – PUpNq ˆ PUpnq acts as follows
Fµν ÞÑ Fuµν “ uFµνu˚ for all u P GpAq

The content of the Spectral Action ...
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Meaning Random matrix case, �at d “ 4 Riem. Smooth operator
Tr “ trace of ops. MN b Mn Ñ MN b Mn

Derivation lµ “ rLµ b 1n, ¨ s Bi
Gauge potential aµ “ rAµ, ¨ s Ai

Higgs �eld Φ h

Covariant derivative dµ “ lµ `aµ Di “ Bi ` Ai

Field strength rdµ,dνs “
”{ 0

hkkkikkkj

rlµ,lνs ` rDi ,Dj s “
” 0

hkkikkj

rBi , Bj s `
rlµ,aνs ´ rlν ,aµs ` raµ,aνs BiAj ´ BjAi ` rAi ,Aj s

Higgs potential Trpf2Φ2 ` f4Φ4q ş

M

`

f2|h|2 ` f4|h|4
˘

vol

Gauge-Higgs coupling ´TrpdµΦdµΦq ´ ş

M |Dih|2vol
Yang-Mills action ´ 1

4 TrpFµνFµνq ´ 1
4

ş

M TrsupnqpFijFijqvol
` Propagators and „ plµqijplνqjmplµqml pl

νqli Øv0 v2

v3

v1

∼
v0 v1

v2

v3 skip FRG Ź
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IV. FRG for multimatrix models with multitraces

Motivation from ‘2D-Quantum Gravity’

discrete surfaces Ø matrix integrals Zpλq
[B. Eynard, Counting Surfaces ’16]

smooth surface Ø 〈area〉 �nite
& in�nitesimal mesh a

〈area〉g „ a2p2´2gq
λ{λc´1

all topologies Ø Zpλq “
ř

g N
2´2gZgpλq

o
ò pλc ´ λq

p2´2gq{θ

double-scaling limit Npλc ´ λq1{θ “ C

lin. RG-�ow near Ø λpNq “ λc ` pN{Cq´θ

a �xed point θ “ ´pBβ{Bλq|λc
[Eichhorn-Koslowski, PRD, ’13]

Λ Chosen bare action S “ ΓN“Λ

0 Full effective action Γ “ ΓN“0

� Interpolating action ΓN“Λ´ρ (projected & truncated)

RG-flow with truncation and projection

Moduli of Dirac operators ãÑ theory space

RG-flow without truncation nor projection

g... Rest of coupling constants

18
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Two approaches
1. Mathematical construction:
[CP 2007.10914, Ann. Henri Poincaré 2021]

prove Wetterich Equation, or FRGE; its
proof determines the algebra that
governs geometric series in Hess Γ [D.

Benedetti, K. Groh, P. F. Machado and F. Saueressig, JHEP 2011]

scalings of the couplings with Z and N
based on [A. Eichhorn, T. Koslowski, Phys. Rev. D ‘13], (but
our proof of the FRGE dictates an algebra
not reported there)

�xed-point solution to β-equations for a
sextic truncation (48 running operators)

the unique real solution g˚ leading to a
single relevant direction (positive e.v. of
´pBβi{Bgjqi,j |g˚ ) yields an RN-dependent
g˚A4 “ 1.002ˆ`g˚A4 |[Kazakov-Zinn-Justin, Nucl. Phys. B ‘99]

˘

I didn’t understand why the reduction of an ensembleHNˆ

HN to diagonal matrices used by [A. Eichhorn, A. D. Pereira and A.

G. A. Pithis, JHEP 2020] for the ABAB-model would be allowed;

that simpli�cation leads to β-func contributions without 1-

loop structure as proven in [CP 2102.06999 JHEP 2021] , so ...

2. Algebraic-graphic approach:
[CP 2111.02858, Lett. Math. Phys., to appear]

write down Wetterich Equation

assume an expansion of its rhs in
unitary-invariant operators (‰ exact RG,
but it’s «what people do»)

impose the one-loop structure

determine from it the ‘algebra of
functional renormalization’; it is unique
and the one reported in [CP 2007.10914]
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Some Feynman graphs of multimatrix φ4-theory...

