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Chapter 1

Introduction

1.1 Particle field duality

From classical physics we know both particles and fields/waves. These are
two different concepts with different characteristics. But some experiments
show, that there exists a duality between both.

1. ’ electromagnetic waves ‘

waves <> photons (photoelectric effect, F = hv = hw)
fields are quantized, consisting of particles called photons.

2. (e.g. electrons) may exhibit interference phenomena, like

waves. Thus, particles must be described by a wavefunction . How-
ever, this has a probabilistic interpretation, it is not like an electro-
magnetic field.

The latter leads to quantum mechanics (QM), the former to quantum
field theory (QFT). QM is nonrelativistic, and describes systems with fixed
particle number. The quantization of the electromagnetic field requires
quantum field theory, but is based on the same principles as quantum me-
chanics.

1.2 Short repetition of QM

QM cannot be derived from mechanics; rather, mechanics should follow from
QM. But in obtaining appropriate Hamiltonians in QM, the correspondence
principle, which substitutes quantities from mechanics by quantum mechan-
ical operators, plays a key role.
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1.2.1 Mechanics

In the Lagrangian formulation of mechanics, we substitute the equations of
motion by an extremal postulate for an action functional

S[L] = /t dtL (1.1)

to

of the Lagrange function L(g;, ¢;), where the g; are the (finitely many) gener-
alized coordinates in the specific problem. Postulating 65 = 0 for variations
in the ¢;(t) and keeping the endpoints fixed, we obtain the Lagrange equa-
tions

oL doL_

dq;  dtog;
Here, 0L/0q; = p; are the generalized canonical momenta. The Hamiltonian
H (p;, q;) is the Legendre transform of L:

(1.2)

H=> Gp—L (1.3)

and the Hamiltonian equations in phase space follow:

OH . OH

_ - 14
3%‘7% Op; (14)

Di =

The Poisson bracket of two functions f(p;, q:), g(ps, g;i) in phase space is
defined as

of dg  0f 9y
15 qi ), iy 4 oisson — o T a4 1.5
e i), oo 0 e zl: <5pz‘ dqi  0q; Op; (1:5)
We have
{pi7 Qj}Poisson = 51']' (16)
and the Hamiltonian equations can be generalized to
d
— (i, @) = {H. f}Poisson (1.7)

dt

In case of explicitly time-dependent f we have f (pisqi) = {H, [} Poisson +
0f/ot. For these formal aspects see e.g. F. Scheck, “Mechanik”.

Continuum mechanics can be obtained by taking the number of coordi-
nates N to infinity, as will be seen in a specific example in QM.

1.2.2 QM States

States are described by Hilbert space (ket) vectors |1)) € §) (or by the density
matrix p; see below) with the following properties:
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1. representation space: ¥ (Z) = (Z|¢) are functions in the Lo Hilbert
space §). These are coordinates in the (Z|-basis.
2. probabilistic interpretation:
e |¢(£)|? d3z is the probability to find the particle in the state |¢))

in volume element d3z.

o (p|) = [ A3z (&) ¥(&) = [ d®p ¢*(P) ¥(p) is called the inner
product of ¥ and ¢

e | {p|)|? is the probability to find the state |)) in |¢), and vice
versa.

1.2.3 Observables

Observables are described by self-adjoint linear operators A in $: A = Af
and def(A) = def(AT).

The eigenstates of A are orthogonal and form a complete basis, and the
eigenvalues are real. The expectation value of an observable A in a state

|1} is given by

(A) = (VIA]Y)

More generally, one can introduce a density matrix p, and obtain

(A) = Tr(Ap)

with

p: pt=p, p>0, Tr(p)=1

for general mixed states, and

for pure states.

1.2.4 Position and momentum

Position X and momentum P fulfill the canonical (Heisenberg) commutation
relations

[Xk, 151} — oy (1.8)

in accordance with the general quantization rule
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—ih {A7 B}Poisson = [A7 B} (19)

where the Poisson bracket for f(x,p), g(z,p) is defined in eq. (1.5).

1.2.5 Hamilton operator

The correspondence principle relates mechanics to QM:

o= AV
mechanics{ F = ih% QM in x-space
r = Z
So:
) 2772
p o h*V .
H=—+V = H=- \%

and similarly for other operators corresponding to observables.

Time development (without measurement!)

w(0) = exp (it [(O) (1.10)
—_————

=U

This is the representation of time development in the Schrédinger pic-
ture. The exponential function is a unitary operator (UT = U™1).

In the Schriodinger picture, the states are time-dependent, and operators
are time-independent (except when explicitly time-dependent). In contrast,
in the Heisenberg picture the states are time-independent, and the operators
are time-dependent. The expectation values are the same:

WOl As[H(0) = ($(0)[UTASUL(0)) = ($(0)|An[b(0)) = (wul Aslin)

where the Hamilton operator H is the same as above. The (Heisenberg)
equation for time development is given by

d i
Ayt = —
A =4

(with an additional term OA /0t in case of explicit time dependence in

A).
In the Heisenberg picture,

(@ 1) = (Xslus(t)) = (Xs[Ub(0)) = (Xl (0))

The actions of the operators X and X are as follows:
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Xs lzs) = Zglxg) (1.11)
U'XqUU' |z5) = ZU'|zg)
i ~~ ~~
Xu ) i |z )

Remark

In QM, multiparticle states can be represented, in spaces like

DNIRVHI - QHN

which describe the whole space as a tensor product of the individual
spaces of each of the N particles. This representation is used to describe
e.g. atomic structure, nuclear shells, or solid state physics, but the particle
number N is always fixed!

1.3 The need for QFT

QFT is the quantum theory of fields, the main difference to QM being the
huge number of degrees of freedom (— o0). The principles, however, are the
same as those of QM. There is a (multiparticle) Hilbert space, called Fock
space, and a probability interpretation, all as we know them from QM. So
don’t worry!

The electromagnetic wave equation is the prototype of a relativistic field
equation:

P

It can be solved by a wave ansatz, which leads to:
gy W —i(wt—kZ)
k* — = Agre =0 (1.13)

With g = hk and E = hw we get the dispersion relation for photons in
the particle language:

2 2
<#—”>H2—E:0 (1.14)

Note that the wave equation is not a kind of Schrodinger equation for the
probability amplitude of photons. In this case it would be an equation for the
probability amplitude of a single photon, which would lead to contradictions.
Consider the physics:
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e [t is very easy to produce ”soft” or ”collinear” quanta
“soft”: K ~ p ~ small

L P

“collinear”: -2~ 5, with p=p1+p2 and p|| p1 || pa

P)
P2

e We want to measure x with precision Az. Assume Az < Apeproglie =
h/p. Multiplying with Ap and using the uncertainity relation we ob-
tain Az Ap > h — Ap > p. This means that new particles may be
produced, because E? = p?c? for massless (highly relativistic) parti-
cles.

More formally: the wave equation contains second derivatives with re-
spect to time, which means that a probability interpretation like the one for
the Schrodinger equation fails (y/m?2c? 4 p? is nonlocal).

