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Introduction

Conformal invariance imposes strong constraints on correlation functions

It determines 2- and 3-point functions of scalars, conserved vectors and the
stress-energy tensor

It determines the form of the higher functions up to functions of cross-ratios

These results were obtained in position space and this is in contrast with general
QFT were Feynman diagrams are typically computed in momentum space

While position space methods are powerful, typically they can not be Fourier
transformed easily in momentum space
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Why study CFT directly in momentum space?

Momentum space results are needed in several recent applications

Is the UNIVERSE
just a hologram?

Holographic Cosmology

CMB primordial power spectra (Tyy (p)Tpo- (-p)) and
Non-Gaussianities (Tjj Ti; Tmn )

Studies of 3d critical phenomena

AdS/CFT correspondence for non-Fermi liquid metal-

lic system. Chemical potential to a strongly-coupled
CFT.

Anomalies p VTS0

’ -
N
Breaking of conformal invariance by quantum effects. P
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Overview

CFT in coordinate space
Weyl invariance implies conformal invariance
Weyl anomaly and effective action

CFT in momentum space and explicit solution of the 4—point function imposing
dual conformal symmetry

Anomalous contribution to correlation functions involving stress energy tensors
in momentum space
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Conformal invariance in Coordinate Space

Conformal transformations Xy = x;, (x) preserve the infiniesimal length up to a local
factor

dxy dxt — dx;ldx/” = Q(x)fzdx}ldx”

and in the infinitesimal form x”d(x) =Xy +ay +wuyx” +Ax, + by x2-2b- x X, with
Qx)=1-0(x)=1-A+2b-x.

Translation ox# = ay, Py =-id,,
Rotation  ox* = wyyx¥ — Lyy = ~i(xy 9y = x,9y),
Dilatations ox* = Ax¥, D= —ixﬂa},,
c 2 . 2
SCT oxt =bkFx“ - 2xFb - x. Ky = =i(2xux" 9y = x<9y,).

Defining the generators Jap, Jap = —Jpg With a,b =-1,0,1,...,d as

1 1
v =L iy =5(Pu=Ky) J10=D Jou=3(Pu+Ku)
[YabsJed] = =i(HacIbd + NbdJac — NadJbe — NbcJad)

with 11 = diag(~1,1,...,1). Then Conf(RY) = SO(d + 1,1) = (4+2)d+1)
parameters.
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Conformal Symmetry in Coordinate Space

Primary scalar field
-A/d

ax’H
X $(x)

PO = (M) =| 55

Consider the two-point function

(p1(x1)P2(x2)) = %f[dq’]%(xl)(ﬁz(xz)e*s[@]

Assuming S[®] to be conformally invariant

Aq/d Ay/d

8x"‘ ’ 7
<¢1(X1)¢2(X2)>
X2

oxV

ox’H

(Pp1(x1)2(x2)) = OxV |y

X=X1

Dil. {1 (x1)P2(x2)) = AP1TA2 (1 (Ax1 )p2(Ax2))
Rot. and Transl. (@1 (x1)d2(x2)) = F(lx1 - x2l) = AA1T42£(|Axg - Axal)

B Ci2
= (p1(x1)P2(x2)) = 1 —xoA1 A2
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Conformal Symmetry in Coordinate Space

u u X _pp
2
SCT = Inversion + translation + Inversion xM — X X pt —» X
2 %2 (& B bﬂ)z
2
We impose the invariance under SCT on the two point function
ax "
SCT: o =79,y =(1-2b-x+bx?),
Xi
A1+A>)/2
Grlnpaton = G2 Gz 1))
_ xo|A1+AL A1 _Ap — xo|A1+AL
Ix1 —xa|?1 yitye? a-xelt
and in general
C1204;;
OO () = ———x =+
R (x—y)Aith
A123
(01(x1)02(x2)03(x3)) =
(1)02(:2)03(03) x1214123|x13|A132|xp3]A231
2 2 2,2
f(u,v) X12%24 X33%14
(O(x1)...0(x4))y = — "=+, u= , v=
Ix12122x34[24 2.x2 2

2
X13%24 X13%24
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Conformal Symmetry in Coordinate Space

Conformal Invariance on correlators (Conformal Ward Identities)

Dilatation

n n a
0=} A+ ) x5 |(O10a)...On(xn)

=1 j=1 J

SCT
o—n2A-’<2'<“a—29 (@] @)

= Z i X —+ Xj X W X; 3Xj1< ( 1(X1)--~ n(Xn)>
=1

rj < Hi Hiq f1peH1 iy g Hir;
257 %0 [(x,-)a,-h 8tin 7 %]«9 2 (). 0P () ot e e ()
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Embedding space

Taking a Euclidean CFT in d-dimensions with the conformal group acting non-linearly
onRY,itis locally isomorphic to SO(d + 1,1), then it acts linearly on the space
Rd+11 (the embedding space).

