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Path integrals (roughly)
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double-slit experiment

Results & Interpretation

b

P1 = |ψ1|2, P2 = |ψ2|2

b

P12 = |ψ1 + ψ2|2

ψ1,ψ2 : R Ñ C, Pipyq “ |ψipyq|2
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transition probability amplitude
Kpy, xq “ ⟨y, x⟩ from an inner product
on a Hilbert space

Kpy, xq “
Nÿ

j“1

Kpy, ℓpjqqKpℓpjq, xq
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ℓ(N)
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transition probability amplitude
Kpy, xq “ ⟨y, x⟩ from an inner product
on a Hilbert space

Kpy, xq “
Nÿ

j“1

Kpy, ℓpjqqKpℓpjq, xq

Ñ
ż
Kpy, ℓqKpℓ, xq�ℓ “: K‹2py, xq

These conditions make sense if displayed in full notation.
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Nÿ

j“1

Kpy, ℓpjqqKpℓpjq, xq

Ñ
ż
Kpy, ℓqKpℓ, xq�ℓ “: K‹2py, xq

...it works for more screens...

Kpy, xq “
2ÿ

i,j“1

Kpy, ℓpiq
1 qKpℓpiq

1 , ℓ
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2 , xq

These conditions make sense if displayed in full notation.
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tsum over all holes of all screensu » tsum over all pathsu

»

ℓ1 ℓ2 ℓn

. . . xy

γ(t)

limn cnK‹n “ K has as solution a path integral

Kpy, ty ; x, tyq “
ż

γ

exp

"
�

ℏ
Srγptqs

*
�γptq

According to A. Zee, this is one of Feynman’s Gedankenexperimente.
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tsum over all holes of all screensu » tsum over all pathsu

»

ℓ1 ℓ2 ℓn

. . . xy

γ(t)

limn cnK‹n “ K has as solution a path integral (Euclidean)

KEuclideanpy, ty ; x, tyq “
ż

γ

exp

"
´ 1

ℏ
Srγptqs

*
�γptq

According to A. Zee, this is one of Feynman’s Gedankenexperimente.
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Path integrals and (Euclidean) quantum gravity

x

y

M

1st. challenge:

- Whereas in quantum mechanics: path
integrals on a fixed spacetime M
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Path integrals and (Euclidean) quantum gravity
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` ` . . .

+

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon
Quantum superposition of geometries

1st. challenge:

- Whereas in quantum mechanics: path
integrals on a fixed spacetime M

- In quantum gravity: path integrals of
spacetime, Z “ ş

metric
�

´ 1
ℏ SEHrgs

�g
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Path integrals and (Euclidean) quantum gravity
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M

→
#
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+
ˆ

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon
Quantum superposition of geometries (small perturbations` instantons)

1st. challenge:

- Whereas in quantum mechanics: path
integrals on a fixed spacetime M

- In quantum gravity: path integrals of
spacetime, Z “ ş

metric
�

´ 1
ℏ SEHrgs

�g

[Hokusai]
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Path integrals and (Euclidean) quantum gravity

x

y

M

→
#

` ` . . .

+
ˆ

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon
Quantum superposition of geometries (small perturbations` instantons)

1st. challenge:

- Whereas in quantum mechanics: path
integrals on a fixed spacetime M

- In quantum gravity: path integrals of
spacetime, Z “ ş

metric
�

´ 1
ℏ SEHrgs

�g

2nd. challenge: replace C8-category
discrete algebraic

single geometry
Ð paradigms Ñ

[Hokusai][Tetrahedra from Wikipedia] Ò glue from ‘traces of tensors’, cf. Răzvan’s talk
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the 1st theorem of the spectral formalism isWeyl’s law (1911).

The Laplace spectrum of Ω Ă Rd (λ0 ď λ1 ď λ2 . . .) obeys

#ti : λi ď Λu „ ���Ω ¨ Λd{2 ` �pΛd{2q

6
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the 1st theorem of the spectral formalism isWeyl’s law (1911).