Remarks

e The same problems arise for massive relativistic particles (e.g. pion
a0 e): we want to measure x with precision Az < % = ACompton
Again using Az Ap > h, we now obtain

Ap > mc

With the relativistic relation

E?=p*2 +m?t — 2EAE =2pApc?

we see that

AE = vAp 2 mcv

This allows particle production for v — ¢. Thus, a particle can not be
localized without allowing for the production of further particles.

e (Z,t) assumes that one can measure & arbitrarily exactly, but we have
just seen that then the particle number is not conserved. QM emerges
for non-relativistic massive particles in the limit of neglegible particle
production (i.e., it is a special case of QFT). However, also for very
slow massive particles there are quantum field theoretical corrections:
an example is the uncertainity relation AEAt > h, which leads to
tunneling and particle production. For small times At a very high
energy AF is possible, i.e. at small time scales we cannot exclude
particle production.
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AN

Figure 1.1: Particle production

In short

Relativistic field equations require to be treated in the framework of QFT,
where particles can be produced and annihilated. Their interpretation is
different from that of the Schrodinger equation. The electromagnetic field
has nothing to do with the localization probability of a single photon.

Still: The principles of QM remain true!

Other relativistic field equations are the Klein-Gordon equation and the
Dirac equation. The Dirac equation, which contains only first order time
derivatives, allows for a one particle interpretation in the nonrelativistic
limit, although not without further ado, as will be seen later.

We will first discuss free particles, and later their interactions, almost
exclusively in the context of perturbation theory. Particularly interesting are
gauge theories (electrodynamics, chromodynamics, flavordynamics).

This might give the impression that QFT was made exclusively for fun-
damental theories, for elementary particle physics. However, it is also very
important in statistical mechanics and solid state physics (see e.g. the role
of path integrals and their relation to the partition function); and of course
historically, the connection between QFT and relativity was very important!
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1.4 History

1925/1926: Heisenberg and Schrédinger develop their QM formalisms,
which are proven to be equivalent

1926: Bohm, Heisenberg and Jordan begin developing QFT

1927: Dirac postulates his equation and explains spontaneous emission

1928: Jordan and Wigner (anti-commutation relations, Pauli principle)

1929/1930: Heisenberg and Pauli develop the canonical formalism

1930: Dirac works on hole theory and antiparticles; the positron is
detected

1948: Schwinger, Feynman and Tomonaga publish on the Lamb shift;
the anomalous magnetic moment e~ is explained

1949: Dyson’s work leads to a better understanding of the Feynman
graph rules

1954: Yang and Mills publish their (at the time mostly unnoticed)
article on non-Abelian gauge theories

1955: Lehmann, Szymanzik and Zimmermann (S-matrix in QFT)

1957: Bogoliubov and Parasiuk (renormalisation)

1966: Hepp and ...

1969: ... Zimmermann work out renormalisation to all orders

1.5 Harmonic oscillator, coherent states

1.5.1 Classical mechanics

In classical mechanics, we know the Hamiltonian of the harmonic oscillator:

1 mw?
H=_—p*+ —=z?
om? T2 "
with the equations of motion
i_aﬂ_ﬂ 5y — aﬂ_ mw3r
Idp  m p= or

(see Hamilton equations, sec. 1.2.1). By a canonical transformation, we
obtain the holomorphic representation:

i = (\/mxﬂ\/%)/fz

i = (Mﬂc—ki\/%)/\/i (1.15)

P - aid

In terms of these new variables, the Hamiltonian becomes:

H= % (@& + aa*)
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The equations of motion are:

OH

ia* = —= = —wa* (1.16)
. 9H
a = 8(1&*)_ wa

These are first order differential equations, allowing us to solve for a, a*:
at) = e ™ a(0) (1.17)
N*(t) — 6iwt d*(O)

1.5.2 Quantization

We use the quantization rule known from QM:

. 7
Poisson-Bracket — 7 X commutator

For example:

1

pap=1= [P.X]=1

h
flow) = i+ S = (.1} = FX.P) =

1

- [H /)

When we quantize the harmonic oscillator, we promote @ and a* to operators:
a,a* = a,al
which obey the usual commutation relation:
T [t ~
7 [z’aT,a} =1

In QM we will often find % included in a. So we can set i = 1, or define a
new a, to make the equations look nicer:

a'—i = aaq—l
: NG ,
1
—>H:hw(afa+aaT) = H:h/,u<aTa—|—2>
| ——
ata+1

The occupation number operator N is defined as

N := afa
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and has eigenvalues
Nin)=n|n) n=0,1,..

|0) is the ground state. In this setting a and a' are the annihilation and
creation operators, and have the following actions:

aln) = nln—1) (1.18)
alln) = Vn+l1ln+1) (1.19)

1.5.3 Coherent states

The states |n) do not correspond to quasiclassical states. The closest ap-
proximations to classical states are called coherent states, which, in the
Heisenberg picture, which we will use most frequently, are defined as fol-
lows:

IA) = Ner®al(t) |g) (1.20)

From

zhg [ [H,aq = —alhw

we obtain

— al(t)=e™al(0) — \(t) = e “IX(0)

which, if plugged into the definition of a coherent state, gives:
A”a*" ad

=N Z 0) = Z

n=0 n=1

To determine the normalization N, we take the inner product of |\) with
itself:

ﬂ\

o A2n
o = vy B ,‘u = N[ =1

= N = /2 (1.21)

If we now apply the annihilation operator a to such a coherent state, we
obtain:

A —NZ;WM—D SV (1.22)

We can also use this as a definition of coherent states. From the above,
it follows that the expectation values of a and af are given by

(Ma]A) = A <A|aT|A> — )\
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and

<A|afa|A> = [A]?

Analogously, we can calculate af |\), which gives

af[A) = % ) (1.23)

i.e., a and ia' act on coherent states as A and i%.

For coherent states, the sum of the variances of X and P is minimal, i.e.
|A) comes closest to classical motion.

For the variance in the occupation number N, we have:

(AN)? = (AN = (N))*|x)
= (AIN[A) = (AINIY)?

<)\|aTaaTa])\> = M4 AP
<>\|aTa|)\> = A2
= (AN)? = AP =(N)
AN 1
> 7w (1.24)

The relative variance goes to 0 for large N.

