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Random geometrical path integral formulations

Partition function of quantum gravity may be given by

Zgravity ~ E /Dg e Seravity E e~ Sdiscretised gravity

top random triangulations

d = 2: Matrix models

o Large N expansion of partition function is controlled by a topological invariant (genus g),

Z=> N*726Z;, where Zg ~ |\ — \|G"x(E)/2f
g

o A clear relation between topology and the critical behavior in the continuum limit (N — oo,
A = Ac while k being constant),

Z=""k*72f;, where st = N|X—A[C/2
g
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Random geometrical path integral formulations

Partition function of quantum gravity may be given by

Zgravity ~ E Dg e Seravity § e~ Sdiscretised gravity

top randomtriangulations

d > 2: Tensor models

o Large N limit is controlled by Gurau degree wg, having strong influence from combinatorics
and encoding geometrical information via the number of bicolor cycles (faces), Fg,

(d—1)! (d(d— 1)

2 _
ZNZNd (dfl)!wc’, where wg = 2 2

prd—Fg)= > &5 >0.
jackets,J

» A systematic analysis of subleading contributions (wg > 0) turns out to be hard. (how to go
beyond melons ?)

Q. Can we do something different if we learn new topological constructions?
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Colored tensor models

Consider combinatorially nonlocal 0-dimensional field theories of size N random tensors with
d-indices T : Z¢ — C, where the d = 4 action for (d + 1) = (4 + 1)-colored tensors with
(d = 4)-indices is given by

SIT, T]=N4/2(Z Y Thisaases Tsnazasen

c=0a;€Zy
1 2 3 4
+ >\ Z 301 402303304 T510 414313912 T321 a20d244a23 T332 4313430934 T543 2423414340
aj€Ly
71 2 3 T4
+ )\ Z 301 302303304 T310 414313312 T321 420324323 T332 331430334 343342341340 ) ’
a; €Ly

with ajj = aj; and the probability measure is given by

dp = /NH dT’ 81828384dT ayazazag € —sIr T] (1)

c,a;

The tensors transform under the symmetry of U(N)*:
Tayazazas — Talaza3a4 = TlmnpUI Um Un UP

7_-31323334 — Té/113233a4 = T/mnP(UT)al(UT)az(UT)gs(UT)EA ‘
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(d + 1)-colored graphs (also, called graph encoding manifolds (GEM) ) are dual to simplicial
triangulations of piecewise linear (PL) d-dimensional pseudo-manifolds [Bandieri, Gagliardi 1982;
Ferri, Gagliardi, Grasselli 1986].

lllustration below of d-simplices in d = 2, 3, 4 dimensions, where we embedded d + 1-colored
graphs.

d=2 d=3
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Figure: Stranded representation.
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© Heegaard Splittings and Trisections in SMOOTH category
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Morse theory pictures

M@ = st x st
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Handle decomposition (in SMOOTH category)

o An i-handle is a thickening of D, and is therefore D' x D9~/ glued along S/~ x D~/
in 3-dimensions,

compression disc compression disc
belt sphere belt sphere

spine
. A

spine

attaching sphere
attaching sphere

0O-handle 1-handle 2-handle 3-handle

(D%) (D! x D? glued along S° x D?) (D? x D* glued along ! x D*) (D? glued along S2)

Figure: Compression discs and spines are transversal. Belt sphere for 1-handle to become an attaching
curve, and attaching sphere for 2-handle to become an attaching curve.

to obtain, e.g., @ @

0-h U 1-h 0-h U 2-h
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Handle decomposition (in SMOOTH category)

e In Morse theory, passing through an index i critical point M@ = st x st
means attaching an i-handle, i.e., topology changes when
passing an i-handle.

index 2 critical point

fidex 0 critical point

o Morse theory picture naturally provides us with
the handle decomposition of a closed d-manifold:
M) = 0-handle U g 1-handles U h 2-handles U - - - U
d-handle.

Mm(d)

fiM@ R
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Heegaard splittings in 3-dimensions (in SMOOTH category)

o A special case is when H(9) = 0-handle U g 1-handles (therefore with a boundary), then H(d)
is called 1-handlebody with its genus defined as g. In a 1-handlebody, there is a 1-skeletal
spine (i.e., a graph, or equivalently a set of nodes and lines) where the manifold collapses
onto.

eg.,

Figure: g = 3 1-handlebody (0-handle U three 1-handles).
MB3)

o Definition. A Heegaard splitting of a compact connected
oriented 3-manifold M) is the triple (X(2), H§3), HZ(,3)),
where ¥ = 0H; = O0H> = Hi N Ha, called a Heegaard sur-
face, is a compact connected closed oriented 2-dimensional

surface, while H§3) and H£3) are 1-handlebodies whose
union is MG) = Hy UH,. g(X) = g(H1) = g(Hz2). min(g)
is a topological invariant.

descending 2-hs

ascending 1-hs
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Heegaard splittings in 3-dimensions (in SMOOTH category)

o One can represent M(3) with a Heegaard diagram which consists of a Heegaard surface and

« and B attaching curves, e.g.,

— A

. g’ L(L 1)

S3 diagram

attaching curve (bstf sphere of 1-h)

@ 1-handle
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Heegaard splittings in 3-dimensions (in SMOOTH category)

o Two diagrams for a given M®3) can be transformed into each other by a finite sequence of
moves of stabilisations/handle-cancelations and handle slides. In particular, stabilisations
can be visualised as

#s*
Me) ME)ys?

e handle slides. There is a freedom to where one glues handles on a given Heegaard surface.
The corresponding Heegaard diagrams are equivalent.

bl
|
304
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Trisections in 4-dimensions (in SMOOTH category)

A trisection is given by [Gay and Kirby 2012]
o M@ = x® ux§ ux®
o HP = xW 0 x® and 0x = HP U HE).

