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INTRODUCTION

* Classical SU(n)-Yang-Mills theory is geomet- \
rically modelled on connections on a SU(n)- QP
principal bundle on a smooth space M. We want '
to replace M by a ‘quantum spacetime’ model 7 T~

based on noncommutative geometry (NCG).



INTRODUCTION

* Classical SU(n)-Yang-Mills theory is geomet- \
rically modelled on connections on a SU(n)- QP
principal bundle on a smooth space M. We want '
to replace M by a ‘quantum spacetime’ model 7 T~

based on noncommutative geometry (NCG).

« Why do we want SU(n)-Yang-Mills theory on that space? The natural
quantum theory to consider could be ‘gravity + matter’ pons, ichhorn, percacci, PRD 2014]:
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MoTIVATION
» From physics to NCG: The Standard Model from the Spectral Action
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» From physics to NCG: The Standard Model from the Spectral Action
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— Classical Lagrangian of the Standard Model

Num. of generations and C ® H @ M;(C) —

. Chamseddine-Connes-Marcolli ATMP 07 (Euclidean); J. Barrett J. Math. Phys. '07 (Lorenzian), Connes-Chamseddine JHEP *12]

[Connes-Lott, Nucl. Phys. B’91; . .
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Towards a quantum theory of noncommutative spaces
K The far distant goal is to set up a functional integral evaluating spectral

observables . (&) =§ .S e” Tef(D/N)=3 U DY) +p(eD)dedyp AD  H

[Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]
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Towards a quantum theory of noncommutative spaces
K The far distant goal is to set up a functional integral evaluating spectral

observables . (&) =§ .S e” Tef(D/N)=3 U DY) +p(eD)dedyp AD  H

[Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]

functional integral operator integral

paradigm shift

S i %SEH [g] dg Einstein-Hilbert — spectral S o %Tl’f(D) dD
METRIC

DirAC
(hard to define for manifolds)

f : R — Rwith f(D) — 00 at large argument

 Possible application to (Euclidean) quantum gravity: random noncommutative geometry

L= P -+

Quantum superposition of geometries (small perturbations+ instantons)

7 [Hokusai]




+ Origin of noncommutative topology Connes’ differential noncommutative
(nc) geometry = nc topology (Getfand, Najmark Mat. Shormik ‘431 + MELFiC [A. Connes, NCG '94]

{compact Hausdorff topological spaces} ~ {unital commutative C*-algebras}
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+ Origin of noncommutative topology. Connes’ differential noncommutative
(nc) geometry = nc topology (Getfand, Najmark Mat. Shormik ‘431 + MELFiC [A. Connes, NCG '94]

{compact Hausdorff topological spaces} ~ {unital commutative C*-algebras}

I {
{*noncommutative topological spaces’} ~ {unital eommurtative C*-algebras}

« arguably, the 1st predecessor theorem of the spectral formalism is Wey[’s law
(1911) on the rate of growth of the Laplace spectrum (ordered

)\0<)\1 <)\2)OfQCRd
vol(unit ball) %

#{i: N\ <A} = 2n)? vol Q- A¥2 + o(A9/2) | =0
0

From this, you cannot answer positively Marek Kac’ 1966-question. But you
can ‘hear the shape of Q’ knowing a spectral triple. (s connes G 20131 (and from it
[Connes-van Suijlekom, cMp 2021 can hear an MP3; our story today is not entirely
unrelated).