The procedure consists in embedding the target space R9 into RA*t11, We introduce
the light-cone coordinates in RA+LL a9

XA = (XT,x,x3) eRITLL,
where a = 1,...,d with the inner product
X-X =na XA XB = —xt X~ 4 X, X2,

Using such coordinates, the condition X2 =0 defines a SO(d+1,1) invariant
subspace of dimension d + 1, the null cone. Imposing the gauge condition XT =1,
that defines the Poincaré section of the embedding, we identify the projective
null-cone with Rd, and the null vectors take the form

XA = (1,x2,x").

Finally, taking two points X; and Xj, setting Xj; = X;j — X;, on the Poincaré section where
X2 = 0, one obtains , 5 5
Xij =—2Xi-Xj=(X,'—Xj) :Xij'

[P. A. M. Dirac (1936); G. Mack and A. Salam (1969); S. Ferrara, A.F. Grillo and R. Gatto, (1973); S. Weinberg (2010)]
[M. S. Costa, J. Penedones, D. Poland, S. Rychkov(2011); D. Simmons-Duffin (2014);...]
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Embedding Space

The first step is to consider a primary scalar field Og4(x) in RY with dimension A, for
which one can define a scalar on the entire null-cone, with the requirement

Odt1,1(AX) = 17 20441,1(X),

with the dimension of Oy reflected in the degree of Oy41. Conformal invariance
requires that the correlators containing Og41,1(X) are invariant under SO(d + 1,1).

For example, the two-point function of operators of dimension A is fixed by conformal
invariance, homogeneity, and the null condition X,.2 =0, to take the form

C12

(O(X1)0(X2)) = Cox1 XA

We notice that —2X7 - X> is the only Lorentz invariant that we can construct out of two
points, since on the projective null-cone the condition ij = 0 is satisfied. We obtain

Ci2 Ci2
(O(x1)O(x2)) = = ,
(XS)A Ixp—xal?A
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Embedding Space

We are going to illustrate the method for totally symmetric and traceless tensors,
since such tensors transform with the simplest irreducible representation of
SO(d+1,1).
Considering a tensor field of SO(d +1,1), denoted as Og; ..., (X), with the properties
defined on the null-cone X2 =0,
traceless and symmetric,
homogeneous of degree —A in X, i.e.,, Oa; A, (AX) = /\_AOAl.,.Ar, (X),
transverse XAi Opy..A A, (X)=0,withi=1,...,n,

To find the corresponding tensor in RY, one has to restrict OAI--~An (X) to the Poincaré
section and project the indices as

XM 9XAn
..—0 X).
o ok A A, (X)

Ol”l-n}‘n ()=
For example, the most general form of the two-point function of two operators with

spin-1 and dimension A can be derived as

A \B
X5 X1
X1-X2

C12
(Xq-X)A

AB
n

(04 (X1)0B (X2)) =
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Embedding Space

The transverse condition

C12
XA (04 (X1)0B (X —1e _[xB+axB|=0,
1 (07 (X1)0% (X2)) = (XX)A[ =
implies that a« = —1. The projection on RY leads to define the two-point function in R4
as
x4 oxB
OH(x1)O 1772 X1)OB (X>)).
(OF(x1)0"(x2)) o (X1)07(X2))
Therefore oo [V
(" a)0" (o)) = 225 112),
X12
where Sk
) xH x
() = o - 2

X

and C1> is an undetermined constant. One can easily construct correlation functions
of higher spin, and for a traceless spin-2 operator of dimension A, we find
(O ()0 (xp)) = 2 [ 110 (x12)1" (x12) + 1 (x12)1"P(x12) - S0 607 .

12
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CFT in Coordinate Space

The position space expressions are only valid at separated points and do not possess
a Fourier transform prior to renormalization. For instance

C

0
O(x)0(0))y = ——
o) =
does not have a Fourier transform when
d
A:§+k’ k=0,1,2,...

because of short-distance singularities. In momentum space

Con¥22072AT(S-4) 4, 4
(A i %

Cond/22d4-2A (4 _ )
Ir(a)

(O(p1)O(p2)) = (2n)d<5(p1 +p2) A generic

(O(p1)O(p2)) = (21)98(p1 + p2)

2
P71 d
|n?+CA’ P]Zkr A:E+k

with cp’ scheme dependent constant that can be absorbed by a redefinition of the
scale p.