The Laplace spectrum of Ω Ă Rd (λ0 ď λ1 ď λ2 . . .) obeys

#ti : λi ď Λu „ ���Ω ¨ Λd{2 ` �pΛd{2q
one cannot positively answer Marek Kac’s 1966-question: knowing the
spectrum, but you can ‘hear the shape of Ω’ knowing a spectral triple

[Gordon, Webb, Wolpert, Invent. Math. ‘92 after Milnor, Sunada, Bérard, . . . ] [Connes, JNCG 2013]
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the 1st theorem of the spectral formalism isWeyl’s law (1911).

The Laplace spectrum of Ω Ă Rd (λ0 ď λ1 ď λ2 . . .) obeys

#ti : λi ď Λu „ ���Ω ¨ Λd{2 ` �pΛd{2q
one cannot positively answer Marek Kac’s 1966-question: knowing the
spectrum, but you can ‘hear the shape of Ω’ knowing a spectral triple

differential noncommutative (nc) geometry “ nc topology + metric data
tnice topological spacesu » tunital commutative C˚-algebrasu

tnice ‘nc topological spaces’u » tunital commutative C˚-algebrasu
spectral triples pA,H,Dq generalize spin geometry pC8pMq, L2pM, Sq,DM)

[Gordon, Webb, Wolpert, Invent. Math. ‘92 after Milnor, Sunada, Bérard, . . . ] [Connes, JNCG 2013]
[Gelfand, Najmark Mat. Sbornik ’43] [Connes, NCG ’94]

6



Physical motivation of spectral triples (deterministic)

Physics X Noncommutative Geometry Q The Standard Model from the Spectral Action

# of generations and C ‘ H ‘ M3pCq ↣ NCG ↣ Classical Standard Model

[Connes, Lott, Nucl. Phys. B ’91; . . . Chamseddine, Connes, Marcolli ATMP ’07 (Euclidean)]
[Barrett J. Math. Phys. ’07 (Lorenzian); Connes-Chamseddine JHEP ’12; van Suijlekom’s textbook ncgXhep ’15]
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Physical motivation of spectral triples (deterministic)

Physics X Noncommutative Geometry Q The Standard Model from the Spectral Action

DF “

0 0 Υ∗
ν 0 0 0 0 0 0 Υ∗

R 0 0 0 0 0 0 0 0

0 0 0 Υ∗
e 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Υν 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 Υe 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 Υ∗
u 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 Υ∗
d 0 0 0 0 0 0 0 0 0

0 0 0 0 Υu 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 Υd 0 0 0 0 0 0 0 0 0 0 0

ΥR 0 0 0 0 0 0 0 0 0 0 ΥT
ν 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 ΥT
e 0 0 0 0 0

0 0 0 0 0 0 0 0 0 Ῡν 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 Ῡe 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
u 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ΥT
d

0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡu 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 Ῡd 0 0







⊗ 13

⊗ 13

P M96pCq�.�.

# of generations and C ‘ H ‘ M3pCq ↣ NCG ↣ Classical Standard Model

[Connes, Lott, Nucl. Phys. B ’91; . . . Chamseddine, Connes, Marcolli ATMP ’07 (Euclidean)]
[Barrett J. Math. Phys. ’07 (Lorenzian); Connes-Chamseddine JHEP ’12; van Suijlekom’s textbook ncgXhep ’15]
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Towards a quantum theory of noncommutative spaces

« The far distant goal is to set up a functional integral evaluating (...)

observables S ⟨S ⟩ “ ş
S �

´Tr f pD{Λq´ 1
2 ⟨Jψ,Dψ⟩`ρpe,Dq

�e �ψ �D p˚q»

[˚ Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007]
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Towards a quantum theory of noncommutative spaces

« The far distant goal is to set up a functional integral evaluating (...)