 Origin of noncommutative topology Connes’ differential noncommutative
(nc) geometry = nc topology (Getfand, Najmark Mat. Shormik ‘431 + MELFiC [A. Connes, NCG '94]

{compact Hausdorff topological spaces} ~ {unital commutative C*-algebras}
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« arguably, the 1st predecessor theorem of the spectral formalism is Wey(’s law
(1911) on the rate of growth of the Laplace spectrum (ordered
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From this, youicannot answer positively Marek Kac’ 1966-question. But you
can ‘hear the shape of|Q2" knowing a spectral triple. (a connes G 2013 (and from it
[Connes-van suijlekom, cMp 2021] can|hear an MP3; our story today is not entirely
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Replace spin manifold (M, g) by (C®(M), L?(M,S), Dy)

Connes’ geodesic distance

y:R—>M

inf'y as above{“:y dS} = d(Xv y)
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Replace spin manifold (M, g) by (C®(M), L?(M,S), Dy)

Connes’ geodesic distance

f)
f)
f(z)
y Y
%~
R — M fM—=R
sup  {1f(x) =f(y)| : ||Dmof —f o Dull <

fECP(M)

1}



Replace spin manifold (M, g) by (C®(M), L?(M,S), Dy)

Connes’ geodesic distance

f)
fy)
f(=)
= Y
%~
y:R—>M fM—=R
inf’yasabove{s,yds} = d(X,y) = sup {|f )| : ||DM Of_foDMH = ]}

feC® (M)



Commutative spectral triples
A spin manifold M yields (An, Hu, Du)
o Ay = C*(M) is a comm. #-algebra
o Hy = L*(M,S) arepr. of Ay
« Dy = —iv*(0, + wy) is self-adjoint
« for each a € Ap, [Du, a] is bounded,
and in fact [ Dy, x*] = —iy#
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» Dy has compact resolvent ...
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: v von Neumann
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\, H C*-algebras



Commutative spectral triples
A spin manifold M yields |(Au, Hut, Du)

Apm = C*(M) is a comm. #-algebra
Huy = L*(M,S) a repr. of Ay
Dy = —iy*(0, + wy,) is self-adjoint
for each a € Ay, [Dwm, a] is bounded,
and in fact [ Dy, x*] = —iy#

Dy has compact resolvent . . .

Quantum Groups

: v von Neumann
Spectral triples
D

\, H C*-algebras

Lormectsrtive

A spectral triple (A, H, D) consists of
+ a x-algebra A
+ arepresentation H of A

» aself-adjoint operator D on H with
compact resolvent and such that
[D, a] is bounded for each a € A

e The ‘commutative case’ motivates

QL(A) = { S B[D,d] | a, be A}

(finite)



Commutative spectral triples

A spin manifold M yields (A, Hu, Du) A spectral triple (A, H, D) consists of
« Ay = C*(M) is a comm. x-algebra . ax-algebra A
o Hy = L*(M,S) a repr. of Ay + arepresentation H of A
« Dy = —iv*(0y + wy) is self-adjoint + aself-adjoint operator D on H with
« for each a € Ay, [Dy, d] is bounded, compact resolvent and such that
and in fact [Dy, x*] = —iy* [D, a] is bounded for each a € A
« Dy has compact resolvent . . . « The ‘commutative case’ motivates  Connes’

Ov\b@rm
QL(A) 1= { S B[D,d] | a,be A}
(finite)

» RECONSTRUCTION THEOREM: Roughly
formulated, states that commutative
spectral triples ™™ are always
Riemannian manifolds [a. connes. jvcG 131
after efforts by [H. Figueroa, J. Gracia-Bondia-J. Varilly, A.

Spectral triples
(A,H,D)

Rennie-). Varilly, ’06]



Commutative spectral triples
/hqu, evists @ A H, D)‘
-“A-spta-manifold M yields- AM, HM, D)

« Ay = C*(M) is a comm. x-algebra
o Hy := L*(M,S) arepr. of Ay
« Dy = —iv*(0y + wy) is self-adjoint

« for each a € Ap, [Du, a] is bounded,

and in fact [ Dy, x*] = —iy#

e Dy has compact resolvent . . .

or "\ﬂh'\s(
pectral triples
(A, H,D)

Sinite-dim.

abs‘['Vad’
<= A'pectral triple (A, H, D) consists of

a *-algebra A tommotative
a representation H of A

a self-adjoint operator D on H with
compact resolvent and such that
[D, a] is bounded for each a € A

The ‘commutative case’ motivates

QL(A) = { S B[D, d] | a,beA}

(finite)
ReEcoNsTRUCTION THEOREM: Roughly
formulated, states that commutative
spectral triples ™™ are always
Riemannian manifolds [a. connes. jvcG 13
after efforts by [H. Figueroa, J. Gracia-Bondia-J. Varilly, A.