[C. Coriano, L. Delle Rose, E. Mottola, and M. Serino(2012); A. Bzowski, P. McFadden and K. Skenderis (2016); C. Coriané and M.M.M. (2019)]
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Weyl invariance

The infinitesimal transformation x#(x) — x’#(x) = x# 4 &# is classified as an isometry
if leaves the metric gy, (x) invariant in form g”w(x') = guv(x’)- This property leads to
the Killing equation

Vvéy +Vy 5}4 =0.

The condition g (x') = Q_Z(x)gw,(x') instead brings to the conformal Killing
equation
Vyéu+Vy 5}4 =20 Euv

In the flat spacetime limit the conformal Killing equation has the general solution

EH(x) = ay + wpyx” + Ax, + be2 —-2x,b-x

Weyl transformations: g, — g;”, = eza(x)gw = (ﬂlgﬂv =20gu
Diffeomorphism : x, = x, +&, = 6§ guv =Vl +Vy &y

and the conformal killing equations are given by the invariance of Weyl rescaling and
diffeomorphism

5§g/4v + 5(‘74/g}411 =0
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Weyl invariance

The transformations of the conformal group cause specific rescaling of the metric in
curved space, i.e. gy — e20(x) gy for specific o(x), but Weyl transformations in
curved space allow for a completely general o(x).

Weyl invariance implies conformal invariance when explicitly choosing a fixed
“background” metric manifold.

r \
Weyl invariance + Diffeomorphism - Conformal invariance in flat space
\ y,
r \
Weyl invariance + Diffeomorphism E= Conformal invariance in flat space
\ y,
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Example Weyl+Diff — CFT

Let A be a linear covariant differential operator built with 8uv and Vﬂ of rank s
(A~ 0% +...)such that

_ d-s
A>AN=e"2 %42 7.

Introducing a field @ of dimensions %,

Dot —e T,

and @ conjugate with the same dimension, we construct a Weyl invariant action in an
arbitrary dimension

S[@] = —J dx\—g DAD.

There exist interesting families of operators A defined above (Grham - Jenne - Mason -
Sparling). They are rank2n operators n € Ng which act on real scalar fields ¢ of
dimension 85, = 9= 22”

d
App = A2r': 1+—— Qan

where A, 1 is purely derivative part and Q> the curvature part.
[A. Stergiou, G. P Vacca, O. Zanusso (2022)]
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Example Weyl+Diff — CFT

The first member is the Yamabe operator

d-2
Ar=-V24 —°_R.
2 VJr4(c:—1)

giving the action of a scalar conformally coupled

Slo.el=-3 [ axvE b0 — Skpel=; [ dxpv2y

o

The energy momentum tensor in a general background can be defined as
2 oS
Va4 5g;w

The variational EMT is traceless and conserved when evaluated on-shell using the
equation of motion of ¢

™

V, TR =gy T =0 (1)

on-shell on-shell
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Trace (Weyl) Anomaly

Let us consider a four-dimensional system of massless fields in interaction with an
external gravitational field whose action is invariant under conformal transformations
of the metric tensor with appropriate rescalings of the matter fields.

In absence of self-interaction of the matter fields, the effective action W is given
exactly by its one-loop value and it is a non-local functional of the metric tensor and
the fields. In dimensional regularization W will be a function of the dimensions d and
exhibits a simple pole at d = 4

1

W(d)=—— d9x =g A(d)

with d-4 d-4
A(d)~RO"Z R, F,0 2 FaM,..

The infinities must be removed by a counterterm AW which is d dependent and
Weeg = wW(d)+éW(d)

is finite at d = 4.
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Weyl anomaly

AW must be a local functional and conformally invariant in d = 4. On dimensional
grounds the only possibility is

d-4
AW = ’;—4 ddx\ﬁ—g[bC2+b'E4+b"e FZ]

2 _ wvpo _ nv E 2 _ nvpo _ nv 2
Ce= RI”PUR ZR’“,R + 3 R<, Eq = R,uvpoR 4R]M/R +R

The regularized stress tensor will be finite at d = 4 and its trace is

V=& bg;x.v
2 oW(d) SAW(d) 2 SAW(d)
T, = = g R + g e = 8w ———
K V*g|: i bg}w 1w bg[ﬂ/ d—4 V=& i 6g/4v d—4
but
2 0 jddm/% 2 ks P2l =(d-a)lc?+ 20r £y F2
vV-g 5g]w ’ ’ 3 v ’

2
[ (T”;O:b(c2+§mR)+b’E4+b”e2F2 ]

[Deser Duff Isham (1976); Brown (1977); Fujikawa (1981); Brown and Cassidy(1977),... ] 19/40



Anomaly effective action

The effective action that results from renormalization can be written as

S = Sinv(g) + Siocal(g) +S4(g)

with arbitrary Weyl invariant term S,-nv(ez"g) = Sinv(g) and Siocar(g) ~ J R? term.
The general form of the anomalous trace is