Remarks

e Introducing coherent states:

In the Heisenberg picture, we have
al\) = A\

Ay = e~ IAP/2 A al (1) 10)

e—twt

In the Schrédinger picture, this becomes:
Ng = e Ny
Ne)\(t)aT(O) ’0>

e Coherent states are not orthogonal:

<>\|)\/> — €|>\—>\/‘2/26i%()\*>\/) (125)
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e The completeness relation holds for coherent states:

/dAdA* A =1 (1.26)

21

We can obtain this relation by expanding an inner product (n|m) in
the A-basis and integrating:

ANIN* ANIN* AT \Em
/ o (PN Alm) / o NN

= (n|m)

where in the second step we have used

)\*m
vm!

e The following normalization is often used in the literature:

(Alm) = ¢m(X") = N

() = e

In this case, the completeness relation changes:

ANy
et -1
/ 5 ¢ N

e The representation of an arbitrary operator A in the A-basis is as

follows:
WAD = oo [ (AR (XIf) ax v
AN
ANSN) = (Aln) (n|Am) (m|X')
= A (>\*)nﬂ(f"\w%*')‘/w2 (with summing convention)
"Vl Vml
with A = Kppa' a™ (“normal ordered”)
Knm(A ) = Ky NA™
= AQNSN) = e WPV 2E (3 N

e Applying this to a and af, we plug in K,,, = 0 except for n = 1,
m = 0 for af, and n = 0, m = 1 for a, in which cases K = 1. This
giVGS a‘i‘()\*’)\/) — 6_(‘>\|2+‘N|2)/2)\* and a()\*’)\/) — 6_(|>\‘2+|>\/|2)/2)\,
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e Canonical transformations in phase space are symplectic (see e.g. F.
Scheck, “Mechanik”). A general phase space vector

N o r Llyeeesy TN = Z1y.--92&N
zpn =1\ - _
p P1y---3PN = ZN+15---, 22N
has the following Hamilton equation:

dzZpp, OH
dt " 0Zpy

with

0 1 « B »  7—1
J = ( 1 0 ) (a metric in phase space”,J = —J)

A canonical transformation Z — Z' preserves the Hamilton equation:

0
Mug = 83; a,f=1,...2N
0z
—1 o o
MQIB .« %
g _ 0% 00 04, OH ., OHOy ., k6 OH
®T 9t T 92, ot 0z5 P02 aB P g, 5 Y
Jé] B8 ol § Y 5
M;ﬁl M(S_'yl
(1.27)
_ —1
= M Jg,M" 5 = Jas
= J=MJMT (1.28)

M is a symplectic matriz (the M form a group)!

e The Poisson bracket

of

Jg
_%J

{fa g}Pol’sson (Z) = aﬂai%

is invariant under canonical (symplectic) transformations.
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1.6 The closed oscillator chain

1.6.1 The classical system

ot 6.0
e Be
4 o
C S
q é
Q. b
B g @

Figure 1.2: The closed oscillator chain

Let us consider a circular chain of radius R, with N masses m, connected
by springs with spring constant D. Let the ¢th mass be at a displacement
q; = RO, from some rest position, and let us impose the periodic boundary
condition gy = qn for convenience of writing. The distance between the
masses when they are at rest is a = 2rR/N.

The Lagrangian for this system is:

. N m .o D 2
L(q,q) = Z 9% "9 (¢j+1 — qj)
j=1

Varying q;, we get the equation of motion

ma+ D (g — q—1 — (@41 — @) =0

which is solved by the ansatz

a(t) = (o)

leading to

mw?>+ D (2 —e e“k) =0
~—

mo?

2k
4sin 5

Because of the periodic boundary condition gy = qo, we get Nk = 2mn
withn =0,...,N—1orn=—-N/2,...,+#N/2 — 1 (for even N), and we
obtain for the oscillator modes
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4D ™
2 .2
= — — 1.29
“nT T SUN (1:29)
42

Superposition of modes gives the general solution for real ¢;(t):

N/2-1
Z [Cnez‘(zmj/N—wnt) + Cze—i(QﬂnJ'/N—wnt)} (1.30)
n=—N/2

qj(t) = N

(note that this is a Fourier expansion).
The Hamiltonian is then given by:

|7, D
2

H(q,p) =) |

2m
Jj=1

(g — Qj1)2] :

where p; = mq;, and the corresponding equations of motion are
. oH ) OH
p e - q ;= —,
J an J apj

To ensure that the the transformation (gj,p;) — (cn,c;,) is canonical,
we normalize ¢, and ¢, by defining the new canonical variables a,, and ia;,
through a, = v/2mw,c,e” ™t (cf. harmonic oscillator, sec. 1.5.1). These
variables are canonical:

{an7iain}Poisson = _5nm> {av CL} = {a*, CL*} =0
The new Hamiltonian is
H=>),

Note that this transformation is still classical. It is preferable, however,
to discuss this in the already quantized version.

wp(ayan + anay,)

DO | =

1.6.2 Quantization

The procedure is exactly the same as it was for the harmonic oscillator:

pLq — PLA
)
{f(pa Q)a g(pa Q)}Poisson - % [fa g}
ap,a, — ap, al

Then the a,, iéL fulfill the usual commutation relation
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[én, QM = ihdpm

and the Hamiltonian looks like this:
H= an ala, + 1y
n " 2

Exercise: obtain the commutator [p;,q;]| from [a,, al,] = ihdpm and
derive the Hamiltonian above (use Zi\[:—ol e2min(i—=i")/N = Néjj).

In the following we will often use units where i = 1. We will sometimes
reinsert the factors of A, in cases with experimental relevance; the same goes
for setting ¢ = 1.

Defining ag) = \/ﬁaﬁﬁ, the Hamiltonian becomes:

1
H=> hw, <aLan + 2) (1.31)

After quantization each mode n has an excitation number (the “occupa-
tion number” of some quasiparticle-mode), as we have already seen in the
case of the harmonic oscillator. This begs the question whether, as a physi-
cist, one can distiguish these modes (called phonons if they live in crystals)
from “real” particles.

If one can see the “lattice” (e.g. a solid state crystal), the answer is yes,
because a real particle should exist independently of the medium it lives
in. One can not always see this medium, however, in particular when the
continuum limit has been taken. Then, the “lattice” has become some sort
of “ether”, which is not necessarily visible to the physicist, and might not
be needed anymore.

An interesting case is fundamental (super)string theory, where particles
are modes of strings.

The states on which the operators defined above act live in a Fock space
FT=91R0H - RHy, where H; the Hilbert space of i-th mode. The
“vacuum” state is denoted by |0), and has a,, |0) = 0 for all m.

General states

]nl,ng,...,nN>: ’0>
are normalized eigenstates of H and have energy
E=Y hom [+ 2
- m m 2
m
Note: Elastic binding to lattice, mimicking a crystal, at x; = j2rR/N

gives a term —(m/2)Q2qJ2 in L which shifts the w? in eq. (1.29) by +Q2;
there is no zero mode.
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One can rewrite eq. (1.30) by substituting —n for n in the second term:

N/2—-1 t N/2-1
g = Z 2ming/N an;‘ a_n, Z eQﬂ'inj/NQn
mwy,

n=—N/2 n=—N/2

Similarly, one can introduce
mwy, .
Pn - nl(an + aT—n>
Check the following relations:
{an) Ql] = _iénl

and

1 1
n

with P,, = P}, and Q,, = Ql,

1.6.3 Continuum limit

In the continuum limit, we take N to infinity and a to zero while keeping

2rR = Na fixed. The index j becomes a continuous variable, leading to:
(1.32)

qi(t) = q(z,t), z=a-j

Note that in the “closed string” case discussed above, one does not have
elastic binding to the lattice like one has for a crystal, and x is defined up

to an overall translation.
Now, we make the following translations:

(g5 —gj-1)* — d <8qg;,t>>

Zﬁi/dx
J

Further, we postulate

with finite mass density p

o
with finite string density o
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and obtain the following Lagrangian:

S da(e, )\ (0g(x,1)\?
peont L 0/ da [p (875) —a((%> ] (1.33)

The equations of motion

02 2
aet)  Palet)
ot? Ox?
can be read off from the discontinous case. Later, we will obtain them
directly from eq. (1.33).