Several-loop graph

[pic by ‘Princi19skydiver’, Wikipedia]

One-loop graph

[pic by ‘Wojciech Kielar’, Wikipedia]
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Functional Renormalization for k-matrix models (w/multitrace-measures)

Quantum theories ‘�ow’ with energy, here in RG-time t “ log N , 1 ! N ă N . E.g. for k “ 2 and with
bare action

SrA, Bs “ N TrN

! 1
2
A2 ` 1

2
B2 ` gA4 14A

4 ` gB4 14B
4 ` 1

2
gABABABAB

)

radiative corrections ‘generate’ e�ective vertices. For instance generates N TrN pABBAq.

ΓN rA, Bs “ TrN
!

operators from the bare action (but with ‘running couplings’)
hkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkj

ZA
2
A2 `

ZB
2
B2
` ḡA4

1
4
A4 ` ḡB4

1
4
B4
`

1
2
ḡABABABAB`

radiative corrections
hkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkj

1
2
ḡABBAABBA`

1
2
ḡA|A TrN pAq ˆ A` . . .

)

We are interested in one-loop graphs. The e�ective
vertex Oe�

G of such a graph is formed by reading
o� each word wi traveling around all ribbon edges
(propagators) by both sides:

Oe�

G “

from vertices contracted with propagators

TrN pw1q ˆ TrN pw2q ˆ ¨ ¨ ¨ ˆ TrN pwsq

ˆ TrN pU1q ˆ TrN pU2q . . .ˆ TrN pUrq
from vertices uncontracted with propagators

ḡ1

ḡ2

ḡ3
ḡ4

ḡ5

· · ·
···

···

· · · ḡ2

ḡ1

ḡ3

ḡk

· · ·
	

→

→
→

→

loooooooooooomoooooooooooon

gral. situation (yet, without multitraces)

ÞÑ w2yw1 x

loooooooomoooooooon

inner word w1 b outer word w2
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` ḡA4

1
4
A4 ` ḡB4
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ḡABBAABBA`

1
2
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ḡ2

ḡ3
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nc-derivative BA : C〈k〉 Ñ Cb2
〈k〉 sums over ‘replacements of A by b’

[Rota-Sagan-Stein+Voiculescu]:

BApPAARq “ P b AR ` PAb R , but

BApALGEBRAq “ 1b LGEBRA` ALGEBR b 1

W P C〈k〉, the nc-Hessian [CP 2007.10914] Hess TrN W P MkpC〈k〉 b C〈k〉q has entries are
Hessb,a TrW “ pBXb ˝ BXaqTrN W . Are computed by ‘cuts’: e.g. W “ ABAABABB

BBBA
ˆ

B

B A

A

B

B

A

A
˙

go to examples of nc-Hessians O

“ 1N b
ˆ

B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q

˙

`
ˆ

B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q `
B

B A

A

B

B

A

A

Q

˙

b 1N ` . . .

in ellipsis
ÿ

cuts

B

B A

A

B

B

A

A

S

S Ñ BAAb ABB
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products of traces ñ extend by b, Ak “ pC〈k〉 b C〈k〉q ‘ pC〈k〉 b C〈k〉q
Tr
(X

2
c
)

O [TrXc]
2 O

Hessa,bpTr P ¨ TrQq “ Tr P ¨ Hessa,brTrQs ` pBXa Tr Pqb pBXb TrQq ` pP Ø Qq
Wetterich Eq. governs the functional RG t “ log N

BtΓN rXs “ 1
2

STr
! BtRN

Hess ΓN rXs ` RN
)

0.5

1
0.4 0.6 0.8 1

0

5

a/N
b/N

r c
,N
(a
,b
)/
Z
c

assume“
8
ÿ

k“0

h̄kpN, η1, . . . , ηnq ˆ 1
2
p´1qk STr

 pHess ΓInt
N rXsq‹k

(

looooooooooooooooomooooooooooooooooon

regulator-independent part

STr “ Trk bTrAn . Tadpoles
ḡ

Q

· · ·

P · · ·

ḡ′

Q

· · ·

P · · ·

imply

TrAnpP b Qq “ TrN P ¨ TrN Q, TrAnpP b Qq “ TrN pPQq



Finding ‹

Want:
Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3 Ă Hessa,bO1 ‹ Hessb,c O2 ‹ Hessc,d O3 ‹ . . . ‹ Hess˚,a O`

Associativity (trivial check):

Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3 “
Xb

Xa Xd

Xc

ḡ2

ḡ1

. . .