(Tﬁ(x)>g:AszZer'(Ef%DR)JFZﬁiL

and the Wess-Zumino consistency condition

Sale?" &l = Salg] +Twzlz:ol,

oTwz[g; o]
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Anomaly effetive actionin d =4

Integrating the anomaly along the orbit of the local conformal group, one finds the
form of the anomaly effective action in the local form (depending on o). There are two
cases in d =4 in which one can invert 0 = X(g) to obtain

’ 1

b
‘&wxgn:-zfd&¢§zMz—ZJdﬂw§bchm’ by

2
E—§DR+§:mL
1
with the two choices

1 1 2
):FV(g):ZIn(1+gGD—R/6R)r ER(g):—EGA4(E—§DR)r

where Gy, and Go_g/6 are the Green'’s functions of the operators A4 and 0 - R/6
respectively. [E. Fradkin and G. A. Vilkovisky (1978); R. J. Riegert (1984)]
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Conformal Symmetry in momentum space

Momentum Space

No direct way to find the structure of the correlators.
One has to solve the CWI's

n n-1 p)
0= ;Aj—(n—l)d— ;pﬁﬂ
= =

n-1 2 2
d 1% d
0= § 2(A; —d)=— —2pF +pf
[j_l[ (& )9ij P OpTap P 3Pja9pj“]

(O1(P1)---On(Bn))

(O1(P1)---On(Bn))

rj K J . E) H1q H1y--H1 Hig Hip -+ Pir; Mg Hno-H
2y Lh [bwh 5o~ O, apfm,,]@ V270 (). 0T (o). 0F i (i, ))
J
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Scalar 3-point function in momentum space

We have three invariants defined as p; = ,Ipiz
(01(pP1)02(p2)03(P3)) = ®(p1, P2, P3)-
All the conformal WI's can be re-expressed in scalar form using the chain rules

=0 2= B2 =12
opl' P 9P P393

where ;5’; = 7pf 7p§ and p3 = 1[(pl +p2)2. By using this equation, the dilatation
operator can be written as

2

d d J d

"

E i —®(p1,p2,p3)=|P15— +pP25—+ —)CD ,P2,P3)
2 Pi o7 (p1,p2,P3) (Pl or P29 T P390 (p1,P2,P3)

and the special conformal Ward identities in d dimension
0=K"®(p1,p2,p3) = (P’f K13 +p5 K23)CD(P1:P2,P3)
with

Ko 9% ,d+l-2A 0
"~ dpidp;i Pi ap;’

KijEKi_Kjl i=1,23.
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Scalar 3-point function in momentum space

The differential equations are explicitly solved and we have

A,
OO0 = (s3] 7% ¢

{r(Al—g)r(Az—g)r(d— A”AZ”“)1‘(47A1+A22’A3)F4(§f A”AZZ’A"’,a—%g—A1+1,g—Az+1;x,y)

(A1,A2,A3,d)

2 2 2 2

d\.(d A1 +Aa 43\ [d  -Ai+Az-As| a,d . (A2-A1+A3 d A1-ArtAs d
+1‘(A17—)1‘(§—A2)1‘( B s+ 2 ve 2k R 2 2

d d A -A>+A d Ay - A _d A=Ay +A3 d A A3—-A d d
+1‘(3—A1)I‘(Az——)r( 1-bot 3)1‘(5* 1-4 3)XA1 m(&,,M,AI,EH,TAZ“W)

d
A1+1,Az*§+l;x,‘V)

d d A +Ap-As\ (d  AytAr A3\ A g, (d A AjtAy-As ,  d d
+1‘(E—A1)1‘(§—A2)1‘( > -5+ KA1z F4(7+—,f,A17—+1,A2—§+1,x,y) :

2 2 2
2
P P
with  x= 712 y= %
P3 P3

or in a equivalent and compact form

A= Ax-9 A3-9 [®  dy
(O(p1)O(p2)O(p3)) = C123p;  °p,° 2p3 ZL dxx2 KAl,g(PlX)KAZ,%(DZX)KA3,%(P3X)

In the limit p3 > p1 (expressible also as p%, pg — oo with p22/p§ — 1 fixed), it behaves

A1+Ar+A3-2 ) d
(O(p1)O(p2) O(p3)) < 1(d, Ay py1 42 H43 "(1+o(ﬂ)) o>
as P3
Ax+A3-Ar-d 2A1- . d
(O(p1)O(p2) O(p3)) o« g(d, &) py > HA374179 p2 d(1+o(%)) it A1<3,

with f(d,A;) and g(d,A;) depending only on the scaling and spacetime dimensions.
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4-point function in momentum space