M@

o T = X1(4) n X2(4) n X§4) is a closed surface.
o All XI.(4) and H'.(j3) are 1-handlebodies.

Some remarks follow:
. (H(3 (3) , (@) forms a Heegaard splitting.

-g(H“))—g(H ) = g(H3)) = g(£?).

o min g(Z(?), trisection genus, is an invariant.
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Trisections in 4-dimensions (in SMOOTH category)

e One can represent M®) in a trisection diagram with a 2-dim central surface and «, £,
~-attaching curves, e.g.,

> e,

e Again, one can perform a stabilisation, which will not alter the overall 4-manifold nor spoil
the trisection.

ps*

M#gss

(3) v (3)
Hi7y Hi g
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Trisections in 4-dimensions (in SMOOTH category)

M@

Extending theorem (Montesinos).
Given a 4-dimensional 1-handlebody X of genus g (so, g-number of 1-handles and a 0-handle)

and a homeomorphism ¢ : 9X — 90X, there exists a unique homeomorphism ¢ : X — X
extending ¢.

Trisections, then, allow us to fully determine M) by the three 3-dimensional 1-handlebodies
H'.(j3) which in turn, can be represented by means of Heegaard diagrams.
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e Heegaard Splittings and Trisections in PL category
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Jackets as Heegaard surfaces (in PL category)

» Given a colored graph G, Gurau degree w(G) is given as the sum of genera of all jackets of
g, w(G) = ZJ 87, where a jacket 7, is an embedded 2-subcomplex of a colored graph G,
labeled by a permutation 7 of the set {0,...,d} such that 7, and G have the same node
and line sets and the bicolored cycle (face) set of 7, is a subset of that of G.

e6e

Jo123 To132 Jo213

Figure: The elementary melon graph for tensor models with 3-indices, and its three jackets, in
stranded representation

Regular embeddings (= jackets) of the graph define surfaces in the simplicial complex, and define
matrix models within tensor models.
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Jackets as Heegaard surfaces (in PL category)

Splitting of a 3-simplex and a visualisation of how the 3-dim 1-handlebody can be formed [Ryan
2012]:

AB) A

attaching curve
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Constructing trisections in colored tensor model graphs (in PL cat.)

1. Start with mapping a 4-simplex A(4) onto a triangle by partitioning the sets of vertices in

three sets Pp = {v°}, P; = {vi, vﬁ} and P> = {vé, va} [Bell, Hass, Rubinstein, Tillmann, 2017;
Casali, Cristofori, 2019]

1(P)

\ I
s 1) —_— v
Take two 4-simplices o, and op.

J(P2)

A®

Notice

o the nested Heegaard splitting-like structures inside a trisection-like structure already present
in a single 4-simplex; see the triples (s, QA(4),RA(4)), (s, QA(“)’DA(‘))’ and
(5, Rpw@), Dp@)-

e s=AMnN K(J(Bﬁ)), where K(J(Bﬁ)) is the realisation of the jacket of 0-bubbles.

The problem is that each of the 3-dimensional pieces which are to be HI.(.?’)S in a trisection is not

connected once we look at the induced structure on a whole colored tensor model graph.
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Constructing trisections in colored tensor model graphs (in PL cat.)

2. So, carve out a neighborhood of embedded 0-color lines of the colored graph [Martini, Toriumi
2021].

For example, let us take Dy, and D,,, from where we carved out such a neighborhood.

central surface

—-

e.g., three such objects together

central surface

Via the carving operation above, we connected the isolated duals of 4-bubbles, also ensuring the
spines of 3-dimensional and 4-dimensional pieces are 1-skeletons.
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Constructing trisections in colored tensor model graphs (in PL cat.)

Now let us analyse the genus of the central surface of the trisection constructed above.

Obtain a graph G derived from a colored graph G, by contracting all the O—bubbles to points
which will then become the nodes of G, whose number is |V°|.

The genus of the central surface is given by

(VO 15
ge=2 gruptle = D g =w(@)+3(4p+1),
a=1 c=1

where Lg the number of independent loops of G, 2p is the number of nodes of the original colored
graph G, and w(G) is the Gurau degree.
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Constructing trisections in colored tensor model graphs (in PL cat.)

Drawing trisection diagrams based on colored tensor model graphs.

x(r)r—g‘olored line

0- colored line

oicoléred fin Ime
K(9)
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Conclusion

o We formulated a construction of trisections on manifolds realised by colored tensor models
with 4-indices.

e We found in this construction, a central surface of a trisection is realised via a jacket of a
4—bubble.

e Some drawbacks in relation to initial hope is that in tensor models as a random geometric
approach to quantum gravity, one is interested in taking a continuum limit, where we shall
send the number of triangulations to infinity, i.e., the graph will become large, therefore, gc
tends large as well, being far away from the topologically invariant trisection genus.

o It is also ambiguous whether classifying graphs according to g is meaningful.

Reiko Toriumi (OIST) Trisections in colored tensor models Heidelberg, May, 2022 24 / 24



	Motivations and Background
	Heegaard Splittings and Trisections in SMOOTH category
	Heegaard Splittings and Trisections in PL category