Now, with ¢ = /o /p we can rewrite the above equation as:

Pq  ,0%q
— —c"— =0 1.34
o2~ 922 (1.34)
Note: introducing elastic binding (cf. note in section 1.6.2) gives an
additional mass term —% OQWR drp2%¢?(x,t) in eq. (1.33), and —Q2q in eq.

(1.34), which then has the form of a Klein-Gordon equation to be discussed
in the next chapter.

Now, we can just translate our “discrete” solution to the continuum case,
or we can make the following ansatz (from electrodynamics):

q(fE,t) _ Aei(kx—wt)
Plugging this into eq. (1.34) gives
W2 = 212

Imposing periodic boundary conditions ¢(0,t) = q(27 R, t) leads to

n
ky = = (n=0,£1,£2,...)
which, in combination with w? = c¢?k?, gives
nlc
Wy = |R| (1.35)

Note that in the finite N case, the continuum w,, is only approximately
valid. We have to use the formula from the discrete case:

Wy, = \/?sin (W) (1.36)

We expand this for small n, using the linear approximation for the sine:

/4D w|n|  2cmin|  c|n|
“n m N  aN R
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(remember D = ¢*m/a® and a = 2rR/N). This approximation is only

allowed when % < 7; then, we have:

wp < %g = We (137)

Note that in the above discussion, ¢ does not always have to be the speed

of light; it may also be a characteristic speed for the medium in which our
phonons are living.

1.6.4 Ground state energy

By en SR Il 1.38

In the continuum limit the ground state energy is divergent! We will ob-
serve such divergences more often in QFT; they are related to the continuum
limit and to interaction at a point, and require physical discussion.

In the finite N case:

Ey = h N/i:l EEsin L’n‘
07 9 R N
n=—N/2
1/2 )
h c N° | n
) / dxﬁ7sm(7ﬂx|) (usexwﬁ)
~1/2
Eo b, 1 cN?
orR 2 m wR- 2R
_ he NP 2he L NP (2m)?
T OB R ma2 R2  \ a
t
N7z 0 M2 i

Figure 1.3: Validity range for the linear approximation
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The absolute value of Ey does not have a physical meaning (except in
general relativity, where it appears on the right hand side of the Einstein
equation), but we can compare ground state energy in two different physical

situations; in doing so, we can observe the Casimir effect.

1.7 Summary

Start with the action formulated as an
integral over the Lagrangian density

v

Variation with respect to the fields
(with partial integral over fixed
boundary conditions)

v

h 4

Canonical momentum field IT

b

Euler-Lagrange-equations-of-
motion
(L taylored to get the right equation)

Field equation
+ solution via Fourier-transformation
(cancnical transformation)

Hamiltonian form alism

(via Legendre-tranformation of L)

v

Poisson-bracket as classical
commutation-relation

Equal time QM-Commutation-

Field operator equation Relations
+ selution via generalized F T Hamlltoman .
(symmetrization 1n complicated
cases)

v

aand a’ (annihilators & generators)

F

Heisenb er g-equations-of-motion

v

Fock space

1.8 Literature

suolje|nojes |eoIsse|)

suolje|nojes ND

Literature list for QFT I and II; books marked with * are particularly rec-
ommended for studies accompanying the lectures
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Chapter 2

The free electromagnetic
field; Klein-Gordon equation;
quantization

We quantize the free electromagnetic field in the Coulomb/radiation gauge,
analogously to the oscillator string. Then, we discuss electromagnetic emis-
sion and absorption in this language. We introduce the Lagrange- and
Hamilton-formalisms for fields and present a more thorough discussion of
the canonical quantization of the Klein-Gordon equation. To conclude, we
come back to the Maxwell equations in the canonical formalism.

2.1 The free electromagnetic field

2.1.1 Classical Maxwell theory

The classical source-free Maxwell equations are:

V-B=0, V-E=0, VxE:—fQB, VxB:fQE (2.1)
c ot c ot
In the Coulomb /radiation gauge, we have
- - 10 -
V-A=0 =0 EFE=———A
) ¢ ) SO Cat
Using B=V x A and Ampere’s law, we obtain
S e N efe N\ o oor 104
Vx (Vx4)=V(V-4)-V.Vi4= -2
c Ot

=0

29



30CHAPTER 2. FREE EM FIELD, KLEIN-GORDON EQ, QUANTIZATION

resulting in

102\ »_

for the wave equation.

In order to solve the wave equation in a finite volume L3 with periodic
boundary conditions, we make the following ansatz, based on a Fourier
transform (later on called Fourier ansatz):

—

ooy 1 - kT | —ik%
Al ) = o Z N (aE(t) ML a(t) e ) (2.3)
k

with normalization NV z and discrete k;L = 27n,;.

From V- A = 0, we have k- dy =0, i.e. the solution has only transversal
modes; this is the origin of the name transversal gauge. The wave equation
gives dj; o et with dispersion relation C’E‘ = w. Now, let us calculate the
energy of the electromagnetic field:

E = 1/d3x <E2+§2>
8w
Through partial integration, the second term becomes

(—1)2<Xxﬁ)-(§xﬁ> ﬂ-(ﬁx(ﬁxﬂ))

1 Coulomb gauge
= —A-AA
i} partial integration

(VA) - (V4)
|
0; A0 A

leading to

Jo i /dsx z: ((:12 <§tA,;>2 4 (6Ai)2> (2.4)

Substituting the Fourier ansatz gives

213 1 9 9 Dok oo o
B=ma 2w N (a3 + @ )
K
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Exercise: provide the intermediate steps. Now, using w = C\E\ and orthogo-
nality, we have

where a Kronecker delta appears because the k-indices are discrete (remem-
ber that we had periodic boundary conditions).
The cross terms (@ a_ptdar 5:;) in the sum come from both (9A/0t)?/c?

and (VA), but with opposite sign, so they cancel. Finally, choosing N =

/272 Jwy, we obtain

1 Qs o o 1 7 =
E:§ng<aga%+a2ag> with k- dp =0 (2.5)

which is a sum over harmonic oscillator terms.
The Poynting vector is calculated similarly:

5 1 3.5 5 Tn =k
P—W/dexB—ZkaE-

[

L

— —

which, with E x B = —% (%A) X (ﬁ X A), becomes:

L/af0 N - [0\ ==
- CA)A-(24).vA
(7 () - () - 94)

The second term becomes zero after partial integration.

oL
I

Note

e In the continuum limit, where L. — oo, the sum is replaced by an inte-

gral: ¥ — [d3k/(27)3L3. With N oc —&, it follows A oc [ d3k/(27)3(...