ḡ3
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ḡ1 ḡ2 ḡ2ḡ1 ḡ1 ḡ2

Case I Case II Case III Case IV

TrAn
rpU bW q ‹ pP b Qqs TrAn

rpU b W q ‹ pP bQqs TrAn
rpU bW q ‹ pP bQqs TrAn

rpU b W q ‹ pP b Qqs

pU bW q ‹ pP bQq{ „

pU b W q ‹ pP b Qq{ „

pU bW q ‹ pP b Qq pU b W q ‹ pP bQq
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ḡ1 ḡ2 ḡ2ḡ1 ḡ1 ḡ2

Case I Case II Case III Case IV

TrAn
rpU bW q ‹ pP b Qqs TrAn

rpU b W q ‹ pP bQqs TrAn
rpU bW q ‹ pP bQqs TrAn

rpU b W q ‹ pP b Qqs

pU bW q ‹ pP bQq{ „

ḡ1
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Thm. [CP 2111.02858] If the RG-�ow is computable in terms
ofUpNq-invariants, the algebra of Functional Renormal-
ization is MkpAN,k , ‹q where AN,k “ pCpNq〈k〉 b CpNq〈k〉q ‘
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Example: a Hermitian 3-matrix model
Consider two operators O1 “ ḡ1

2 rTrN pA22 qs2 and O2 “ ḡ2 TrN pABCq. We compute g1g22-coe�cients:

HessI,J O1 “ δJI δ
A
I ḡ1tTrN pA2{2q ¨ r1N b 1N s

looooooooooomooooooooooon

` Ab A
loomoon

u ,

where a ‘�lled ribbon’ means contracted in the one-loop graph, and ‘black ribbon’ uncontracted.

HessO2 “ ḡ2

»

–

0 C b 1N B b 1N
1N b C 0 Ab 1N
1N b B 1N b A 0

fi

flñrHessO2s
‹2
“ ḡ22

«

..
hkkikkj

C b C `

..
hkkikkj

B b B B b A C b A
Ab B Ab A` C b C C b B
Ab C B b C B b B ` Ab A

ff

.

Extracting coe�cients

rḡ1ḡ2sSTrtHessO1 ‹ rHessO2s‹2u “ TrN pA2{2q ˆ
“pTrN Cq2 ` pTrN Bq2

‰` TrN pACAC ` ABABq ,
which are e�ective vertices of the four one-loop graphs that can be formed with the contractions of (the
�lled ribbon half-edges of) any of t .. , .. u with any of t , u. This is a toy example in [CP ‘21]; in [CP

‘20] 48 such operators run ñ (48 less friendly Hessians)3. go to nc-Hessians examples Ź
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Conclusion
spectral triple ” spin without commutativity of the ‘algebra of functions’

spin Mˆ t�nite spectral tripleu ” almost-commutative

(reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geometry « �nite spectral triple + C`-action

(Zfuzzy “
ş

Dirac
e´

1
~ TrH f pDqdD is a multimatrix model with multitraces)

Gf ˆ F= fuzzy ˆ �nite “ gauge matrix spectra triple

is PUpnq-Yang-Mills-Higgs-like if F is over MnpCq; partition func. is a k-matrix model, k
large. Small step towards [Connes Marcolli, NCG, QFT and motives, ’07, next sceenshot]

« »
thank you!

References: [CP 1912.13288] [CP 2007.10914] [CP 2102.06999] [CP 2105.01025] [CP 2111.02858]
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The classical Dirac operator in Riemannian geometry

For us M will be a Riemannian closed manifold, dimM “ d .
In physics, M is a spacetime (for this �rst part, still deterministic).
Q: When do Dirac operators exist on M?
A: Only if the obstruction to a spin-structure w2pMq P Ȟ2pM,Z2q is trivial.