Rennie-). Varilly, ’06]



NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

S( D) = Ter< D//\) [Chamseddine-Connes CMP ‘97]

for a bump function f, A a scale. It’s
computed with heat kernel expansion

[P. Gilkey, J. Diff. Geom. ‘75]



NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

F (‘finite geometries’)

S(D) = Ter(D/A> [Chamseddine-Connes CMP ‘97]

Almost-commutative manifolds
(classical)

for a bump function f, A a scale. It’s
computed with heat kernel expansion s =CoHSM(EC

[P. Gilkey, J. Diff. Geom. ‘75]

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C®(AF), Hu® Hr, Dpy® 1F + 5 ® D)

Aym = My, (C

geometries or

C>®(M) commutative spectral triples



NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action is given by
F (‘finite geometries’)
S(D) = Ter(D/A) [Chamseddine-Connes CMP ‘97]

Almost-commutative manifolds
(classical)

for a bump function f, A a scale. It’s
computed with heat kernel expansion

Spectral action = Standard Model + gravit§

Asm = C® H @ M3(C

[P. Gilkey, J. Diff. Geom. ‘75]

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu® Hr, Di®1F + 75 ® DF)
« applications require (A, H, D) to have

a reality J : H — H antiunitary " /™,

implementing a right A-action on H

Spectral action = Einstein SU(n)-Yang-Mill§

Aym = My, (C

Edly] geometries or

C>®(M) commutative spectral triples



NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the « connections: if S¢ is a G-invariant
(bosonic) classical action is given by functional on M

G .., ¢Maps(M,G)
S(D) = Ter(D/A) [Chamseddine-Connes CMP ‘97] S 5

dwod+ A AcQ'M®g
for a bump function f, A a scale. It’s A = uhu '+ udu™!
computed with heat kernel expansion

u € Maps(M, G)

[P. Gilkey, J. Diff. Geom. ‘75]

« Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu® Hr, Dy®1F + 75 ® D)
« applications require (A, H, D) to have

axioms

a reality ] : H — H antiunitary ,
implementing a right A-action on H



NCG toolkit in high energy physics

« On a spectral triple (A, H, D) the
(bosonic) classical action is given by

S(D) = Ter(D/A) [Chamseddine-Connes CMP ‘97]

for a bump function f, A a scale. It’s
computed with heat kernel expansion

[P. Gilkey, J. Diff. Geom. ‘75]

Realistic, classical models come from
almost-commutative manifolds M x F,
where F is a finite-dim. spectral triple

(C*(AF), Hu® Hr, Dy®1F + 75 ® D)
applications require (A, H, D) to have

axioms

a reality ] : H — H antiunitary ,
implementing a right A-action on H

« connections: if SC is a G-invariant
functional on M

SG s SMaps(M,G)
dvwod+ A AcQ' Mg

A = vAu "+ udu e Maps(M, G)

« given (A, H, D) and a Morita
equivalent algebra B (i.e. End.(E) =~ B)
yields new (B, E ®4 H,new D’s). For
A = B, in fact a tower

{(AH,D+w £ )™} e

D, — Ad(u)D,Ad(u)* = D,,

w— wy = uwu® + u[D,u*] ueu(A)



Main Result

F (‘finite geometries’) F (‘finite geometries’)
Almost-commutative manifolds Gauge matrix geometries
(classical) (still classical)

Asm = C o H@ M3(C) Asm = Co Ho M;(C)

Aym = M, (C) Aym = My (C)

eometries or geometries or

(M) commutative spectral triples fuzzy spectral triples

My (C)

truncation & flatness

Matrix Yang-Mills functional only using spectral triples (cp 210501025 Ann. tenri Poincaré 23 221. This obeys
spectral triple axioms (unlike e.g. (atckscev. Recknagel. schomerus, jtizr, 00]) and quantisation leads to a pure
matrix model.