observables S ⟨S ⟩ “ ş
S �

´Tr f pD{Λq´ 1
2 ⟨Jψ,Dψ⟩`ρpe,Dq

�e �ψ �D p˚q»

functional integral operator integral

ş
metric

�
´ 1

ℏ SEHrgs
�g

ş
Dirac

�
´ 1

ℏTr f pDq
�D

(hard to define for manifolds)

f : R Ñ R with f pDq Ñ 8 at large argument

paradigm shift

Einstein-Hilbert Ñ spectral

[˚ Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007]

infγ:xÑytş
γ �su “: dpx, yq “ sup

f PC8pMq
␣ |f pxq ´ f pyq| : ||DMf ´ fDM|| ď 1

(
[Connes; Monge-Kantorovich]
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Truncating the smooth geometries

truncations of the algebra or of the spectrum to #(d.o.f.) ď N

Matrix geometries
pMNpCq,Hfin. dim.,Dfin. dim.q

smooth spin geometries
pC8pMq, L2pSq,DMq

(commutative geometry)

Operator systems
pPNAPN , PNH, PNDPNq

Toeplitz/Féjer truncations

[Connes-van Suijlekom]

for S1 [Van Suijlekom]

algebraic truncation
CpS2q ↠ 


, , . . . ,
�

[Barrett & fuzzy literature˚]

[Barrett-Glaser; Khalkhali-Pagliaroli]

Choi-Effros operator systems also appear in quantum information
[De las Cuevas, Netzer, ����������������]
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Main Result (almost there)

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action⇒ Einstein SU(n)-Yang-Mills

Spectral Action

Classical

SpDq “ Tr f pD{Nq (bosons)

„
ÿ

sP�����XR`
fsNs

ş
- |D|´s ` f p0qζp0q . . .

Quantum

ZAC
?“ ş

Dirac
�

´ 1
ℏ Tr f pD{Nq

�D

(hard to define for almost-comm. manifolds)

[Chamseddine, Connes, Marcolli ATMP ’07] using heat kernel expansion, for 4-manifolds:

N4 ş
- |D|´4 “ c4pNq���pMq N2 ş

- |D|´2 “ c2pNq ş
R ζDp0q “ c0

şpR˚R˚q ` c1
0

ş
C2

[cosmological constant] [Einstein-Hilbert] [Gauß-Bonnet + conformal gravity]
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Main Result

truncation & flatness

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕ H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action⇒ Einstein SU(n)-Yang-Mills

Gauge matrix geometries
(still classical)

fuzzy spectral triples

matrix geometries or

F (‘finite geometries’)

MN (C)

AYM = Mn(C)

ASM = C⊕ H⊕M3(C)
Spectral action⇒ ?

Spectral action⇒Matrix SU(n)-Yang-Mills

Matrix Yang-Mills(-Higgs) functional obeying triple axioms;
its partition function is a multi-matrix model

[CP Ann. Henri Poincaré 23 ’22 ����������������]
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Landscape
Classical geometry
(single geometry paradigm)

Quantum base geometries
without matter fields

Qu
ant
um

sm
oot
h g
eom

etr
ies

ℏ

qua
nti
zat
ion

matrix geometries

1/N

F (‘finite geometries’)

AYM = Mn(C)

MN(C)

ASM = C⊕H⊕M3(C)

commutative spectral triples
(Spinc Riemmanian Geomery)

(C∞(M), L2(S), /DM )

Aim: Make sense of

Z “ ş
Dirac

�
´TrH f pDq

�D

Plane pℏ, 1{N , 0q of ‘base geometries’

Plane pℏ, 0, F q “ limN→8pℏ, 1{N , F q
Plane p0, 1{N , F q “ limℏ→0pℏ, 1{N , F q
of classical geometries

[CP Ann. Henri Poincaré 23 ’22 ����������������]
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Multimatrix models with multi-traces
A chord-diagram formula computes
the spectral action (in any signature)