Z2-ech cohomology in short,

U “ tUiui good open cover of M

j-simplices are σ “ pk0, . . . , kjq such that
Uk0k1...kj “ Uk0 X Uk1 X ¨ ¨ ¨ X Ukj ‰ H
j-cochains, maps f : tj-simplicesu Ñ Z2 satisfying invariance τ˚f “ f
under τ P Spj ` 1q, form an abelian group Č jpU ,Z2q
coboundary maps δj : Č jpU ,Z2q Ñ Č j`1pU ,Z2q given by

pδj f qpk0, . . . , kj`1q :“ f pk1, . . . , kj`1qf pk0, k1. . . . , kj`1q ¨ ¨ ¨ f pk0, . . . , kjq
Ȟ jpU ,Z2q “ ker δj{im δj´1
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pδj f qpk0, . . . , kj`1q :“ f pk1, . . . , kj`1qf pk0, k1. . . . , kj`1q ¨ ¨ ¨ f pk0, . . . , kjq
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A more familiar Z2-ech cohomology class
is the orientability obstruction

tUjuj good open cover of M

pick sj : Uj Ñ F pMq sections on the
frame bundle Opdq ãÑ F pMq Ñ M

on a 1-simplex pk0, k1q, sk0 “ sk1Gk0k1

f pk0, k1q “ detpGk0,k1q
“ detpGk1,k0q “ f pk1, k0q

since tGj,luj.l are transition functions,

pδ1f qpj, l ,mq “ Gj,lGl ,mGm,j “ 1

other choice of sections s1k yields
G 1kl “ gkGklg

´1
l and f 1 “ pδ0hqf

where h “ det gk
other choice tV uj of a good open
cover yields a cochain complex map
Č˚pV ,Z2q Ñ Č˚pU ,Z2q,
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Low Stiefel-Whitney classes (�rst two �oors of Whitehead tower)

Theorem M is orientable i� the 1st Stiefel-
Whitney class w1pMq :“ rf s “ 1.

Proof of ‘if’. If w1pMq “ 1, f pk0, k1q “ detpGk0,k1q
is a 0-coboundary, f “ δ0h. We can pick sec-
tions tsk : Uk Ñ F pMquk and gk P Opdq with
det gk “ hpkq, so that the transition functions
for s1k :“ sk ¨ gk satisfy

detpG 1k0,k1q “ detpg´1
k0
Gk0,k1gk1q

“ rpδ0hq ¨ f spk0, k1q “ 1.

In similar way, a spin structure λ
Spinpdq ˆ PpMq PpMq

M

SOpdq ˆ FSOpMq FSOpMq
λ

exists when the SO-frame bundle can be
li�ed in compatible way with the double
cover Z2 Ñ Spinpdq ρÑ SOpdq. Transition
functions gij : Uij Ñ SOpdq can be li�ed to
Spinpdq-valued g̃ij . For Uijk ‰ H, let

g̃ij g̃jk g̃ki “: zpi, j, kqidSpinpdq
Theorem [A. Hae�iger, ‘56] Orientable M is spin i�
its second Stiefel-Whitney class w2pMq :“
rzs “ 1.
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Spectral Action: TrH D2m
[C.P. 1912.13288] Chord diags. d “ 2 geometries, η “ diagpe1, e2q go to more CD'sŹ

TrHpD6q “ 2N
ÿ

µ

TrSpγµ1 ¨ ¨ ¨ γµ6qˆ

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ1µ2ηµ3µ4ηµ5µ6+(−1)0ηµ1µ2ηµ3µ4ηµ5µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ2ηµ3µ5ηµ4µ6+(−1)1ηµ1µ2ηµ3µ5ηµ4µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ1µ2ηµ3µ6ηµ4µ5+(−1)0ηµ1µ2ηµ3µ6ηµ4µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ3ηµ2µ4ηµ5µ6+(−1)1ηµ1µ3ηµ2µ4ηµ5µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)2ηµ1µ3ηµ2µ5ηµ4µ6+(−1)2ηµ1µ3ηµ2µ5ηµ4µ6

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ3ηµ2µ6ηµ4µ5+(−1)1ηµ1µ3ηµ2µ6ηµ4µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ1µ4ηµ2µ3ηµ5µ6+(−1)0ηµ1µ4ηµ2µ3ηµ5µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)3ηµ1µ4ηµ2µ5ηµ3µ6+(−1)3ηµ1µ4ηµ2µ5ηµ3µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)2ηµ1µ4ηµ2µ6ηµ3µ5+(−1)2ηµ1µ4ηµ2µ6ηµ3µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ5ηµ2µ3ηµ4µ6+(−1)1ηµ1µ5ηµ2µ3ηµ4µ6