The general solution in coordinate space

(01(:1)02(x2)03(x3)0s(xa)) = ——peaah Vb))

(X122) (X§4) :

where h(u(x;), v(x;)) remains unspecified in terms of cross ratios

X52X§4 X§3X§1
u(x) = , (xi) =

X2 X2 X2 X2

13%24 13%24

In momentum space the four point function depends on six invariants

pi=RpA i=1..4, S:|\/(P1+P2)2|rf:|\/(P2+P3)2|

(O(p1)O(p2) O(p3) O(P4)) = P(P1,P2,P3, P45, t).
This correlation function, to be conformally invariant, has to verify the dilatation Ward

Identity
ZA -3d- Zp,

and the special conformal Ward Identities

7 [(O(p1) O(p2) O(p3) O(P4)) =

I

3 P 92
Z[Z(Ai—d) Tore 2P St P - ]<O(p1)0(p2)0(p3)0(ﬁ4)>:o.
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4 Point-Function in Momentum Space - Dual Conformal Symmetry

We have found a particular solution of the 4 point function in momentum space using
the dual conformal symmetry (DCC).

n

(O(p1)0(p2)O(p3)O(Pa)) = P(p1,..-, P4, 5, 1)

0="D(p;)®(p1,..-,Pa,s,t)
0=K"(p;)®(p1,---,Pays, t)

0="D(yi)®(y1,---,y4)
0=K"(yi)®(y1,---,y4)

D(yi) = LZA + Zy, Ev

4
I N R S N
PL=Yo=Y1, P2 =Y37 Yo K"(yy)*LZ
1
ph =yl -yh, ph=yt-yh

Jd 5 d
20iyf + 2y} yf 7y ,, ~Y; 9y/x]

(O(P1)O(P2)O(P3)0(Pa)) = C| Ig_1(p_¢,-,0)(PLP3:P2P4,ST)

+ Id -1{A-¢,A-4 0}(P2P3 p1p4,Su)+ Id YN _%’O](plpg,p3p4,tu)],

[C. Coriana, M. M. M., JHEP 1909 (2019) 107] 26/40



(TTT) decomposition

[Bzowski et al. , Implication of conformal invariance in momentum space, JHEP vol. 03, (2014), arXiv:1304.7760]
The separation of the stress energy tensor

T —t’“/thloc (2)

where

7 (p) =TT (p) T°(p) = [ (o) () - 7 (P)rap ()| T (o)
(o) = 5o )r“ﬁ<p)z{z—‘§[zp<ﬂa;’—d”fl (o4 + @- 228" |+ oy 1oty (3)
¥ (p) = ot - P2

p

allows to decompose the correlator in transverse-traceless, longitudinal-trace parts
(THIVL TH2V2 TH3V3Y = (¢#1V1 ¢H2V2 ¢H#3V3Y | (THIVL TH2V2 t"3"3>+<-n411/1 tVZ"Z TH3V3)

H1vV1 H2V2 H3V3 H1v1 P‘ZVZ H1vV1 1431/3 H1V1  H2V2 H3V3
+(tlor T THY2THSYS) —(TIIVLGER2 (373) - (o 07 TV — (o™ THY2 (5 (™ o 2 ter)

(4)
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(TTT) decomposition - Canonical Ward Identities

Invariance under Weyl transformation E Trace Ward ldentities

Euv <T}W(X))g =0
| Functional Differentiation, flat space limit and Fourier Transform
Oppvy (THMY(p1) TH2Y2(p2) TH3Y3 (p3)) = —2(TH2"2(py + p2) TH3"3 (p3)) — 2(TH2"2(p2) TH3¥3 (p1 + p3))

(&)

Invariance under diffeomorphisms
of the background metric

- Transverse Ward Identities
V&) (T (x)), =0
" g~
| Functional Differentiation, flat space limit and Fourier Transform
PLvy (TFIYL(p1) TF22(p3) TH3Y3 (p3)) = —ph? (TH2Y2(py + p2) TH3V3(p3)) — pbt (TH2Y2(p2) TH3Y3 (1 + p3))
+ p2a [0F1V2(TH2 (py 4 p2) TH33(p3)) + 6H1F2 (TV2% (py + p2) TH3"3 (p3))]
+p3q [0F173(TH3% (py + p3) TH2Y2(p)) + 6113 (T3% (py + p3) TH2V2(p2))].