VL3

and H =1/2 [ d®k/(27)3(...)

The expression (2.5) above can be interpreted intuitively as a collec-
tion of an infinite number of harmonic oscillators, with @; and ic‘i’,% as
generalized coordinates and momenta (compare to the oscillator chain
from chapter one). We will have to substantiate this heuristic inter-
pretation when introducing the canonical formalism for fields in the
next section.

e The corresponding position (and momentum) operators cannot naively
be identified with the argument & of A(Z,t).
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o)

L J
My
=k

Figure 2.1: Electromagnetic wave propagation

2.1.2 Quantization

The quantization is procedure is similar to the one for harmonic oscillator

% [a%,iag‘] = 020, o A=1,2 (2.6)

for transversal polarization degrees of freedom o: G = € 1 aEl +é? a% with
el Le? Lk
Promoting the a; and z'c_i;i from eq. (2.5) to operators, we have

_1 o ,to fo o
H—§Zwﬁ(agag —i—aE aE)
k,o

leading to

oo 1
ko

Note that ag’ alg = hn% is the occupation number of the harmonic oscil-

lator n% and the zero-point energy of the k-mode is hwg/2.
Again, the space of states is the direct product space of the Hilbert-
spaces corresponding to the modes, called Fock-space:

nil,nZQ,...n€N>
k

= H ® 55,;"0 ; states: . 2
ko

E:ng<ng+;); P=>Y hkn?

ko ko
Here we have an infinite number of degrees of freedom (modes), each
with its own occupation number as for the harmonic oscillator. Because
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4 Energy
F 3
FaWe Ve Ve e WV
Absorption I Emission

Figure 2.2: Absorption and Emission process

of the sum there is an infinite ground state energy, the so-called vacuum
energy. This can be removed it by normal ordering, : aa’ : = afa (moving
all annihilation operators to the right of all creation operators), but this is
ad hoc. Infinite energy shifts are also a problem in general relativity, where
energy density influences the curvature of spacetime.

2.1.3 Application: emission, absorption

Consider induced emission or absorption, or spontaneous emission due to an
interaction (in QM):

e -
H;,=——7yp A%, t). 2.8
I me ((L’, ) ( )
With a quantized electromagnetic field, we have
initial state |i) = |a)410m ‘ . n%>
final state  [f) = |0) 4rom ’ ngE 1>
With
1 oz zkx to & —ikz
A(z,t) \/72 ( 7 ta; € e )
we obtain

) e 27’['h02 1/2 Lo o~ nZ +1
iR = £ (F ) (v e o) VS

n% = 0 means spontaneous emission (— “natural line width”, considering
perturbation theory).
Finally, we have

2
transition probability / time = % |(fIEL )% 6By — E).



34CHAPTER 2. FREE EM FIELD, KLEIN-GORDON EQ, QUANTIZATION

2.1.4 Coherent states

To approximate an electromagnetic wave one introduces coherent states like
for the single harmonic oscillator, and expresses A, E/, and B through ex-
pectation values in these coherent states. First observe that with

(n|E|n) = 0 for E between states with fixed photon number n. Also note

[N%,E] £0 (2.9)

i.e. photon number and electric field can not be measured simultaneously.
However, we also have

E? hw 1
<n|4ﬂ_]n> =13 <n—|— 2) # 0.

Now consider a monochromatic coherent state
— R ot
A F o) = Neee 03 o) (2.10)

and calculate

<A,E,0’|E|>\, l;,a> — (272730) 1/25% ()\/;a(t) iR _ )\;%’U(t) e%l?x”)

which is the Fourier-component of a monochromatic, polarized E. Observe
that A determines the amplitude. The conclusion is that for induced ab-
sorption/emission, one can get back the normal QM description by using
coherent states. (Note: the “Fock-space vacuum” |0) = HE,U ®|0) .o allows
for product states of (2.10) in the more general case.)

2.2 Klein-Gordon equation

2.2.1 Lagrange formalism for field equations

Consider an action

S[L] = /t:l dt/d3a: L (@(f, t), <gt<1>) ,%)

L(®(-1),...)

and a field ®(Z,t). Discretizing the field, using a lattice, turns it into a
vector, with position serving as an index: ®(Z;,t) — ®;(t). Note, however,
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Figure 2.3: Field Lattice

that we retain infinitely many degrees of freedom even in the discretized
case.

The Lagrangian L is a functional of ®(-,¢), the action S of ®(-,-). We
postulate 0S[L] = 0 with a variational derivative, i.e. S is extremal (chang-
ing ® at position & and time t).

Functional derivatives

For a functional F' (®(-)), we have

F @)+ €€() = F(80) = ¢ [ do s €(a) + O()

which defines the functional derivative 5@% @) An elegant, if a little heuristic,
choice for the perturbation function ¢ is £(z) = 0(z — ).

lim F(®(z)+ed(z—7)) — F(P(x)) _ OF
e—0 € (5@((13)

T=T
Remarks:

e Discretization (z — x;, ®(x;) — P;) turns the derivative into a gradi-
ent and 6(xz — Z) into J;;.

e If the functional is defined as F' (®(-)) = [ dz F (®(x)), then

5F(D()) _ OF (3(x)
0d(x) 0P (x)

i.e. we also can get along without functional derivative notation.
o O(x,) is a functional itself:

®(-) = ®(za)
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0P (xq)
0d(x)

_ 11_1}(1) D(xq) + 65(1:(16— z) — P(xq) T

T=T

This will be important later on when calculating the Poisson bracket
of ¢, 11

Applying the above to the action, we get:

+ aaqfie(t)(,g;é(f’ - f)}
where ®; := %. There are no boundary terms in this formulation with

o-functions and Ze(to) = €(t1) = 0. In the original, and more “orthodox”,
formulation, without delta’s, ® — & + €£(Z,t), and for all £, £ = 0 at the
endpoints ty and t; and || — oo.

Regardless of the formulation, one has

5S=0 VYet),z

resulting in

oL 0 oL 0 oL
9% 0100001 0w, 0%, (211)

for the field equation.
Remark: in case of a finite volume, one takes periodic boundary condi-
tions in x-space.

The momentum field is defined as

) oL 0L
(%, t) = 2(02/0t)  9(0D/0t)

Note: the (canonical) momentum field II(Z,t) is not the momentum P of
the field.

From the Lagrangian density £ and associated momentum field II we
obtain the Hamiltonian by means of a Legendre transform.