µ1

µ2

µ3µ4

µ5

µ6

+(−1)2ηµ1µ5ηµ2µ4ηµ3µ6+(−1)2ηµ1µ5ηµ2µ4ηµ3µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ5ηµ2µ6ηµ3µ4+(−1)1ηµ1µ5ηµ2µ6ηµ3µ4

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ6µ1ηµ2µ3ηµ4µ5+(−1)0ηµ6µ1ηµ2µ3ηµ4µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ6µ1ηµ2µ4ηµ3µ5+(−1)1ηµ6µ1ηµ2µ4ηµ3µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ6µ1ηµ2µ5ηµ3µ4+(−1)0ηµ6µ1ηµ2µ5ηµ3µ4

+

+
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Spectral Action: TrH D2m
[C.P. 1912.13288] Chord diags. d “ 2 geometries, η “ diagpe1, e2q go to more CD'sŹ

TrHpD6q “ 2N
ÿ

µ

solid circ.

TrSpγµ1 ¨ ¨ ¨ γµ6qˆ

dashed circ.

TrN pKµ1 ¨ ¨ ¨Kµ6q `
p1,5q,p2,4q,p3,3q-partitions
TrN P ˆ TrN Q terms

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ1µ2ηµ3µ4ηµ5µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ2ηµ3µ5ηµ4µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ1µ2ηµ3µ6ηµ4µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ3ηµ2µ4ηµ5µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)2ηµ1µ3ηµ2µ5ηµ4µ6

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ3ηµ2µ6ηµ4µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ1µ4ηµ2µ3ηµ5µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)3ηµ1µ4ηµ2µ5ηµ3µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)2ηµ1µ4ηµ2µ6ηµ3µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ5ηµ2µ3ηµ4µ6

µ1

µ2

µ3µ4

µ5

µ6

+(−1)2ηµ1µ5ηµ2µ4ηµ3µ6

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ1µ5ηµ2µ6ηµ3µ4

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ6µ1ηµ2µ3ηµ4µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)1ηµ6µ1ηµ2µ4ηµ3µ5

+

µ1

µ2

µ3µ4

µ5

µ6

+(−1)0ηµ6µ1ηµ2µ5ηµ3µ4

+

+
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Spectral Action: TrH D2m
[C.P. 1912.13288] Chord diags. d “ 2 geometries, η “ diagpe1, e2q go to more CD'sŹ
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p1,5q,p2,4q,p3,3q-partitions
TrN P ˆ TrN Q terms

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

Kµ1

µ1

Kµ2µ2

Kµ3

µ3

Kµ4

µ4

Kµ5 µ5

Kµ6

µ6

+

+
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Spectral Action: TrH D2m
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Classical Dirac operators (assume d even)

M (spacetime) will be a closed,
Riemannian manifold

if M is spin, there is a vector bundle S
with �bers satisfying
EndpSxq – C`pdq (x P M). The
sections ΓpSq are spinors

the Levi-Civita connection ∇lc can be
also li�ed to the spin connection
∇s : ΓpSq Ñ Ω1pMq b ΓpSq
∇scpωqψ “ cp∇lcωqψ ` cpωq∇sψ

ψ P ΓpSq, ω P Ω1pMq

being c Cli�ord multiplication,
basically cpdxµq “ γµ

on the space of square integrable
spinors L2pM,Sq there is an (ess.)
self-adjoint operator, the Dirac
operator,

DM “ ´ic ˝∇s loc.“ ´i
d
ÿ

µ“1

γµpBµ ` ωµq

and by Leibniz rule

rDM, as “ ´icpdaq a P C8pMq
which is bounded

back to `spectral triples' ŸŸ
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Matrix or Fuzzy Geometries

De�nition (“condensed” from [J. Barrett, J. Math. Phys. 2015]).

A fuzzy geometry of signature pp, qq P Z2
ě0 is given

by

a simple matrix algebra A – we take always
A “ MNpCq

a Hermitian C`pp, qq-module S with a chirality
γ. That is a linear map γ : SÑ S satisfying
γ˚ “ γ and γ2

“ 1

a Hilbert space H “ SbMNpCq with inner
product 〈v b R,w b S〉 “ pv,wqTrN pR˚Sq for
each R, S P MNpCq, being p¨ , ¨q the inner
product of S

a le�-A representation
ρpaqpv b Rq “ v b paRq on H, a P A and
v b R P H

. . .