Z “ ş
Dirac

�
´TrH f pDq

�D pℏ “ 1q
“ ş

Mp,q
�

´N TrN P´Trb2
N pQp1qbQp2qq

�XLeb

- X P Mp,q “ products of supNq andHN

- �XLeb is the Lebesgue measure on Mp,q

- P , Qpiq in C⟨k⟩ “ C⟨X⟩ nc-polynomials

Zformal leads to colored ribbon graphs

g1 TrN pABBBABq Ø ḡ1

Chord-diagram is what it sounds like:

[CP ’19, CP ’21, CP ’22a, CP ’22b]
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Multimatrix models with multi-traces
A chord-diagram formula computes
the spectral action (in any signature)

Z “ ş
Dirac

�
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g2
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[CP ’19, CP ’21, CP ’22a, CP ’22b]
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Multimatrix models with multi-traces
A chord-diagram formula computes
the spectral action (in any signature)

Z “ ş
Dirac

�
´TrH f pDq

�D pℏ “ 1q
“ ş

Mp,q
�

´N TrN P´Trb2
N pQp1qbQp2qq

�XLeb

- X P Mp,q “ products of supNq andHN

- �XLeb is the Lebesgue measure on Mp,q

- P , Qpiq in C⟨k⟩ “ C⟨X⟩ nc-polynomials

Zformal leads to colored ribbon graphs

g2 Trb2
N pAABABA b AAq Ø

g2

Chord-diagram is what it sounds like:

[CP ’19, CP ’21, CP ’22a, CP ’22b]

Ribbon graphs: Enumeration of maps, here
‘face-worded’

Intersection numbers of ψ-classes
ÿ

a1`...`an“dimC Mg,n

ψa1
1 ¨ ψa2

2 ¨ ¨ ¨ψan
n

nź

j“1

p2aj ´ 1q!!
s2aj`1
j

“
ÿ

G trivalent of type pg,nq

22g´2`n

#���pGq
ź

ePG

1
sLpeq ` sRpeq

[Brezin, Itzykson, Parisi, Zuber, CMP ‘78; Kontsevich, CMP, ‘92] D! such p1, 1q-graph

G “ ñ s´3 ş
M1,1

ψ1 “ 21

#���pGq
1

p2sq3 ñ ş
M1,1

ψ1 “ 1
24
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Conclusion: Some progress

Classical geometry

Quantum base geometries

Qu
ant
um

Sm
oot
h G

eom
etr
ies

ℏ

Ra
nd
om
nes
s

matrix & fuzzy geometries

F (‘finite geometries’)

FYM-H

?

S

1

3

YM-H matrix spectral triple

4 2

1 Matrix Geometries
[Barrett, J. Math. Phys. 2015]

2 Dirac ensembles [Barrett, Glaser, J. Phys.

A 2016] and how to compute the
spectral action [CP ’19]

3 Gauge matrix spectral triples
[CP ‘22a]

4 Functional Renormalisation
(Wetterich equation) in formal
random matrix theory [CP ‘21a, CP

‘21b] and [CP ‘22b] (not this talk)

Thanks for listening!

References: [CP ����������, to appear in J. Noncommut. Geom.] on the spectral action, [ CP Ann. Henri Poincaré 2022] on Yang-Mills-Higgs.

Related: [CP Ann. Henri Poincaré 2021] on Wetterich Eq., [CP J. High Energ. Phys 2021] [CP Lett. Math. Phys. 2022] on algebra and FRG
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Conclusion
spin M ˆ tfinite spectral tripleu ” almost-commutative
(reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geometry « finite spectral triple + Cℓ-action
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Conclusion
spin M ˆ tfinite spectral tripleu ” almost-commutative
(reproduces classical Standard Model, but hard to quantize)

fuzzy or matrix geometry « finite spectral triple + Cℓ-action
fuzzy ˆ finite “ gauge matrix spectral triple, it is ��pnq-Yang-Mills(-Higgs) if the
fin. geom. algebra is MnpCq; partition func. is a k-matrix model, k large:

Zgauge matrix “ ş
Diracs

�
´TrH f pDq

�D “ ş
baseˆYMˆHiggs

�
´Sgauge´SH´Sgauge-H´S

�µGpLq �µGpAq �Φ
with pL,A,ϕq P “

supNq‰ˆ4 ˆ “
N

gauge
N,n

‰ˆ4 ˆ N
Higgs
N,n

14
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Conclusion
small step towards [Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007]

« The far distant goal is to set up a functional integral evaluating spectral

observables S ⟨S ⟩ “ ş
S �
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Supplement: Yang-Mills-Higgs matrix theory

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)

16



Supplement: Yang-Mills-Higgs matrix theory

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action⇒ Einstein SU(n)-Yang-Mills

ZAC
?“ ş

Dirac
�

´ 1
ℏ Tr f pDq

�D

(hard for almost-commutative manifolds)

17



Supplement: Yang-Mills-Higgs matrix theory

Almost-commutative manifolds
(classical)

commutative spectral triples

spin geometries or

F (‘finite geometries’)

C∞(M)

AYM = Mn(C)

ASM = C⊕H⊕M3(C)
Spectral action⇒ Standard Model + gravity

Spectral action⇒ Einstein SU(n)-Yang-Mills

ZAC
?“ ş

Dirac
�

´ 1
ℏ Tr f pDq

�D

(hard for almost-commutative manifolds)

Definition [CP’ 21]. A gauge matrix spectral triple G𝒻 ˆ F is the spectral triple product of
a matrix geometry G𝒻 with a finite geometry F “ pAF ,HF ,DF q, dimAF ă 8.
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Lemma-Definition [CP’ 21]. Consider a gauge matrix spectral triple G𝒻 ˆ F with

F “ pMnpCq,MnpCq,DF q
and G𝒻 Riemannian (d “ 4) fuzzy geometry onMNpCq, whose fluctuated Dirac op. is

Dω “
3ÿ

µ“0

Dgaugehkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkj
γµ b p𝓁µ ` 𝒶µq ` γµ̂ b p𝓍µ ` 𝓈µq `

DHiggshkkikkj
γ b Φ , 𝒶µ “ ‘gauge potential’, 𝓍µ “ spin connection?

The field strength is given by Fµν :“ r
𝒹µhkkkikkkj

𝓁µ ` 𝒶µ,𝓁ν ` 𝒶νs “: rFµν , ¨ s
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Dgaugehkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkj
γµ b p𝓁µ ` 𝒶µq ` γµ̂ b p𝓍µ ` 𝓈µq `

DHiggshkkikkj
γ b Φ , 𝒶µ “ ‘gauge potential’, 𝓍µ “ spin connection?

The field strength is given by Fµν :“ r
𝒹µhkkkikkkj

𝓁µ ` 𝒶µ,𝓁ν ` 𝒶νs “: rFµν , ¨ s
Lemma. The gauge group GpAq – UpAq{UpZpAqq – ��pNq ˆ��pnq acts as follows

Fµν ÞÑ Fuµν “ uFµνu˚ for all u P GpAq

18



Lemma-Definition [CP’ 21]. Consider a gauge matrix spectral triple G𝒻 ˆ F with

F “ pMnpCq,MnpCq,DF q
and G𝒻 Riemannian (d “ 4) fuzzy geometry onMNpCq, whose fluctuated Dirac op. is

Dω “
3ÿ

µ“0

Dgaugehkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkj
γµ b p𝓁µ ` 𝒶µq ` γµ̂ b p𝓍µ ` 𝓈µq `

DHiggshkkikkj
γ b Φ , 𝒶µ “ ‘gauge potential’, 𝓍µ “ spin connection?

