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Introduction

Classical SUpnq-Yang-Mills theory is geomet-
rically modelled on connections on a SUpnq-
principal bundle on a smooth space M. We want
to replace M by a ‘quantum spacetime’ model
based on noncommutative geometry (NCG).
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Introduction

Classical SUpnq-Yang-Mills theory is geomet-
rically modelled on connections on a SUpnq-
principal bundle on a smooth space M. We want
to replace M by a ‘quantum spacetime’ model
based on noncommutative geometry (NCG).

Why do we want SUpnq-Yang-Mills theory on that space? The natural
quantum theory to consider could be ‘gravity + matter’ [Donà, Eichhorn, Percacci, PRD 2014]:
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Motivation
From physics to NCG: The Standard Model from the Spectral Action

Num. of generations and C ‘ H ‘ M3pCq ↣ NCG ↣ Classical Lagrangian of the Standard Model

[Connes-Lott, Nucl. Phys. B ’91; . . . Chamseddine-Connes-Marcolli ATMP ’07 (Euclidean); J. Barrett J. Math. Phys. ’07 (Lorenzian), Connes-Chamseddine JHEP ’12]
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Towards a quantum theory of noncommutative spaces
« The far distant goal is to set up a functional integral evaluating spectral

observables S ⟨S ⟩ “ ş
S e´Tr f pD{Λq´ 1

2 ⟨Jψ,Dψ⟩`ρpe,Dqde dψ dD »
[Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]
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Towards a quantum theory of noncommutative spaces
« The far distant goal is to set up a functional integral evaluating spectral

observables S ⟨S ⟩ “ ş
S e´Tr f pD{Λq´ 1

2 ⟨Jψ,Dψ⟩`ρpe,Dqde dψ dD »
[Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]

functional integral operator integral

ş
metric

e´ 1
ℏ SEHrgsdg

ş
Dirac

e´ 1
ℏTr f pDqdD

(hard to define for manifolds)

f : R Ñ R with f pDq Ñ 8 at large argument

paradigm shift

Einstein-Hilbert Ñ spectral
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e´ 1
ℏTr f pDqdD

(hard to define for manifolds)

f : R Ñ R with f pDq Ñ 8 at large argument

paradigm shift

Einstein-Hilbert Ñ spectral

Possible application to (Euclidean) quantum gravity: random noncommutative geometry

x

y

M

→
#

` ` . . .

+
ˆ [Hokusai]

loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon
Quantum superposition of geometries (small perturbations` instantons)

4



Origin of noncommutative topology Connes’ differential noncommutative
(nc) geometry “ nc topology [Gelfand, Najmark Mat. Sbornik ’43] + metric [A. Connes, NCG ’94]

tcompact Hausdorff topological spacesu » tunital commutative C˚-algebrasu
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Origin of noncommutative topology Connes’ differential noncommutative
(nc) geometry “ nc topology [Gelfand, Najmark Mat. Sbornik ’43] + metric [A. Connes, NCG ’94]

tcompact Hausdorff topological spacesu » tunital commutative C˚-algebrasu

t‘noncommutative topological spaces’u » tunital commutative C˚-algebrasu
arguably, the 1st predecessor theorem of the spectral formalism isWeyl’s law
(1911) on the rate of growth of the Laplace spectrum (ordered
λ0 ď λ1 ď λ2 . . .) of Ω Ă Rd

#ti : λi ď Λu “ volpunit ballq
p2πqd volΩ ¨ Λd{2 ` opΛd{2q

From this, you cannot answer positively Marek Kac’ 1966-question. But you
can ‘hear the shape of Ω’ knowing a spectral triple. [A, Connes, JNCG 2013] (and from it
[Connes-van Suijlekom, CMP 2021] can hear an MP3; our story today is not entirely
unrelated).
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Replace spin manifold pM, gq by pC8pMq, L2pM, Sq, DMq
Connes’ geodesic distance