three signs ε, ε1, ε2 P t´1,`1u determined
through s :“ q ´ p by the following table:

s ” q ´ p pmod 8q 0 1 2 3 4 5 6 7
ε ` ` ´ ´ ´ ´ ` `

ε1 ` ´ ` ` ` ´ ` `

ε2 ` ` ´ ` ` ` ´ `

a real structure J “ C b˚, where ˚ is complex
conjugation and C is an anti-unitarity on S
satisfying C 2

“ ε and Cγµ “ ε1γµC for all the
gamma matrices µ “ 1, . . . , p` q.

a self-adjoint operator D on H satisfying the
order-one condition

r rD, ρpaqs , JρpbqJ´1
s “ 0 for all a, b P A

a chirality Γ “ γ b 1A for H, where γ is the
chirality of S. The signs above impose:

J2 “ ε , JD “ ε1DJ , JΓ “ ε2ΓJ .

GO TO characterization ŸŸ
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Two-matrix model from TrH D6, η “ diagpe1, e2q, K ˚i “ eiKi [CP ‘19]

S6rK1, K2s “ 2 ¨ TrN
 

e1K
6
1 ` 6e2K

4
1 K

2
2 ´ 6e2K

2
1 pK1K2q

2
` 3e2pK

2
1 K2q

2

` e2K
6
2 ` 6e1K

4
2 K

2
1 ´ 6e1K

2
2 pK2K1q

2
` 3e1pK

2
2 K1q

2(

and the double-trace part is

B6rK1, K2s “ 6TrN pK1q
"

2TrN pK
5
1 q ` 2TrN pK1K

4
2 q ` 6e1e2 TrN pK

3
1 K

2
2 q ´ 2e1e2 TrN pK

2
1 K2K1K2q

‰

*

` 6TrN pK2q
"

2TrN pK
5
2 q ` 2TrN pK2K

4
1 q ` 6e1e2 TrN pK

3
2 K

2
1 q ´ 2e1e2 TrN pK

2
2 K1K2K1q

‰

*

` 48TrN pK1K2q ¨
“

e1 TrN pK
3
1 K2q ` e2 TrN pK

3
2 K1q

‰

` 6TrN pK
2
1 q ¨

!

e2
“

8TrN pK
2
1 K

2
2 q ´ 2TrN pK2K1K2K1q

‰

` e1
“

5TrN pK
4
1 q ` TrN pK

4
2 q
‰

)

` 6TrN pK
2
2 q ¨

!

e1
“

8TrN pK
2
1 K

2
2 q ´ 2TrN pK1K2K1K2q

‰

` e2
“

5TrN pK
4
2 q ` TrN pK

4
1 q
‰

)

` 4
`

5rTrN pK
3
1 qs

2
` 6e1e2 TrN pK1K

2
2 qTrN pK

3
1 q ` 9rTrN K

2
1 K2s

2

` 5rTrN pK
3
2 qs

2
` 6e1e2 TrN pK

2
1 K2qTrN pK

3
2 q ` 9rTrN K1K

2
2 s

2˘ .

back to main presentation ŸŸ
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back to main presentation ŸŸ 35



Sketch of the Standard Model derivation from NCG

One starts with the Mˆs.t. F and ALR “ C‘HL ‘HR ‘M3pCq
F “ pALR ,M#generations

F ,DF q, MF an ALR-module

MF has to be of the form MF “ E b Eo, with

E “ p2L b 1oq ‘ p2R b 1oq ‘ p2L b 3oq ‘ p2L b 3oq , dimC E “ 16

Thus the HF – C32ˆ3. The 96ˆ 96 matrix DF can have o�-diagonal elements only for the
maximal subalgebra

AF “ C‘H‘M3pCq
Lie group part of SUpAF q “ Up1q ˆ SUp2q ˆ SUp3q
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Sketch of the Standard Model derivation from NCG

With Q : C ãÑ H, Qλ “ diagpλ, λ̄q and Qλ |̆ y “ ˘λ |̆ y,

Weak hypercharge:

ν e u d
Y |̀ y b 1o |́ y b 1o |̀ y b 3o |́ y b 3o

L ´1 ´1 `1{3 `1{3
R 0 ´2 `4{3 ´2{3

SUp2q-adjoint action is 2 on HL or trivial in the HR sector

SUp3q-adjoint action is the color action on Hq and trivial on H`

LiepSUpAF qq “ Up1qY ˆ SUp2qL ˆ SUp3qcolor

All DF such that pAF ,HF ,DF q is a spectral triple are

DF pΥR ,Υν ,Υe,Υu,Υdq
the moduli of such Dirac operators has dimension 31 = num. Yukawa couplings in νMSM.
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Fermionic Spectral Action

