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« transition probability amplitude
K(y,x) = (y, x) from an inner product
on a Hilbert space

0 K(y,X) :ZK(y/((J))K(f(DX)

J=T




« transition probability amplitude
K(y,x) = (y, x) from an inner product
on a Hilbert space

N
K(y.x) = Y. Ky ()K(E9, )
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These conditions make sense if displayed in full notation.




« transition probability amplitude
K(y,x) = (y, x) from an inner product
on a Hilbert space

i N

i) | K(y,x) =" K(y, (D)KL, x)
e(l) 1____ 11/ S
i a ',';\0 — JK(y,E)K(é,x)dé = K**(y, x)
Yo < A '," 3 « ...it works for more screens...
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These conditions make sense if displayed in full notation.




« transition probability amplitude
K(y,x) = (y, x) from an inner product
on a Hilbert space

K(y,X) _i K(y/((J))K(E(»X)

— JK(y,E)K(K.x)d[J = K*?(y, x)

« ...it works for more screens...

2
Kly,x) = Y Ky, 6" K&, 6))K (69, x)

ij=1

These conditions make sense if displayed in full notation.




{sum over all holes of all screens} ~ {sum over all paths}

é'l 62 én

(%)
7 *\/_\ \

lim, c,K*" = K has as solution a path integral

KOtixt) = [ {shonfanto

07

According to A. Zee, this is one of Feynman’s Gedankenexperimente.




{sum over all holes of all screens} ~ {sum over all paths}

é'l 62 én

(%)
7 *\/_\ \

lim, c,K*" = K has as solution a path integral (Euclidean)

Keuctigean (5 by X, ty) = Jexp{ - ;LS[“/(t)]}d“/(t)

~

!

According to A. Zee, this is one of Feynman’s Gedankenexperimente.
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- Whereas in quantum mechanics: path
integrals on a fixed spacetime M
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integrals on a fixed spacetime M
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Path integrals and (Euclidean) quantum gravity
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Quantum superposition of geometries  (small perturbations+ instantons)

» 1st. challenge: + 2nd. challenge: replace C*-category

- Whereas in quantum mechanics: path discrete

integrals on a fixed spacetime M . .
- In quantum gravity: path integrals of -' y single geometry

spacetime, Z = S ef%SEngldg < paradigms —

algebraic

METRIC

i < _/> glue from ‘traces of tensors’, cf. Razvan’s talk



« the 1st theorem of the spectral formalism is Weyl’s law (1911). g,J
The Laplace spectrum of 2 — RN <A< \y..) obeys
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spectrum, but you can ‘hear the shape of Q’ knowing a spectral triple



« the 1st theorem of the spectral formalism is Weyl’s law (1911). S»)
The Laplace spectrum of 2 — RN <A< \y..)) obeys

@ % #{i: N < A} ~ vol Q- A2 + o(AY?) ‘ ‘ ;
« one cannot positively answer Marek Kac’s 1966- ques’uonT knowmg the
spectrum, but you can ‘hear the shape of Q’ knowing a spectral triple
- differential noncommutative (nc) geometry = nc topology + metric data

{nice topological spaces}  ~ {unital commutative C*-algebras}
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« the 1st theorem of the spectral formalism is Weyl’s law (1911). S»)
The Laplace spectrum of 2 — RN <A< \y..) obeys

) sdA
#{i: N <A} ~ vol Q- A2 + o(AY?) S ¢
. one cannot positively answer Marek Kac’s 1966-question’ knowi.ng the
spectrum, but you can ‘hear the shape of Q’ knowing a spectral triple
- differential noncommutative (nc) geometry = nc topology + metric data

{nice topological spaces}  ~ {unital commutative C*-algebras}

{ {
{nice ‘nc topological spaces’} ~ {unital commutative C*-algebras}
- spectral triples (A, H, D) generalize spin geometry (C* (M), L*(M,S), Dy)



PHYSICAL MOTIVATION OF SPECTRAL TRIPLES (DETERMINISTIC)

» Physics n Noncommutative Geometry 5 The Standard Model from the Spectral Action
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PHYSICAL MOTIVATION OF SPECTRAL TRIPLES (DETERMINISTIC)
» Physics n Noncommutative Geometry 5 The Standard Model from the Spectral Action
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Towards a quantum theory of noncommutative spaces

« The far distant goal is to set up a functional integral evaluating (...)

observables & () = § .S e T/ (O/N dD (+)»



Towards a quantum theory of noncommutative spaces

« The far distant goal is to set up a functional integral evaluating (...)

observables & () = § .S e T/ (O/N dD (+)»

functional integral operator integral

paradigm shift

S ef%SEH [gJ dg Einstein-Hilbert — spectral S ei )%Trf(D>dD
METRIC

Dirac

f: R — Rwith f(D) — o0 at large argument

infyay{§, ds} =2 d(x,y) = sup {1F(x) —F(y)| = ||Dwf — fOull < 1}

feC® (M)



TRUNCATING THE SMOOTH GEOMETRIES

« truncations of the algebra or of the spectrum to #(d.o.f.) < N

[Barrett-Glaser; Khalkhali-Pagliaroli] for S' [Van Suijlekom]

........ -

et ., " ..
.