(6)
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(TTT) decomposition

In the decomposition

(THIVI TH2V2 TH3Y3) = | (tH1V1 4272 t#373) | 4 (¢lL V1 TH2V2 TH3V3Y 4 (T t“ZVZ TH3V3)

v v 3V3 v szz H3v3 H1V1  H2V2 v Hivl V- 3V3 H1V1 H2V2 H3V3
+(TH1V1 TH2 Zt y—(TH lt tioe y— (tl tioe TH3V3) — (t TH2 Zt >+<tl tige  tioe )

)

the longitudinal and trace parts can be written in terms of two point functions
g p p
<tl’;1CV1 TH2V2 TH3V3Y = ):Zi;ll (p1)(TOLPLTH2V2 TH3V3)

P1 c
_ /;1 2p§"lazl) plvfl
Py

2 oL (272 oy 4 pa) 33 () (T2 () 2% (1 + )

m v oy
SMY 4 (d— 2)p1 Py ”Jrn};1({]1)5111[31}(TﬂlﬁlT"zszM”)
p1 -

vt

1

+= |20 (141 v1) plvfl [a‘ulv1+(d Z)Pl Py ]
-1 p?

aal
Py

{* PSL(TH2Y2(py + p) TF3Y3 (p3)) — p3  (TH22(p2) TH33 (py + p3))

+ Pz;s[da”‘z (TPI2(py + p2) TH373 (p3)) + 6172 (TAI2 (py + Pz)T"3v3(P3)>]

+pap |61 (77212 (p) TPy + pa) + 9173 (TH22 () TP (py + p3>>]}
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(TTT) decomposition

The transverse and traceless part can be decomposed in a minimal and manifestly
symmetric form

v UV 303 a @ 2 @ 3
(11 ¢H2V2 133y | = ﬂiﬁﬁll(Pl)ﬂﬁlzﬁz(pz)ﬂ’;3ﬁ3(p3){A1pzlpglpfpf pi3ph

+Ap 8PP pS1 pI2pT3 3 4 4, (py o p3) P23 52 p3 ST phL 1 Ay (p o p3) P3P 3 p31 2 ph2
+A3891925F1P2p T3 pr B4 (o o p3)0“2“3052ﬁ3p§1p§1 + As(pz > p3) 59391 63F1 p52 pl f2
1A §a1035azﬁ3pﬁ1 /32 + Ag(py © p3) 89291 5931 pﬁZ 3 4 Ay(pa2 < p3) 6392 balﬁzpﬁ3 BL | pg 59162 59263 50301
(8)
in terms of five independent form factors depending on three variables p;, the
magnitude of the momenta p; = ,/piz with i = 1,2, 3. These form factors have also
some symmetry conditions, in particular A; and As are S3 invariant, and the others
are symmetric under the permutation p; < p>.

What is the procedure to find these form factors in a eral CFT?

[Bzowski et al. , Implication of conformal invariance in momentum space, JHEP vol. 03, (2014), arXiv:1304.7760]
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Condition on the form factors

Imposing the dilatation and special conformal Ward identities to correlator one can
find some contraints on the form factors in particular

A;j are homogeneous functions
Dilatation Ward Identities = of the momenta of specific degree

deg(A;)=d-Np

Second order differential equations
Special Conformal on A;

Ward Identities - ) . . .
! First order differential equations

on Aj

d d g
Al(Pl;P21P3):051J6{000}:alJ;) x22pi ps ps Kg (p1x)Kg (p2x)Kg (P3x)

The Special Conformal Ward Identities fix the 3-point function to depend on two
undetermined constants a1 and a» and 2-point function normalization cT.
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Perturbative Realization

The quantum actions for the scalar and fermion fields are respectively

1
Sscalar = EJ dx V—g[g’”V”(j)Vvqb -

Stermion = l} j ddxeeg [lija(D;ﬂP) - (D,Al/;)yaw],

(d-2)
a@-1)

R¢?

’

. 9)
Dy=0y+T, =0+ gzab eIV epg

The 220 are the generators of the Lorentz group in the spin 1/2 representation. In
d = 4 there is an additional conformal field theory

ravz

T

Feynman-'t Hooft gauge £ =1

Sabelian = SM + ng + sgh;

1 1
su=-3 [ @, se=- [ arEman?

4 ~ (10)
Sgh :Jd x\-gd'cd,c.