The fermionic part is not treated here
but is essentially given by [not needed

here]

Sf pDq “ 1
2
〈Jψ | Dψ〉

where ψ are classical fermions, J
implements charge-conjugation (J
�xes the spin structure)

Dirac FSM operator

DF “

0 0 Υ∗
ν 0 0 0 0 0 0 Υ∗

R 0 0 0 0 0 0 0 0

0 0 0 Υ∗
e 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Υν 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 Υe 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 Υ∗
u 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 Υ∗
d 0 0 0 0 0 0 0 0 0

0 0 0 0 Υu 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 Υd 0 0 0 0 0 0 0 0 0 0 0

ΥR 0 0 0 0 0 0 0 0 0 0 ΥT
ν 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 ΥT
e 0 0 0 0 0

0 0 0 0 0 0 0 0 0 Ῡν 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 Ῡe 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
u 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
d

0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡu 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡd 0 0







⊗ 13

⊗ 13

P M96pCqs.a.

„ 104 zeroes from geometry.
back to spectral standard model ŸŸ
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Example 1: (Finite spectral triples) [Exercise from W. van Suijlekom’s book]

- A “ C3

“ functions a : t1, 2, 3u Ñ C

- H “ C3 ð A, in de�ning representation

C3 diag Ă M3pCq

- D “
ˆ

0 1{d 0
1{d 0 0
0 0 0

˙

(0 ‰ d P R)

looks like

∞

d√
2

for dij “ sup
aPA
t|apiq ´ apjq| : || rD, as || ď 1u

“ sup
aPA
t|apiq ´ apjq| : |ap1q ´ ap2q|2 ď d2u @i, j “ 1, 2, 3

Example 2: (Finite spectral triples)
- A “ M3pCq

“ CrG„s

- H “ C3

3 = {1, 2, 3}/ ∼

- D “ 0
back to main presentation ŸŸ
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Chord Diagrams of 10 points (1/4) (appear in D10|d“2,D4|d“4,D2|d“6 )

40



Chord Diagrams of 10 points (2/4)
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Chord Diagrams of 10 points (3/4)

42



Chord Diagrams of 10 points (4/4)
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Non-vanishing ones... 14 TrD4 “ NSRiemann
4 `ř

i TrN
b2pAi b Biq

|I1 |

I2|
I3

|I4 χ P
#

| µ2

|

µ3

|µ4

|
µ1

τ1 , | µ1

|

µ2

|µ3

|||
ν̂

τ2 ,

|µ1

||| ν̂1
|
µ2

|||ν̂2 τ3 ,

|µ1

| µ2

|||
ν̂1

|||ν̂2 τ4 ,

|µ

||| ν̂1
|||
ν̂2

|||ν̂3 τ5 ,

|||ν̂1

||| ν̂2
|||
ν̂3

|||ν̂4 τ6

+

SRiemann

4 “ TrN
!

2
ÿ

µ

pL4µ ` H4
µq ` 4

ÿ

µăν

p2L2µL
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Operator Its noncommutative Hessian

TrpAqTrpA3q 3 ¨

¨

˚

˝

Tr A ¨ pAb 1` 1b Aq 0
`1 b A2 ` A2 b 1

0 0

˛

‹

‚

TrpABABq 2 ¨
ˆ

B b B p1b BA` AB b 1q
p1b AB ` BAb 1q Ab A

˙

Tr ATrpAAABBq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

pTrpAq1b pABBq ` TrpAq1b pBBAq `
TrpAqpABBqb 1`TrpAqpBBAqb 1` 1b

pAABBq ` 1 b pABBAq ` 1 b pBBAAq `
pAABBqb 1` pABBAqb 1` pBBAAqb

1` TrpAqAb B2
` TrpAqB2

b Aq

TrpAqp1b pAABq ` pBAAq b 1` Ab
AB ` B b A2 ` A2 b B ` BAb Aq `

1 b pA3Bq ` 1 b pBA3q

TrpAqp1b pBAAq ` pAABq b 1` Ab
BA` B b A2 ` A2 b B ` AB b Aq `

pA3Bqb 1` pBA3qb 1

TrpAqp1b pA3q ` pA3q b 1q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Table: Some Hessians order operators. Here Tr “ TrN .
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Operator Its noncommutative Hessian