.* * L4 ~

smooth spin geometries

Matrix geometries

Operator systems

(M (C), Hoy arns Do ) I (€~ (M), L°(S), D) (PxAPy, PyH, PyDPy)

(commutative geometry)

algebraic truncation Toeplitz/Féjer truncations

) » (... €

[Barrett & fuzzy literature™]

Choi-Effros operator systems also appear in quantum information




Mai n Res u lt (almost there)

F (‘finite geometries’)

Almost-commutative manifolds

(classical)

SPECTRAL ACTION

Spectral action = Standard Model + gravit}$§ CIaSSica]
Asm = C @ H & M;(C)
S(D) = Tl’f(D/N) (bosons)
~ X NS DT HF(06(0) -
Spectral action = Einstein SU(n)-Yang-Mil[§ SpDi
Aym = M, (C seSpDimnR
Quantum

Hdly] seometries or

ZAC ; SDIRA(‘ 67% Trf(D/N)dD

C>(M) commutative spectral triples (hard to define for almost-comm. manifolds)

using heat kernel expansion, for 4-manifolds:

N D™ = ¢ (N)vol(M) § D72 =

a(N)§R ¢p(0) = c J(RFR*) + ¢ §
[cosmological constant] [Einstein-Hilbert]

[GauB-Bonnet + conformal gravity]



Main Result

Asm =COHS M3(C)

Aym = My (C)

F (‘finite geometries’)

Almost-commutative manifolds

(classical)

Spectral action = Standard Model + gravity
°

Spectral action = Einstein SU(n)-Yang-Mills
°

truncation & flatness

spin-geometries or

C>®(M) commutative spectral triples

Asm = CoOH @ M3(C)

Aym = M, (C)

F (‘finite geometries’)

Gauge matrix geometries
(still classical)

Spectral action = ?
o

Spectral action = Matrix SU(n)-Yang-Mills
°

matrix geometries or

My (C) fuzzy spectral triples

Matrix Yang-Mills(-Higgs) functional obeying triple axioms;
its partition function is a multi-matrix model




Landscape

F (‘finite geometries’)

Classical geometry
g

(single geometry paradigm)

commutative spectral triples
(Spin® Riemmanian Geomery)

(C=@1), L*(S), Pu)

Quantiurn base geormotrios
without matter felk

AIM: Make sense of

o= Truf(D)dp

DirAC

z-§

« Plane (h,1/N,0) of ‘base geometries’
« Plane (h,0, F) = limy_o (R, 1/N, F)

« Plane (0,1/N, F) = limp_o(h, 1/N, F)
of classical geometries




Multimatrix models with multi-traces

» A chord-diagram formula computes
the spectral action (in any signature)
Z={ e TufDdp (h=1)

DirAc

_ SM e*NTI’N P*Tr(ﬁz(Q(])@Q(z))dXL
p.q

- X'e M, 4 = products of su(N) and H
- dX,,, is the Lebesgue measure on Mp,
- P, Q) in Cyy = C(X) nc-polynomials

. ZFORMM leads to colored ribbon graphs

EB

g Trv (ABBBAB) < >”

N
Chord-diagram is what it sounds like: (\ )




Multimatrix models with multi-traces

» A chord-diagram formula computes
the spectral action (in any signature)
Z={ e TfDdD (h=1)
= SMM e~ NTv P=TriR(Q1)®Q)) X
- X'e M, 4 = products of su(N) and H
- dX,,, is the Lebesgue measure on Mp,
- P, Q) in Cyy = C(X) nc-polynomials
. ZFORMM leads to colored ribbon graphs

Ao ).