Organisation

F' (‘finite geometries’)

Classical geometry

Asy = C @ H & M;(C),

Aym = M,(C)

matrix geometries

commutative spectral triples
(Spin® Riemmanian Geomery)
(C=(M), L(S), Par)

Quzaritiirn b geore,
withioon e lcls

AIM:

Make sense of

e~ Trif(D)dp

Dirac

7=

Plane (h, 1/N,0) of ‘base geometries’
Plane (h,0, F) = limy_ (A, 1/N, F)

Plane (0,1/N, F) = limj_o(h, 1/N, F) of
classical geometries

[CP 2105.01025]



Organisation

F (‘finite geometries’)

NOUBIR. i spectral triple

matrix & fuz cometries

Matrix Geometries

[). Barrett, J. Math. Phys. 2015]

Dirac ensembles ). Barrett, L. Glaser, /. Phys. A2016] and
how to compute the spectral action [cp
1‘)']2.13288]

Gauge matrix spectral triples (this talk)

[CP 2105.01025]

Functional Renormalisation [cp 2007.10014) and
[cP 2111.02858] (not this talk)



[1. Fuzzy GEOMETRIES AND MULTIMATRIX MODELS
A fuzzy geometry of signature (p, q), so ) = diag(+,, —q), consists of
« A= My(C)
« H=S® My(C), with S a C{(p, g)-module

... +axioms (omitted) that can be solved for D. . .
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multi-index J monot. increasing, |/| odd, Hf = H), L] = —L,



[1. Fuzzy GEOMETRIES AND MULTIMATRIX MODELS
A fuzzy geometry of signature (p, q), so ) = diag(+,, —q), consists of
« A= My(C)
« H=S® My(C), with S a C{(p, g)-module
... +axioms (omitted) that can be solved for D. ..

 Fixing conventions for +’s, D in even dimensions: (1. Barrett, /. Math. Phys. 15]
D=XT, ®{H), }+ XML, -]
J J
multi-index J monot. increasing, |/| odd, Hj* = H,, LJ* =—1
° Examp|es: [J. Barrett, L. Glaser, J. Phys. A 2016]
- Dayy =7 ®[L - ]+ ®{H, -}

- Dy = DV [Ly, - ]-i—’)/ﬁ@ {Hp, -} (4 = omit p from (0123))
"

so we will get double traces from Try = TrS®TrMN(C) = Trg@)Tr(;\?2

Notation: Try X is the trace on operators X : V — V, Try 1 =dim V. So Try 1 = N but Try;, ¢y (1) = N2,



e Try =Trs ®TrM(E,’ and a tool to organize the first trace is chord diagrams:
Trg ("9 2y/0qH) = dim S(nftHenfRhe 4 (= )pftrontalit 4 pfetagfir)
Ha H1 Ha

H2 Ha 2 Ha / 2
N [

H3 3 H3

([cP 1912.13288] appeared two weeks after [Sati-Schreiber, 1912.10425] who relate fuzzy spaces to chord diagrams too)
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o Try = Trg ®TrM<E/, and a tool to organize the first trace is chord diagrams:
Trg ("9 2y/0qH) = dim S(nftHenfRhe 4 (= )pftrontalit 4 pfetagfir)
M1 3 M1

M2 Ha M2 Ha / H2
N [
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« for dimension-d geometries, the combinatorial formula cr 19 reads
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Multimatrix models with multi-traces
e The chord-diagram description holds in
general dimension and signature [cp 19