TrpAqTrpA3q 3 ¨

¨

˚

˝

Tr A ¨ pAb 1` 1b Aq 0
`1 b A2 ` A2 b 1

0 0

˛

‹

‚

TrpABABq 2 ¨
ˆ

B b B p1b BA` AB b 1q
p1b AB ` BAb 1q Ab A

˙

Tr ATrpAAABBq

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

pTrpAq1b pABBq ` TrpAq1b pBBAq `
TrpAqpABBqb 1`TrpAqpBBAqb 1` 1b

pAABBq ` 1 b pABBAq ` 1 b pBBAAq `
pAABBqb 1` pABBAqb 1` pBBAAqb

1` TrpAqAb B2
` TrpAqB2

b Aq

TrpAqp1b pAABq ` pBAAq b 1` Ab
AB ` B b A2 ` A2 b B ` BAb Aq `

1 b pA3Bq ` 1 b pBA3q

TrpAqp1b pBAAq ` pAABq b 1` Ab
BA` B b A2 ` A2 b B ` AB b Aq `

pA3Bqb 1` pBA3qb 1

TrpAqp1b pA3q ` pA3q b 1q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Table: Some Hessians order operators. Here Tr “ TrN .
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β-functions of NCG two-matrix models, signature η “ diagpe1, e2q
2h1pa4 ` c22 ` 2d2|02 ` 6d2|2q “ ηa

2h1pb4 ` c22 ` 6d02|02 ` 2d2|02q “ ηb

´h1reapa4 ´ c1111q ` 2d1|12 ` 6d1|3s ` d1|1pη ` 1q “ βpd1|1q

´h1rebpb4 ´ c1111q ` 6d01|03 ` 2d01|21s ` d01|01pη ` 1q “ βpd01|01q

The next block encompasses the connected quartic couplings:

h2
`

4a24 ` 4c222
˘

` a4p2η ` 1q

´h1p24a6ea ` 4c42eb ` 4d02|4eb ` 4d2|4eaq “ βpa4q

h2
`

4b24 ` 4c222
˘

` b4p2η ` 1q

´h1p24b6eb ` 4c24ea ` 4d02|04eb ` 4d2|04eaq “ βpb4q

´h1
`

2eac1212 ` eb2c2121 ` 3eac24 ` 3ebc42 ` ead02|22 ` ebd2|22
˘

`h2
`

2a4c22 ` 2b4c22 ` 2eaebc
2
1111 ` 2eaebc

2
22

˘

` c22p2η ` 1q “ βpc22q

8eaebc1111c22h2 ` c1111p2η ` 1q

`h1
`

4eac1311 ` 4ebc3111 ` 2ead02|1111 ` 2ebd2|1111
˘

“ βpc1111q

back to main presentation ŸŸ
46



2h2p6a4a6 ` eaebc22c42q ` a6p3η ` 2q “ βpa6q

2h2p6b4b6 ` eaebc22c24q ` b6p3η ` 2q “ βpb6q

4h2ta4c3111 ` eaebrc22pc1311 ` 2c3111q

´c1111p2c2121 ` c42qsu ` c3111p3η ` 2q “ βpc3111q

2h2r2a4c2121 ` eaebp´2c1111c3111
`4c2121c22 ` c22c24qs ` c2121p3η ` 2q “ βpc2121q

2h2ra4c24 ` 3b4c24 ` 2eaebpc22p3b6 ` c2121 ` c24 ` c42q

´c1111c1311qs ` c24p3η ` 2q “ βpc24q

4h2tb4c1311 ` eaebrc22p2c1311 ` c3111q

´c1111p2c1212 ` c24qsu ` c1311p3η ` 2q “ βpc1311q

2h2r2b4c1212 ` eaebpc22p4c1212 ` c42q

´2c1111c1311qs ` c1212p3η ` 2q “ βpc1212q

2h2r3a4c42 ` 2eaebp3a6c22 ´ c1111c3111 ` c1212c22

`c22c24 ` c22c42q ` b4c42s ` c42p3η ` 2q “ βpc42q
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