B o =
_ 3 = 7 _ —
H = /d x {H(:c,t) 5, 20 1) — L£(@, 875<1>,v<1>)}

Hamiltonian density
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The Hamilton equations read

9p sH OH O 6H <8H aH> (2.12)

ot oIl ol ot 6d  \o® o,

The Poisson bracket is defined analogously to the discrete case:

0A 6B 0B J0A
A(TT, ®), B(II, ® : = — Br = §(E—7
{ATL ), BOL $)} poisson /<5H(f) 50(z)  OL(7) 5@(3?)) = 0(@-7)

Exercise: show that this indeed gives a delta function. Note that &, II(Z)
are particular functionals, see remark page before.

2.2.2 Wave equation, Klein-Gordon equation

The wave equation

1 6 -
=0
is solved by the Fourier ansatz
. 7o w2
A= HWR) with — = 4 k2 =0
c
With E = hw and p = hk, this translates into the photon energy relation:
E2
3 + p2 =0
c
Similarly, for massive particles we have
2

E
3 +p2+m202 =0
C

or, dividing by A
w?(k) o mic?

2 +k+ 2 0
This translates to the differential equation
1 02 m2c?
—— —A d(r,t) = 2.1
(o -2+ " )o@n =0 (2.13)

which is the promised Klein-Gordon equation for a scalar field. The equation
follows from the Lagrangian

1|1 (09> - \2  m2?
‘—z[cz<at><v‘1>) h2(1>]'
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The corresponding momentum field is

(7, 1) = a%ﬁ{)) _ <(§tq>>

resulting in the following Hamiltonian density:

111 /0 \° - \2  m2c?
N ey ( q>> o2
n 2 [02 <8t > FVe) F h?
which is positive definite. It can be simplified by using the Fourier decom-
position of ®(&,¢) in a volume V = L3

(#,1) = —— 5 Vg () + at(t)e )
L3
VIZ T

o (t) real!

It solves the Klein-Gordon equation if

102 -, m2c?
(om 7+ ) o0 =0

ie. if ap(t) = e_iw(’;)ta,;(O), where k2 + (me/h)2w2(K) /¢ = k2 + me Since

h2
the differentiation is only with respect to time, factors of e***% do not matter

in this equation. Plugging in this definition of ® in H gives

1 s * *
H= 5 Zw(k) (aEaE + a’E%) (2.14)
K
c? 1/2 . w7
where we have set N = <2Wz;) . As we would expect, a and ia*(k) are

canonically conjugate variables:
6GE B 8H
ot 9(ia})

OH
8(1];

= —iw(k)az  (iak) =
which can be checked using the form of a; derived above.

2.2.3 Quantization

This is done most easily in momentum space. The commutator of the canon-
ically conjugate variables is

ﬁ [za;%,, aE:| = 5];’]2, leading to [ag,, a;%] = héE,E’ (2.15)
We redefine this
ag t1 _ 73
aE — \/ﬁ : {ag,, ak} = hL 6E,E’
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(again, see the oscillator chain). Since we have for L — oo

Bk 03k — k') (2m)3
Z 51;,]3’ =1 = / (27T)3L I3 =1

PO
k~m

we see that in the continuous case, the commutator must be

laj;, al] = h(2m)6s(k — K (2.16)

We could have derived this directly from the canonical formalism, pro-
moting the Poisson bracket to a commutator:

{(D(f7t)7n(f/7t)}]30isson = _63(1_‘:_ ‘fl)
/i | quantization
[@(2,t),11(Z,t)] = ihds3(T— )

from which the above result for a; follows. Exercise: invert the relation
between ®,IT and a, ia’ and calculate [a, aT]. Alternatively, which is easier,
plug in ®,II in terms of a, a' and obtain the relation above.

Of course we have now

O(7,t) = / L (aE(t) e*7 +al(t) e—“?f) (2.17)

@)% fo(i)

3 -
H :/é&);w(l@) (a (t)az(t) +a,g(t)aTE(t)> (2.18)

T+

Remarks

Since we know the wave equation from electromagnetics, and since we used a
relativistic dispersion relation between w and k to begin with, it is clear that
our equation is relativistically invariant, as well as the Lagrangian related
to it. We will learn more about this later on. The remarkable aspect of
this whole episode is that canonical quantization, where time plays a special
role, can be brought into consistency with relativity, where time and space
are on the same footing.

1 m?
== Y — — 2
L 5 0, P 0P 5 o° ...
2.2.4 The Maxwell equations in Lagrange formalism

Here, we will shortly discuss gauge theories (again, more details will follow).
For now, we will restrict ourselves to the free case, i.e. without sources. We
will use units where 2 = ¢, ¢ = 1. Consider the electromagnetic tensor:

FH = g% AP — 9hAY (2.19)
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and note that it contains £ and B in relativistic notation.
The electric and magnetic fields appear in it as follows:

FOi _ El Fikzeilel
. - 0 - = - -
A = ¢ E:—ng—&A; B=VxA

with V = 8?& = 0; = —0'. So, two Maxwell equations are automatically
fulfilled. What remains to be shown is

—

.- . - OE
V-E=0 and Vsza—
ot
or, in other symbols,
oFH 0
oxv
With eq. (2.5), this becomes
[0°A4" — 9,04 A" =0 (2.20)

In the Coulomb gauge, 9;A° = 0 and ¢ = A° = 0 (hence the term radiation
gauge). Hence, eq. (2.20) reduces to 9°A* = 0, which is just the wave
equation, as 9% = 9/ 92°% — V2. The equation for A* follows from £ =
—1/4F,,, F* if one varies the A" and A" independently (Exercise: work this
out.)

Note: in terms of E and B, £ = 1/2(E? — B2), but we do not vary with
respect to these variables.

Calculating the canonical momenta (see Bjorken and Drell, vol. II) gives:

oL R oL 0AF 94,

- ot  Oxk

B (YD) =B

HO

Inspecting the canonical formalism, we get the following result, which looks
reasonable:

8 ]_ -, — — —
= HkaAk—ﬁzi(EQ—erQ)—lrE-V(b

1 —, —,
H = /d3xH:2/d3a:(E2+B2)

The last term can be disposed of through partial integration, since VE =0.
This is not without problems, however, since VE = 0 is violated by both
the fact that II° = 0, and the canonical commutator of A* and II*, which is
given by

11 (Z, 1), AR(, t)] L _is(@— &) o

Indeed it turns out that in this case, we have to quantize with constraints in
a more rigorous approach (see the literature on the Dirac bracket, which is
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a special line of research). Note that working with constraints already pops
up in classical field equations.

The simplest implementation of this idea is to do like is done in QED:
take the Coulomb gauge.

10A, 0A* 10A, 0AH
_ 3. p _ _ 104 104y 3
L= /d:rﬁ—/< 2 Ozv 8xy+28x“6xy>dx

l Last term: partial integration, use 0;4; = 0,49 =0—=0
1 Lo
= 3 /&,A A B

We get 3 times the scalar case. Varying this separately for the two transver-
sal and one longitudinal (/ﬂong) components of A with the constraint that
VA= 0, leads us to the canonical picture for Etrans(ﬁ B = 0) and for
At rans(V - A = 0), as was used in heuristic exposé.
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Chapter 3

The Schrodinger equation in
the language of QFT

3.1 Second Quantization

For radiative transitions, the electromagnetic field is described by an oper-
ator in Fock space, whereas the atom retains its ‘old’ QM description, i.e.
with an e**X where the position is the operator X.