γ : R → M

x

y

M

infγ as abovet
ş
γ dsu “ dpx, yq
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Replace spin manifold pM, gq by pC8pMq, L2pM, Sq, DMq
Connes’ geodesic distance

γ : R → M

x

y

x

M

y

f(x)

f(y)

f(y)

f : M → R

|f pxq ´ f pyq|
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Replace spin manifold pM, gq by pC8pMq, L2pM, Sq, DMq
Connes’ geodesic distance

γ : R → M

x

y

x

M

y

f(x)

f(y)

f(y)

f : M → R

sup
f PC8pMq

␣ |f pxq ´ f pyq| : ||DM ˝ f ´ f ˝ DM|| ď 1
(
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Replace spin manifold pM, gq by pC8pMq, L2pM, Sq, DMq
Connes’ geodesic distance

γ : R → M
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ş
γ dsu “ dpx, yq “ sup

f PC8pMq
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Commutative spectral triples
A spin manifold M yields pAM,HM,DMq

AM “ C8pMq is a comm. ˚-algebra
HM :“ L2pM, Sq a repr. of AM

DM “ ´iγµpBµ ` ωµq is self-adjoint
for each a P AM, rDM, as is bounded,
and in fact rDM, xµs “ ´iγµ
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a representation H of A

a self-adjoint operator D on H with
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Ω1
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brD, as | a, b P A
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)

Reconstruction Theorem: Roughly
formulated, states that commutative
spectral triples`axioms are always
Riemannian manifolds [A, Connes, JNCG ‘13]

after efforts by [H. Figueroa, J. Gracia-Bondía-J. Varilly, A.

Rennie-J. Várilly, ’06]
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NCG toolkit in high energy physics
On a spectral triple pA,H,Dq the
(bosonic) classical action is given by

SpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f , Λ a scale. It’s
computed with heat kernel expansion
[P. Gilkey, J. Diff. Geom. ‘75]
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(bosonic) classical action is given by

SpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f , Λ a scale. It’s
computed with heat kernel expansion
[P. Gilkey, J. Diff. Geom. ‘75]

Realistic, classical models come from
almost-commutative manifolds M ˆ F ,
where F is a finite-dim. spectral triple

pC8pAF q,HMbHF ,DMb1F `γ5bDF q

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)
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NCG toolkit in high energy physics
On a spectral triple pA,H,Dq the
(bosonic) classical action is given by

SpDq “ TrH f pD{Λq [Chamseddine-Connes CMP ‘97]

for a bump function f , Λ a scale. It’s
computed with heat kernel expansion
[P. Gilkey, J. Diff. Geom. ‘75]

Realistic, classical models come from
almost-commutative manifolds M ˆ F ,
where F is a finite-dim. spectral triple

pC8pAF q,HMbHF ,DMb1F `γ5bDF q
applications require pA,H,Dq to have
a reality J : H Ñ H antiunitary axioms ,
implementing a right A-action on H

connections: if SG is a G-invariant
functional on M

SG ù SMapspM,Gq

d ù d ` A A P Ω1pMq b g

A1 “ uAu´1 ` udu´1 u P MapspM,Gq

given pA,H,Dq and a Morita
equivalent algebra B (i.e. EndApEq – B)
yields new pB, E bA H, new D’sq. For
A “ B, in fact a tower

␣pA,H,D ` ω ˘ JωJ´1q(
ωPΩ1

DpAq

Dω ÞÑ AdpuqDωAdpuq˚ “ Dωu

ω ÞÑ ωu “ uωu˚ ` urD, u˚s u P UpAq
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Main Result

truncation & flatness

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action⇒ Einstein SU(n)-Yang-Mills

Gauge matrix geometries
(still classical)

fuzzy spectral triples

matrix geometries or

F (‘finite geometries’)

MN (C)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)
Spectral action⇒ ?