Z=F e TfOdp (h=1)
_ SMW e~ NTiv P=Trif*(Qn®Qw) dX .,
- X € My g = products of su(N) and Hy
- dXy, is the Lebesgue measure on M, 4
- P, Q) in C(y = C(X) nc-polynomials

e Z.owma leads to colored ribbon graphs

& Try(ABBBAB) < gﬂ{

g1

& Tr®2(AABABA® AA) 9)%
/N

(labelled cylinder)
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e The chord-diagram description holds in
general dimension and signature [cp 19

Z=F e TfOdp (h=1)
_ SMW e~ NTiv P=Trif*(Qn®Qw) dX .,
- X € My g = products of su(N) and Hy
- dXy, is the Lebesgue measure on M, 4
- P, Q) in C(y = C(X) nc-polynomials

e Z.owma leads to colored ribbon graphs

& Try(ABBBAB) < gﬂ{

g1
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(labelled cylinder)

» Multitrace: ‘touching interactions’ (Kiebanoy, PRD
‘951, wormholes [Ambjorn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01],
‘stuffed maps’ [G. Borot Ann. Inst. Henri Poincaré Comb. Phys.
Interact. “14], AAS/CFT [Witten, hep-th/0112258]

» Ribbon graphs: Enumeration of maps (srezin,

Itzykson, Parisi, Zuber, cMP 78], here ‘face-worded’

& intersection num. of 1)-classes [Kontsevich, cap, ‘92]

n

2a; — 1!
Z LY an( szaj+1)

aj+...+ap=dim¢ Mg,n Jj=1 J

92§—2+n 1
#Aut(G) g S1(e) t Sr(e)

G trivalent of type (g,n)
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DEFINITION [cp210s.010251. We define a gauge matrix spectral triple G, x F as the spectral triple
product of a fuzzy geometry G, with a finite geometry F = (Af, Hr, Df), dim A < o0.



LEMMA-DEFINITION [cp210s.01025. Consider a gauge matrix spectral triple G, x F with
lf= (Mn((C), Mn((C), DF)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

Dgauge DHiggs
3
Z H® ( f aF ﬁ/#) aF ’}/ ® (azu A 4 ) +7R¢, @, = ‘gauge potential’, 2, = spin connection?
The field strength is given by 4,
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lf= (Mn((C), Mn((C), DF)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

Dgauge DHiggs
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The field strength is given by 4,

=
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LEMMA. The gauge group G(A) = PU(N) x PU(n) acts as follows
Fuo — Ft’w = uF#,,u* for all u € G(A)

The content of the quadratic-quartic Spectral Action ...
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MEANING

Derivation
Gauge potential

Covariant derivative

Field strength

Yang-Mills action
Higgs field

Higgs potential
Gauge-Higgs coupling

and propagators and ~ (£,,)ii(¢v)jm (") m(€" )i
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fuzzy or matrix geometry ~ finite spectral triple + C/-action; (cr 1) computes spectral action

fuzzy x finite = gauge matrix spectra triple, it is PU(n)-Yang-Mills(-Higgs) if the fin. geom.
algebra is M,(C); partition func. is a k-matrix model, k large. Qunfians
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fuzzy or matrix geometry ~ finite spectral triple + C/-action; (cr 1) computes spectral action

fuzzy x finite = gauge matrix spectra triple, it is PU(n)-Yang-Mills(-Higgs) if the fin. geom.
algebra is M,(C); partition func. is a k-matrix model, k large.

ZGAUGE MATRIX SDIRACS e Ter(D)dD = eisgaugeisH753“%8_'—'759(1#6(L) d,U/G (A) do

Sbase XYM X Higgs
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Sma” Step tOWardS [Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]
K The far distant goal is to set up a functional integral evaluating spectral
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dziekuje bardzo za UWAEE (ie. thanks)
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