Now, the following question comes up: can we treat the Schrodinger
equation, written down according to the rules of the correspondence prin-
ciple, in its x-space form, like an ordinary field equation and quantize it?
This sounds odd, since it is already quantized; why do it again? The point
is that we want QM to be a special case of QFT, as mentioned in chapter
1, and therefore, it should be possible to express it in the language of QFT.
This is called second quantization.

Note that we are not looking for new physics: QM has been tested
thoroughly, and looks far too nice to throw away.

3.1.1 Schrodinger equation

In classical mechanics, we have E = p?/2m + V (Z); following the correspon-
dence principle, this gives

0 - —h2V?
h— = i 7 1
ih () 1) [( a )+V<w> e (3.)
HSCh’V‘
This has stationary solutions 1, = ¢n(Z)e "t/ we will also use

E,/h = wy. General solutions, obtained from a generalized Fourier trans-
form, are

¢(f7t) = Zan(t)¢n(f) (3'2)

43
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where a,(t) x e ™t and the {¢,} form a complete set of orthonormal
functions.

In the QFT quantization, the functions a,(t) are promoted to operators
a,(t); as usual, we are in the Heisenberg picture. The final result of this
second quantization will be:

H = / Prp),(Z, ) Hsenrthop(T, t) (3.3)

which is an operator in Fock space. In terms of a,,, we have

H=> E,a}a, (3.4)

where the a,, and ial, are canonically conjugate operators in the Hamiltonian
formalism. Let us now consider in detail how we get this result.

3.1.2 Lagrange formalism for the Schrodinger equation

In order to quantize the Schrodinger equation, we will treat it as an ordinary
field equation, for which we will first develop the Lagrange formalism. The
Lagrangian density is:

R2V* - Vi
2m

L = ihp*ep — — V(@)Y (3.5)

Following the usual procedure, we obtain the momentum fields:

oL
II =i, Ty« =0 3.6
Y= 3 ¥ (3.6)
We could obtain our field equation by varying £ with respect to the real
and imaginary parts of ¢, but we can also vary with respect to ¥* and 1,
since these are complex conjugates. This gives:

V- Vi

it + — V(@Y =0 (3.7)
which is the Schrodinger equation, as we had hoped. Now, our Hamiltonian
density (as used in eq. (3.3)) is given by

= i ) — L = fﬂW* vy

5 + V(Z)y™y (3.8)

Here, ¢ and ¢hy* are canonical conjugates. In this equation, we could also
introduce electromagnetic coupling.

Note that we could also have taken a more symmetric Lagrangian density,
%(@Z)*w — ¢*¢) to obtain this result.
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3.1.3 Canonical quantization

The canonical quantization relation, where the ¢ and ¥* are promoted to
YPop and @/le, is given by

[Wop (1), ih51, (&, 1) = 00 (@ — &) (3.9)

Note that the factor ih appears on both sides of the equation, and hence

cancels. In terms of the agf), we have

> lan,al |on(@)éw () = 8%(F — ) (3.10)

n,n’

where the generation and annihilation operators fulfill their usual commu-
tation rule

[an7 aL/]

= Sy (3.11)

This gives the completeness relation: the ¢, (Z) form a complete basis.
The Hamiltonian operator H = [ d3x’H is, as discussed in chapter 1,
given by
H=> E,ala, (3.12)

Using eq. (3.11), we find the Heisenberg equations for the a,, and aj:

%an( t) = ;[H a,] = —iwpan(t) (3.13)
%a;(t) - %[H al] = iwnal (1) (3.14)
For the 1, and 1},, we have:
m%%(f, £) = — [H, top(T, )] (3.15)
U3, 0) = [0, (7, 1) (316)

The energy states in Fock space are obtained as usually, by applying al, to

the vacuum. The action of a,, and ajl on a state is given by

anl..,Nu,...) = V/Nylo.o,Ny—1,...)
al |...,Np,...) = /No+1]...,N,+1,...)

Letting the zp((,p (Z,t) act on the vacuum gives:

Yop(T,1)[0) = 0, (3.17)



46CHAPTER 3. THE SCHRODINGER EQUATION IN THE LANGUAGE OF QFT

since 1), contains only annihilators, and

Wb, (T,4)]0) = |X) y (3.18)

which is a state with sharp position. The position X is fixed, but described
by time-varying Hilbert space vectors, which is where the time dependence
comes into the picture.

Exercise: prove eq. (3.18). Hint: use the Schrodinger equation for
W(Z,t) = (X|w), or write Xp(t) = [ d32' b, (&, )7 Pop(Z,t) and show
that Xz |X), = X |X),.

For the particle number density, we have:

n(£7t) - ¢lp(f7t)¢0p(_’at) (319)
n(@, Ol (@ 4)[0) = 8(F ) yh,(#.1)]0) (3.20)
localized

The total particle number N should be conserved, since we are dealing with
normal QM systems, where particle production is forbidden. Indeed, using
eq. (3.19) and the Heisenberg equation, we find that

/d?’xn(f, t)y=N
is conserved.

Quite generally, for any Schrédinger operator Ag(Xg,Pg), we have an
associated (Heisenberg) operator A p(,c) acting on the Fock space of the
one-particle state:

Ap(t) = / Pyl (1) Asthop(Z,1) (3.21)

Using the commutator [, 1/1210] = 63, the fact that double annihilation on a
one-particle state gives zero (1optbep |1 part.) = 0), and the definition above,
we see that commutation relations of the form

[Ag,Bg] =Cg

translate to

[Ap,Br] =Cp

(the notation A is also used for Ap).

An example of the above correspondence is the momentum operator,
which generates translations. It is defined by Uz = e *Fr @/l where now
Pp acts on states in the Fock space. Applying it to a state |¥) gives
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Uz vl (7,1) |0) = Uzl (7, 4)UL Uz [0)
— ~—
=|@) =0}

Using the fact that |0) is invariant under translations, this becomes:
[+ @) = gl (T +d,1) [0)
For infinitesimal translations, we have
. B
[Brv)] = =9

For rotations, generated by the angular momentum operator J F, we have
—iJp-@/R

the same procedure: Ug = e , where Jris given by

. L B
JF = /d3xwlp(f, t) (XS X ZV) wop(fv t)

And again, for infinitesimal rotations:
T @] = (Ko x ) o
[JF,%} = (Xgx =V ) ol
i

3.2 Multiparticle Schrodinger equation

3.2.1 Bosonic multiparticle space

The description of systems consisting of more than one identical particles
is a nice application of the new QFT-inspired formalism obtained from the
second quantization. Note again that we are still talking about QM as we
know it; only the language has changed.