The field strength is given by Fµν :“ r
𝒹µhkkkikkkj

𝓁µ ` 𝒶µ,𝓁ν ` 𝒶νs “: rFµν , ¨ s
Lemma. The gauge group GpAq – UpAq{UpZpAqq – ��pNq ˆ��pnq acts as follows

Fµν ÞÑ Fuµν “ uFµνu˚ for all u P GpAq

The proof uses [§6 of W. van Suijlekom, Noncommutative Geometry and Particle Physics, 2015]
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Meaning Random matrix case, flat d “ 4 Riem. Smooth operator
Tr “ trace of ops. MN b Mn Ñ MN b Mn

Derivation 𝓁µ “ rLµ b 1n, ¨ s Bi
Gauge potential 𝒶µ “ rAµ, ¨ s Ai

Covariant derivative 𝒹µ “ 𝓁µ ` 𝒶µ Di “ Bi ` Ai
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Gauge potential 𝒶µ “ rAµ, ¨ s Ai

Covariant derivative 𝒹µ “ 𝓁µ ` 𝒶µ Di “ Bi ` Ai

Field strength r𝒹µ,𝒹νs “
”{ 0hkkkikkkj

r𝓁µ,𝓁νs ` rDi,Djs “
” 0hkkikkj

rBi, Bjs `
r𝓁µ,𝒶νs ´ r𝓁ν ,𝒶µs ` r𝒶µ,𝒶νs BiAj ´ BjAi ` rAi,Ajs

Yang-Mills action ´ 1
4 TrpFµνFµνq ´ 1

4

ş
M TrsupnqpFijFijq���

Higgs field Φ h

Higgs potential Trpf2Φ2 ` Φ4q ş
M

` ´ µ2|h|2 ` λ|h|4˘���
Gauge-Higgs coupling ´Trp𝒹µΦ𝒹

µΦq ´ ş
M |Dih|2���
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Thm. [CP ‘22] If the RG-flow is computable in
terms of �pNq-invariants, the algebra of Func-
tional Renormalisation is MkpAN,k , ‹q where

AN,k “ pCpNq
⟨k⟩ b CpNq

⟨k⟩ q ‘ pCpNq
⟨k⟩ b CpNq

⟨k⟩ q
whose product in homogeneous elements reads:

pU b W q ‹ pP b Qq “ PU b WQ ,

pU b W q ‹ pP b Qq “ U b PWQ ,

pU b W q ‹ pP b Qq “ WPU b Q ,

pU b W q ‹ pP b Qq “ ��pWPqU b Q .
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Example: a Hermitian 3-matrix model
Consider two operators O1 “ ḡ1

2 rTrN pA2

2 qs2 and O2 “ ḡ2 TrN pABCq. We compute
g1g22-coefficients:

HessI,J O1 “ δJI δ
A
I ḡ1tTrN pA2{2q ¨ r1N b 1N sloooooooooooomoooooooooooon ` A b Aloomoonu ,

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘empty ribbon’
uncontracted.
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2 rTrN pA2
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HessI,J O1 “ δJI δ
A
I ḡ1tTrN pA2{2q ¨ r1N b 1N sloooooooooooomoooooooooooon ` A b Aloomoonu ,

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘empty ribbon’
uncontracted.

HessO2 “ ḡ2

»
–

0 C b 1N B b 1N
1N b C 0 A b 1N
1N b B 1N b A 0

fi
fl ñrHessO2s‹2 “ ḡ22

«
..

hkkikkj
C b C `

..
hkkikkj
B b B B b A C b A

A b B A b A ` C b C C b B
A b C B b C B b B ` A b A

ff
.

rḡ1ḡ22s STrtHessO1 ‹ rHessO2s‹2u “ TrN pA2{2q ˆ “pTrN Cq2 ` pTrN Bq2‰ ` TrN pACAC ` ABABq .

These are effective vertices of the four one-loop graphs that can be formed with the contractions of

(the filled ribbon half-edges of) any of
" .. , .. *

with any of
"

,

*
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