8 T (AABABA® AA) //§

N
Chord-diagram is what it sounds like: {-_\)

N7




Multimatrix models with multi-traces

» A chord-diagram formula computes
the spectral action (in any signature)

Z SD!R/\C 7Ter(D)dD (h = 1)
o~ NTry PfTr%Z(Q(U@Q(z))dXL

EB

- SMPJJ
- X'e M, 4 = products of su(N) and H
- dX,,, is the Lebesgue measure on Mp,
- P, Qg in C

. ZFORMM leads to colored ribbon graphs

= C(X) nc-polynomials

A 99 )

oS

8 T2 (AABABA® AA) <

N
Chord-diagram is what it sounds like: (\ )
rav

Ribbon graphs: Enumeration of maps, here
‘face-worded’

/ \// /\V\‘
TR

Intersection numbers of 1-classes

n
1)
M p% g 7(261/ O
1 2 n et

a+...+a,=dim¢ ,’Wg_',, Jj=1 J

_ 2 22g72+n 1

G trivalent of type (gfn) #A‘Xut(c) eeG SL(L’) + SR(e)

3! such (1, 1)-graph

(__ fyy — L
= 3.M1,1 1=



CONCLUSION: SOME PROGRESS

1 Matrix Geometries
[Barrett, J. Math. Phys. 2015]

F (‘finite geometries’)

2 Dirac ensembles [Barrett, Glaser, J. Phys.
QYRR ot rix spectral triple A2016] and how to Compute the
spectral action [CP19]

3 Gauge matrix spectral triples
[CP ‘22a]

matrix & fuzzy geometries

4 Functional Renormalisation
(Wetterich equation) in formal
random matrix theory [CP 21a, CP
21b] and [CP ‘22b] (not this talk)

Thanks for listening!

on the spectral action, on Yang-Mills-

on Wetterich Eq., on algebra and FRG
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« spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

« fuzzy or matrix geometry ~ finite spectral triple + C/-action




CONCLUSION
« spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)

« fuzzy or matrix geometry ~ finite spectral triple + C/-action

« fuzzy x finite = gauge matrix spectral triple, it is PU(n)-Yang-Mills(-Higgs) if the
fin. geom. algebra is M,(C); partition func. is a k-matrix model, k large:

ZG/\UGE MATRIX - SDIR/\(‘S ei Ter(D)dD = S eisgdugC75HisgaugeiH75$d/10(L) d/I/G (A) d¢

base X YM X Higgs

with (L, A, ¢) € [su(N)] 4 [A5E] 4 .//17\?;%5




CONCLUSION
« spin M x {finite spectral triple} = almost-commutative

(reproduces classical Standard Model, but hard to quantize)
« fuzzy or matrix geometry ~ finite spectral triple + C/-action
« fuzzy x finite = gauge matrix spectral triple, it is PU(n)-Yang-Mills(-Higgs) if the
fin. geom. algebra is M,(C); partition func. is a k-matrix model, k Iargelzﬁ{“ﬁ‘“”
ZG/\UGE MATRIX SDm/\rs c Ter(D)dD = S engVdUgc*SHngHUge’H75$d/1»(‘.(L) d,U/G (A) qu
with (L, A, ¢) € [su(N)]** x [ 48] x p e

i\ J
closevelahves

base X YM X Higgs

"S WD 2, (n)

Thanks for listening!

on the spectral action, on Yang-Mills-Higgs.

on Wetterich Eq.,




CONCLUSION

o small step towards [Eq. 1.892, Connes, Marcolli, NCG, QFT and motives, 2007]
« The far distant goal is to set up a functional integral evaluating spectral

observables.# () =§ S e T/ (O/N dD »

F (‘finite geometries’)

matrix geometries

Thanks for listening!

on the spectral action, on Yang-Mills-

on Wetterich Eq., on algebra and FRG
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SUPPLEMENT: YANG-MILLS-HIGGS MATRIX THEORY

F' (‘finite geometries’)

Almost-commutative manifolds
(classical)

Spectral action = Standard Model + gravitg
Asy = CoHo M;(C

? _1

Zpe L[ e iTO4dp
DirAc

Spectral action = Einstein SU(n)-Yang-Mil[

Aym = My (C (hard for almost-commutative manifolds)

Edl)] geometries or

C>=(M) commutative spectral triples

A G, x F is the spectral triple product of

a matrix geometry G, with a finite geometry F = (Ar, Hr, Df), dim Ar < 0.



LEMMA-DEFINITION [cP*21]. Consider a gauge matrix spectral triple G, x F with
F = (M”((C) MH(C) DF)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

Dgaugc D'”%?ﬁ
3 R
D, = Z ’\/H ® (I/ﬂl[ T {1//,> == "/N ® (.Qf/, = d/,) +v7® b, @, = ‘gauge potential’, 2, = spin connection?
=0
K (Ify,

—
The field strength is given by .#,,, .= [€,, + @ p, €y + @] = [Fu, - |




LEMMA-DEFINITION [cP*21]. Consider a gauge matrix spectral triple G, x F with
F = (M”((C) MH(C) DF)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

Dgaugc DW%%S
3 R
D, = Z ’\/H ® (I/ﬂl[ T ﬂ),,) == "/N ® (.Qf/, = d/,) +v7® b, @, = ‘gauge potential’, 2, = spin connection?
=0
H (Ifu