Spectral action⇒Matrix SU(n)-Yang-Mills

Matrix Yang-Mills functional only using spectral triples [CP 2105.01025 Ann. Henri Poincaré 23 ’22]. This obeys
spectral triple axioms (unlike e.g. [Alekseev, Recknagel, Schomerus, JHEP, 00]) and quantisation leads to a pure
matrix model. 9



Organisation

Classical geometry
(single geometry paradigm)

Quantum base geometries
without matter fields

Qu
ant
um

sm
oot
h g
eom

etr
ies

ℏ

qua
nti
zat
ion

matrix geometries

1/N

F (‘finite geometries’)

AYM = Mn(C)

MN(C)

ASM = C⊕H⊕M3(C)

commutative spectral triples
(Spinc Riemmanian Geomery)

(C∞(M), L2(S), /DM )

Aim: Make sense of

Z “ ş
Dirac

e´TrH f pDqdD

Plane pℏ, 1{N , 0q of ‘base geometries’

Plane pℏ, 0, F q “ limN→8pℏ, 1{N , F q
Plane p0, 1{N , F q “ limℏ→0pℏ, 1{N , F q of
classical geometries

[CP 2105.01025]
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Organisation

Classical geometry

Quantum base geometries

Qu
ant
um

Sm
oot
h G

eom
etr
ies

ℏ

Ra
nd
om
nes
s

matrix & fuzzy geometries

F (‘finite geometries’)

FYM-H

?

S

1

3

YM-H matrix spectral triple

4 2

1 Matrix Geometries
[J. Barrett, J. Math. Phys. 2015]

2 Dirac ensembles [J. Barrett, L. Glaser, J. Phys. A 2016] and
how to compute the spectral action [CP

1912.13288]

3 Gauge matrix spectral triples (this talk)
[CP 2105.01025]

4 Functional Renormalisation [CP 2007.10914] and
[CP 2111.02858] (not this talk)
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II. Fuzzy Geometries andMultimatrixModels
A fuzzy geometry of signature pp, qq, so η “ diagp`p,´qq, consists of

A “ MNpCq
H “ S b MNpCq, with S a Cℓpp, qq-module
. . . +axioms (omitted) that can be solved for D . . .
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D “ ř
J
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J
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D “ ř
J
ΓJs.a. b tHJ , ¨ u ` ř

J
ΓJanti. b rLJ , ¨ s

multi-index J monot. increasing, |J| odd, HJ̊ “ HJ , LJ̊ “ ´LJ

Examples: [J. Barrett, L. Glaser, J. Phys. A 2016]

- Dp1,1q “ γ1 b rL, ¨ s ` γ2 b tH, ¨ u
- Dp0,4q “ ř

µ
γµ b rLµ, ¨ s ` γµ̂ b tHµ̂, ¨ u (µ̂ “ omit µ from p0123q)

so we will get double traces from TrH “ TrS bTrMN pCq “ TrS bTrb2
N

Notation: TrV X is the trace on operators X : V Ñ V , TrV 1 “ dimV . So TrN 1 “ N but TrMN pCqp1q “ N2.
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TrH “ TrS bTrMC
N
, and a tool to organize the first trace is chord diagrams:

TrSpγµ1γµ2γµ3γµ4q “ dim Spηµ1µ2ηµ3µ4 ` p´qηµ1µ3ηµ2µ4 ` ηµ2µ3ηµ1µ4q
µ1

µ2

µ3

µ4

µ1

µ2

µ3

µ4

µ1

µ2

µ3

µ4

([CP 1912.13288] appeared two weeks after [Sati-Schreiber, 1912.10425] who relate fuzzy spaces to chord diagrams too)
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([CP 1912.13288] appeared two weeks after [Sati-Schreiber, 1912.10425] who relate fuzzy spaces to chord diagrams too)

for dimension-d geometries, the combinatorial formula [CP’ 19] reads

1
dim S

TrpD2tq “
if J P Λd , dx

J ‰ 0 onRd

ÿ

I1,...,I2tPΛ´
d

" decorated chord diags
ÿ

χPCD2n
2n“ř

i |Ii |

χI1...I2t

ˆ
´ ÿ

ΥPP2t

sgnpIΥq ˆ TrN pKIΥc q ˆ TrN
“pKT qIΥ

‰¯*

P2t “ 2t1,...,2tu,K˚
I “ ˘KI , sgnpIΥq P Z2

µ1
µ2 µ3

µ4

µ5

µ6

µ7µ8
µ9

µ10

µ11

µ12

KI2KI4

KI3

I1 = (µ1, µ2, µ3)KI1
Υ

2t = 4 example

2n = 12

d ≥ 4
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Multimatrix models with multi-traces
The chord-diagram description holds in
general dimension and signature [CP ’19]