, ‘.
T ~ THY ARAAAARS
k n W
Ao .
Tuavs ,»,
v
P2 ky
P ke
>
- T ¢
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(11

Feynman Diagrams - TTT case

The 3-point function we are interested in studying is

H1v1 H2v2 H3v3 —gl_ oS oS oS

(TG TR0 T 00) 8{ <0g}‘1‘/1(x1) o8y, (x2) 0g}‘3‘/3(x3)>

52s 5S >+< 52s 5S >

08y vy (x1)08p5v5 (x2) Ogu3v3(x3) 08y vy (x1)08u3v3 (x3) Oguyv;y (x2)

5s >_< 53s >}
08u1 vy (x1)08pv5 (x2)0guzv3 (x3)

a
5°s
x2)0gu3v3(x3) dgup vy (x1)
where the angle brackets denote the vacuum expectation value. In momentum space
e

+{ <
<"§#zVZ(
o
S 7
-
L S /,\Q\

ade Vigg(C-pa.l+p)VIR2(L-p2)Vi3 2 (6L + p3)
€2(¢-p2)?(¢+p3)?
VR )
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(e

(2m)d
jiv

dde "T‘iwl

(2r)d

HIVIH2V2H3V3
Vs (P1,p2,P3) =
[Corians and Maglio, The general 3-graviton vertex (TTT) of conformal field theorries in momentum space in d = 4, Nucl.Phys. B937 (2018) 56-134]

v VU3V 1
WEL2TI5Y (b1, pp, p3) = EJ



One calculates the diagrams contributions in dimensional regularization and
constructs the transverse and traceless part for each sectors as

3
v 42V, 13V a1prazprazp 11 frazpoa
(t111 (py )t1272 (pp) t13¥3 (p3))g — 1(p1)nlz Z(pz)HB 3 (p3) 7V51ﬁ1‘ 2p2 3/3(p1,p2,p3)+zwfsjﬁ1 2p2 3ﬁ3(p1,p2,p3).

a1py azp2 azp3

j=1

Using the properties

PTIh(p) =0, gPTly(p) =0, PSR (p1) =—pS TN (p1)

a1p1 a1p1
apl2V2 N ayh2v2 a3 M3V a3p3v3
17 Maop (P2) = =P3 o555 (P2),  P5 Moo g (p3) = —py * Ty 4o (P3)

we reorganize the transverse and traceless part as
v v, v a «Q; a
(th1V1 £H272 £1373) g = Hziﬁll(m )ﬂﬁiﬁi(:ﬂz)ﬂﬁﬁi(m){/ﬁ p1 ph1 paz pl2 pa3 o3
+AS 6PLP2p31 pS2pT3 3 1L AT (py > p3) 5P2P3 pS2pl3 L phY 1 AS (py > p) 5F3P1p3 81 pl2 ph
atas < ! b
+A3 5719250162p73 o3 1 A (o) > p3) 57273 5P2P3 pS1 BT 4 A (py > p3) 573%1 6361 g2 ph2
+AS 0“1“30“2ﬁ3p§1 pgz +AS(p1 o p3)ba2a1(5asﬂlp§2pf3 +AS(p2 o p3)(3ﬂ3!t2()ﬂ1ﬁzpf3p/251 +AS 5o1b2 502h3 53h1

(12)

The form factors Al.s are functions of the kinematical invariants and the space-time dimensions d.

Furthermore they are written in terms of master integrals By and Cp.

Finally we construct the entire transverse and traceless part noticing that the number
of fermion, scalar and gauge families is arbitrary and then the constants n;, | =F,S, G
have to be considered.

(tF1V1 ¢H2V2 (H3V3y = Z ny (tF1VL (H2V2 t#3V3Y,

(13)
I=F,3,G
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Cased =4

Divergences!
Div n?
ARV = e [26nG - 7nF - 2ns]
Div 712 2 2 2
ARV = 25 [3(pF + P3)(6nr + s +12n6) + p3(11nr +62nG + ns)]
Div T‘Z 2 2 2
AV = o5z [(PF + p3)(29nF +98nG + 4ns ) + p3 (43nF -+ 46nG + 8ns )|
2
TC
ADv — m{nr (43pf - 14p7(p2 + p3) + 43p3 - 14p3p3 + 43p5)
+2[nG (23p3 + 2607 (p3 + P3) + 23p3 + 26p3p3 + 23p3 ) + 2ns (2pf ~ 7 (p3 + P3) + 203 ~ P33 + ng‘)]}

In perturbation theory the one loop counterterm Lagrangian is

1 2
Scoum:’; Z n,jddx V’g(ﬂa(’)c +ﬁb(l)E) (14)
I1=F,S,G
where
3 2
VIIEV2E3Y3 :SJ dy gdy gd e qd ( o> (v=EC?)(x) ~i(p1 x1+p2x2+p3x3)
c (P1-P2:P3) A e 4 s X G 8w (2008373 03) g

VIH2V2H3V:
ES[\/%CZ]M 1H2V2H3 3(p1’p2'p3)

3
M1VIH2V2H3V3 d d d d 3 (y=gE)(x) —i(p1x1+p2x2+P3x3)

Vv, P2, =8| d d d' d9% —— S WVERY e~ i(PLx1+P2x2+pP3 X3
E (P1-P2:P3) j A s X(ngm (x1)98pu3v5 (x2)083v3 (3) [