—
The field strength is given by .#,,, .= [€,, + @ p, €y + @] = [Fu, - |

LEMMA. The gauge group G(A) = U(A)/U(Z(A)) = PU(N) x PU(n) acts as follows

u *
Fuv — FW = uF,,u




LEMMA-DEFINITION [cP*21]. Consider a gauge matrix spectral triple G, x F with
F = (M”((C) MH(C) DF)

and G, Riemannian (d = 4) fuzzy geometry on My(C), whose fluctuated Dirac op. is

Dgaugc DW%%S
3 R
D, = Z ’\/H ® (I/ﬂl[ T ﬂ),,) == "/N ® (.Qf/, = d/,) +v7® b, @, = ‘gauge potential’, 2, = spin connection?
=0
H (Ifu

—
The field strength is given by .#,,, .= [€,, + @ p, €y + @] = [Fu, - |
LEMMA. The gauge group G(A) = U(A)/U(Z(A)) = PU(N) x PU(n) acts as follows

u *
Fuv — FW = uF,,u

The proof uses




MEANING RANDOM MATRIX CASE, FLAT d = 4 RIEM. SMOOTH OPERATOR
Tr = TRACE OF 0PS. My @ M, — My @ M,

Derivation Cp=[L,®1n, -] 0
Gauge potential @y = [A“., -] A,

Covariant derivative dy=Cy+ay D; =0 + A,




MEANING

Derivation
Gauge potential

Covariant derivative

Field strength

Yang-Mills action
Higgs field

Higgs potential
Gauge-Higgs coupling

RANDOM MATRIX CASE, FLAT d = 4 RIEM.

Tr = TRACE OF 0Ps. My @ M,, — My @ M,
f}t = [L[L® Ty, - ]

@y = [Aus ]
d, =0, + e,
=0

—
[dude] = [z’ﬂlﬁfl/] +
[f,ua @1/] - [f,/., @/L] + [0//1,3 @1/]

T F T
(0}
Tr(/,®? + ¢%)
—Tr(, o" )

SMOOTH OPERATOR

Oi
A
D; = 0; + A,
——

[Di, D] = [0i, 0] +
i\ — A + [Ay, A

SM Trw(,,) (FUFU)\'OI

Bl=

h
§u (— 12A1 + AlA[*)vol
— SM ‘D,‘h|2\'01
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Derivation
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Higgs field

Higgs potential
Gauge-Higgs coupling

RANDOM MATRIX CASE, FLAT d = 4 RIEM.

Tr = TRACE OF 0Ps. My @ M,, — My @ M,
f}t = [L[L® Ty, - ]

@y = [Aus ]
d, =0, + e,
=0

—
[dude] = [z’ﬂlﬁfl/] +
[f,ua @1/] - [f,/., @/L] + [0//1,3 @1/]

T F T
(0}
Tr(/,®? + ¢%)
—Tr(, o" )

SMOOTH OPERATOR

Oi
A
D; = 0; + A,
——

[Di, D] = [0i, 0] +
i\ — A + [Ay, A

SM Trw(,,) (FUFU)\'OI

Bl=

h
§u (— 12A1 + AlA[*)vol
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THM. [cp 22] If the RG-flow is computable in

terms of U(N)-invariants, the algebra of Func- (U® W)+ (PR Q) = PUR WQ,
tional Renormalisation is Mk(AN,ka *) where (UR W)+ (P® Q) = UK PWQ,
(UR W)+ (PR Q) = Tr(WP)UR Q.

whose product in homogeneous elements reads:



Example: a Hermitian 3-matrix model

Consider two operators O; = %‘[TrN (%2)]2 and O, = g, Try (ABC). We compute
g183-coefficients:

Hess; ) Oy = 86781 {Try (A2/2) - [In® 1v] + ARIA},

X X

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘empty ribbon’
uncontracted.




Example: a Hermitian 3-matrix model

Consider two operators O; = %‘[TrN (%2)]2 and O, = g, Try (ABC). We compute
g183-coefficients:

Hess; ) Oy = 86781 {Try (A2/2) - [In® 1v] + ARIA},

X X

where a ‘filled ribbon’ means contracted in the one-loop graph, and ‘empty ribbon’

uncontracted. + _HL

[C®C +B®B

0 CR1ly BRIy
HessO, = g [ In® C 0 A® 1y | =[Hess 0:]*? = g2
INQB 1TIvQ®A 0

[g:182] STr{Hess O; » [Hess 0,]**} = Try (A%/2) x [(Try C)* + (Try B)*] + Try (ACAC + ABAB).

These are effective vertices of the four one-loop graphs that can be formed with the contractions of

(the filled ribbon half-edges of) any of { I I } with any of { VA N

Ll J