Z “ ş
Dirac

e´ TrH f pDqdD pℏ “ 1q
“ ş

Mp,q
e´N TrN P´Trb2

N pQp1qbQp2qqdXLeb

- X P Mp,q “ products of supNq andHN

- dXLeb is the Lebesgue measure on Mp,q

- P , Qpiq in C⟨k⟩ “ C⟨X⟩ nc-polynomials

Zformal leads to colored ribbon graphs

g1 TrN pABBBABq Ø ḡ1

g2 Tr
b2
N pAABABA b AAq Ø g2

(labelled cylinder)
14
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- P , Qpiq in C⟨k⟩ “ C⟨X⟩ nc-polynomials

Zformal leads to colored ribbon graphs

g1 TrN pABBBABq Ø ḡ1

g2 Tr
b2
N pAABABA b AAq Ø g2

(labelled cylinder)

Multitrace: ‘touching interactions’ [Klebanov, PRD

‘95], wormholes [Ambjørn-Jurkiewicz-Loll-Vernizzi, JHEP ‘01],
‘stuffed maps’ [G. Borot Ann. Inst. Henri Poincaré Comb. Phys.

Interact. ‘14], AdS/CFT [Witten, hep-th/0112258]

Ribbon graphs: Enumeration of maps [Brezin,

Itzykson, Parisi, Zuber, CMP ‘78], here ‘face-worded’

& intersection num. of ψ-classes [Kontsevich, CMP, ‘92]

ÿ

a1`...`an“dimC Mg,n

ψa1
1 ¨ ψa2

2 ¨ ¨ ¨ψan
n

nź

j“1

p2aj ´ 1q!!
s
2aj`1
j

“
ÿ

G trivalent of type pg,nq

22g´2`n

#AutpGq
ź

ePG

1
sLpeq ` sRpeq
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III. Yang-Mills-Higgs matrix theory

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)
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spin geometries or

F (‘finite geometries’)

C∞(M)
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ASM = C⊕H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action⇒ Einstein SU(n)-Yang-Mills

ZAC
?“ ş

Dirac
e´ 1

ℏ Tr f pDqdD
(hard for almost-commutative manifolds)
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Spectral action⇒ Einstein SU(n)-Yang-Mills

ZAC
?“ ş

Dirac
e´ 1

ℏ Tr f pDqdD
(hard for almost-commutative manifolds)

Definition [CP 2105.01025]. We define a gauge matrix spectral triple G𝒻 ˆ F as the spectral triple
product of a fuzzy geometry G𝒻 with a finite geometry F “ pAF ,HF ,DF q, dimAF ă 8.
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Lemma-Definition [CP 2105.01025]. Consider a gauge matrix spectral triple G𝒻 ˆ F with

F “ pMnpCq,MnpCq,DF q
and G𝒻 Riemannian (d “ 4) fuzzy geometry on MNpCq, whose fluctuated Dirac op. is

Dω “
3ÿ

µ“0

Dgaugehkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkj
γµ b p𝓁µ ` 𝒶µq ` γµ̂ b p𝓍µ ` 𝓈µq `

DHiggshkkikkj
γ b Φ , 𝒶µ “ ‘gauge potential’, 𝓍µ “ spin connection?