H1VIH2V2p3V3
ES[V’EE] F2VIS3 (b1, po, p3)-
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Renormalized TTT

The renormalization of the transverse-traceless part of TTT ensures also the
renormalization of the contributions coming from the two point function.
1 2 P
(e Treva TH Yy — (Igll‘l(pl)plﬁl = (1)1)(3“ h )(Talﬁl TH2V2 TH3V3)

= 2B (112721 4 ) T )+ (TH272p2) T2 1 +p3)

+ 25 (1) - ST (o1 + 2) TH72 (p3)) - P (TH272 (p2) T2 (p1 + p3))
+p2p [0‘*”‘2 (TPF2 (py + p2) TH373 (p3)) + 6172 (TPI2 (py +P2)T“3"3(P3)>]

+p3p [5“1“3 (77212 () TF373 (py + p3)) + 61¥3 (TH2¥2(p) TH3F (py + pa))]]

v d-4
(A Tra T = L (o) o [E1127205% (0, p3) + 4 a[CF224573 oz )|

! (dz 1)71"1’/1(P1)(4"lﬁa[CZ]"ZVZ’BVB(FH +P2,p3) + 4ny B2 [C2]F2V2H3V3 (py, py +P3))
- (m){ ~4p3 mBa[C2)2¥213Y3 (py + p2, p3) P miBalC1#27213¥3 (p2, 1 + p3)
+4p2p [5““‘2 niBalC21P¥2133 (py + pp, p3) + 671V2n B, [C2]F2PI3Y3 (py + p, P3)]
+4p3p [5““‘3 niBalC21F2V2P¥3 (py, py + p3) + 671V3 1y B, [C2]#2V2H3B (py, py + ps)]}4

The renormalized TTT is given by

(THIVITH2V2TH3VI) L o (tFIVIEF2V24M3Y3Y o (THIVITHV2TIZV3 Yo 4 (THIVITH2V2THIVY
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Anomaly poles

Anomalous Conformal Ward Identities = Explicit breaking of Conformal Invariance

[Corians and Maglio, The general 3-graviton vertex (TTT) of conformal field theorries in momentum space in d = 4, Nucl.Phys. B937 (2018) 56-134]

The extra part of the TTT after the renormalization is the anomaly part

AT (p1)
3p12

ARV Ak2v2 ) ~ ~
’[% %&nzﬂz (4”1/5b [E192P213V3 (p;, b3) + 4y B [52]“2ﬂ2”3v3(rl2,p3)) + (cycl. Perm)]
1 5

ARHLVL RH2V2 733 (p - - _ _
o B 1) W22 p2) RODNBS) s ey 4B [E102F27585 (3, ) + 4 Ba[C21°202585 3, 3) ).
3p1 3p5 3p3

4
(Tkl V1 TH2V2 TH3V3 )(eera =

(4”If5b [E]#2Y2K3Y3 (py, B3) + 4N Ba [CZ]"2 v2H3v3 (P2»53)) + (cycl. perm.)]

We have anomaly interactions!

Anomaly interactions mediated by the exchange of one, two or three poles.
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Anomaly Effective Action

Consider then the anomaly effective action in its non-local form for the two choices
Yry and Xr. We have calculated their variations to get the anomaly contribution to
the (TTT)

SShmlErv] = Sohm(zal = % dejdx'de"{(apR(l))X(é)XX/(R(l)}”'_%nl‘VR(l))X’(é)

XX

(2,RD),}

_éjdxjdxf(b,E(z) +b[c2](2))x(é)xx/Rx(’l)+%JdXR(U(ZR(Z)Hﬁ)mRm)

[Corians, Maglio and Mottola, (2019)]

8 H2V2H3V3 .
(A)Sé‘””‘zvzmvg(pl,pz,p3) — §{n7‘1V1 (1) [b/E(Z) +b(C2)(2)] (p2,p3) + (cyd,c)}
16b" .
- 10071 (1) QF272 (o1, . p3) 373 (p3) + (cyetic)

166" .
+ 55 nhn (Pl)H’AZvZ(Pz)ﬂ”3V3(P3){P§ p1-p2+ (Cycllc)}
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Conclusions

Implications of conformal invariance in momentum space for 3-point function
and a particular class of 4-point functions

Exact Solutions in momentum space for the 4-point function by using the dual
conformal invariance

Matching of the exact solutions with the perturbative ones for the TTT

Structure of the anomalous part for the TTT

Next:
How to extend the analysis to higher point functions?
What are the implications of the dual conformal symmetry?
What is the anomalous structure of higher point functions?

Do the two non-local anomaly effective actions in d = 4 give the same result at
all orders?
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