The field strength is given by

Fµν :“ r
𝒹µhkkkikkkj

𝓁µ ` 𝒶µ,𝓁ν ` 𝒶νs “: rFµν , ¨ s
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Lemma. The gauge group GpAq – PUpNq ˆ PUpnq acts as follows
Fµν ÞÑ Fuµν “ uFµνu˚ for all u P GpAq
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𝓁µ ` 𝒶µ,𝓁ν ` 𝒶νs “: rFµν , ¨ s

Lemma. The gauge group GpAq – PUpNq ˆ PUpnq acts as follows
Fµν ÞÑ Fuµν “ uFµνu˚ for all u P GpAq

The content of the quadratic-quartic Spectral Action ...
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Meaning Random matrix case, flat d “ 4 Riem. Smooth operator
Tr “ trace of ops. MN b Mn Ñ MN b Mn

Derivation 𝓁µ “ rLµ b 1n, ¨ s Bi
Gauge potential 𝒶µ “ rAµ, ¨ s Ai

Covariant derivative 𝒹µ “ 𝓁µ ` 𝒶µ Di “ Bi ` Ai
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Gauge potential 𝒶µ “ rAµ, ¨ s Ai

Covariant derivative 𝒹µ “ 𝓁µ ` 𝒶µ Di “ Bi ` Ai

Field strength r𝒹µ,𝒹νs “
”{ 0hkkkikkkj

r𝓁µ,𝓁νs ` rDi,Djs “
” 0hkkikkj

rBi, Bjs `
r𝓁µ,𝒶νs ´ r𝓁ν ,𝒶µs ` r𝒶µ,𝒶νs BiAj ´ BjAi ` rAi,Ajs

Yang-Mills action ´ 1
4 TrpFµνFµνq ´ 1

4

ş
M TrsupnqpFijFijqvol

Higgs field Φ h

Higgs potential Trpf2Φ2 ` f4Φ4q ş
M

`
f2|h|2 ` f4|h|4˘vol

Gauge-Higgs coupling ´Trp𝒹µΦ𝒹
µΦq ´ ş

M |Dih|2vol
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Higgs potential Trpf2Φ2 ` f4Φ4q ş
M

`
f2|h|2 ` f4|h|4˘vol

Gauge-Higgs coupling ´Trp𝒹µΦ𝒹
µΦq ´ ş

M |Dih|2vol
and propagators and „ p𝓁µqijp𝓁νqjmp𝓁µqmlp𝓁νqli Øv0 v2

v3

v1

∼
v0 v1

v2

v3
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Conclusion
spectral triple ” spin manifiold, after relaxing commutativity

spin M ˆ tfinite spectral tripleu ” almost-commutative (reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geometry « finite spectral triple + Cℓ-action; [CP 19] computes spectral action

18
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fuzzy or matrix geometry « finite spectral triple + Cℓ-action; [CP 19] computes spectral action

fuzzy ˆ finite “ gauge matrix spectra triple, it is PUpnq-Yang-Mills(-Higgs) if the fin. geom.
algebra is MnpCq; partition func. is a k-matrix model, k large.

Zgauge matrix “ ş
Diracs

e´TrH f pDqdD “ ş
baseˆYMˆHiggs

e´Sgauge´SH´Sgauge-H´S dµGpLq dµGpAq dΦ

with pL,A,ϕq P “
supNq‰ˆ4 ˆ “

N
gauge
N,n

‰ˆ4 ˆ N
Higgs
N,n

small step towards [Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]

« The far distant goal is to set up a functional integral evaluating spectral

observables S ⟨S ⟩ “ ş
S e´Tr f pD{Λq´ 1

2 ⟨Jψ,Dψ⟩`ρpe,Dqde dψ dD »
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Higgs
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small step towards [Eq. 1.892, Connes Marcolli, NCG, QFT and motives, 2007]

« The far distant goal is to set up a functional integral evaluating spectral

observables S ⟨S ⟩ “ ş
S e´Tr f pD{Λq´ 1

2 ⟨Jψ,Dψ⟩`ρpe,Dqde dψ dD »
dziękuję bardzo za uwagę (i.e. thanks)

References: [CP 1912.13288] [CP 2007.10914] [CP 2102.06999] [CP 2105.01025] [CP 2111.02858]
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