Consider a system of N identical particles, which can be in states like

‘nglng2 .. TLEI> = ’TLE1> () ‘ng2> XX TLEZ>
where the possibility of polarization has been left out to avoid drowning
in indices. The states !n];> are given by

al)n
@) - 10) (3.22)

=

ng) =

General states (still without polarization) look like this:

Z Z f(ngllzl,...,nElEZ)‘n,;l...n]zl> (3.23)

=1 (k.. K}
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Here, the order of the k; is arbitrary, since the a]g commute. The total

7

particle number is given by N = 22:1 nj . These states live in a Fock space

obtained by a direct product of harmonic oscillator Hilbert spaces:

§=]]oope
=1

They obviously inherit the linear structure of their constituents. Simi-
larly, the inner product between two such states is obtained by taking the
inner product in each ;. separately.

Another way of obtaining § is summing spaces with fixed particle num-
bers:

= 5(0) @y)(l) @ @y)(l) — Z@ﬁ(n)
N
where
) = H @9 symmetrized

is the Hilbert space for 7 identical particles.

T &)y = Nad, (F1,t) .. 0d (2, 1) |0) (3.24)

The wlp generate identical particles, and hence commute. They are defined
as follows:

>N EaTE(t)e*iE'f for free particles

Wl (E,1) = (3.25)

k
> ail(t)qﬁfl(fj) j=1,...,1 for bound particles
E

Because of the fact that the 1/le commute, we obtain [! terms with the same
set of EZ in the free particles-case. This gives rise to a factor of I! in the
inner product of a state with itself. This factor is always the same (exercise:
show this), even if some of the k are identical. Examples are the case where
all k are different and the case of m identical k: in the first case, the norm
squared of the state gets a factor [!, as just mentioned, and in the second,

it is a factor
: -ml(l —m)! =1!
m

So, we set the normalization coefficient in eq. (3.24) Ny = 1/V1.
Exercise: show, using the normalization coefficient derived above, that
the following identity holds for a function fs,,, that is symmetric in the ;:

/d%g...d%; (& BNE, B Fom@ o B = fogm(@r ... )
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3.2.2 Interactions

The total Hamiltonian can be split up into the parts concerning the individ-
ual particles, parts resulting from interactions between two particles, etc.:

H=HY + H® ¢ (3.26)

The parts H® are defined as follows:

HO = [l (S V(E) vl (327

H® = [ ad b}y (@000, (@ OV (@) ), 1329

The interaction potential V (Z, %) = V*(Z, ') is self-adjoint, e.g. /|7 — 7|
for the interaction between two electrons.

Exercise: using [top(, 1), wip( t)] = 63(& — 7), show that

< | ¢0p( ) . -'¢0p(fl7 1)
VI

%p( 1) - Yop(@, t)
VI

! : W~ he 1%

= (m; Hg (fi,;Vi)‘Fi Z V (%, Z;5)

i j=1,i]
Yop(T1,t) . . Yop(T1, 1)
S Vi . %)
= (H()+H(2))¢( 17"'afl7t)

L0 .
zhaz/}(xl,...,:):l,t) = h V)

= (%1 T1|Y) g

ot

= (0= [HY + H® o

Given that we are dealing with two-body interactions here, instead of the
single particles discussed so far, one could think that the commutation rela-
tion between 1),, and @Z)lp might not be the same as before. However, since
the canonical momentum remains unchanged, we know that the old relation
must still hold.

We started with the linear Schrodinger equation, but we could also have
started with a nonlinear equation, such as the Gross-Pitaevsky equation
for Bose-gasses. In this case, we would have to give up the superposition
principle for probability amplitudes. Since we are doing nonrelativistic QM
here, we prefer taking into account nonlinear parts only in H® and higher
orders. Of course, one can also apply ordinary perturbative QFT, as will be
discussed later on.
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Remark

With the results obtained above, we can write any interaction completely in
quantized fields. The electromagnetic interaction, with A(x), is, as we will
see later on, obtained by minimal gauge coupling:

hg s A

(3 (3 C

2
Hy = /d3x¢lp(f,t) {2; (?ﬁ) + V(f)} Yop(Z, 1) + 817r/d3x(E2 + ]§2)

_ g2 3 = eh v & e 4 -
H; = H( )+/d am/)lp(:r:,t) [—A-V+2mc2A]1j}op(:n,t)

mc

where 9, 1! and A are now quantum fields.

3.2.3 Fermions

We know from QM that we need the Pauli exclusion principle for electrons,
protons, and other particles with half-integer spin. Later on, this will appear
as a necessary consequence of QFT; we will see this in our discussion of the
Dirac equation. Here, only the results will be given: fermionic fields are
quantized by substituting anti-commutators, rather than commutators, for
the Poisson bracket. We postulate:

[Cn, cIL,]Jr = cnc;rl, + CL/Cn = dpp (3.29)
lCnsen], = [ch,cl]i=0 (3.30)
(the notation {-,-} is often used as an alternative for [-,|;.)

Let us investigate the consequences of postulating anticommutating cre-

ation and annihilation operators. A striking result is that is immediately

obvious is that C% = c,]? = 0. Now, consider the action of the occupation

number operator N = cfc, N |n) = n|n). Let it act on a state c|n):

Ncn) = cT\cE/\n):O:
=0
= (—cc' +1)c|n) = (=cN +c¢)|n) = (—n+1)c|n) =0

So, either n =1 or ¢ |n) = 0. Now, let it act on a state c':

Nc'|n) = cfeel |n) = cf(=cTc+ 1) |n) = ¢l |n) = (—n + 1)c' |n)
~——

=0
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So, either n = 0 or cf |n) = 0, giving the following relations:

c'ly = 0, ¢lo)=0 (3.31)
co)y = 1), cl1)=10) (3.32)

In other words, the only occupation numbers are 0 and 1, as we wanted for
fermions. The normalization is as follows:

(0[0) = 1 (3.33)
(111) = (0|c’c|0) = (0] — cc' +1]0) = (0]0) =1 (3.34)

A general fermion state is:
> H f(k cﬁ 0) (3.35)
{ky..k} =1

with ng = 1. Since the CE anticommute, Hc~ is totally antisymmetric,

which means that only the totally antlsymmetrlc part of f is interesting.
In x-space, states look like this:

- %zﬁzp(fl,w Ul (F,1)]0) (3.36)

where the wlp are, as usual, general solutions of the field equations:

Ft) =) chéh (D) (3.37)

A state with [ different oscillators occupied is given by:

S 0P, @) 6, (@)e], ... c] [0) =
{1,..1}p

O, (T1) o ¢, (71)
1| ¢, (72) ... b%, (Z2) ; ;
ﬁ : X Ckl e Ckl ’O> (338)
Op, (@) .. ¢, (@)
The determinant is called Slater-determinant, and gives rise to antisymmet-

ric wave functions. It arises from the permutations which are summed over
with changing sign (the part 2{17.”71}?(—1)1) in the left hand side).

S
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Chapter 4

Quantizing covariant field
equations

So far, our discussion of linear field equations has been quite generic, with
the exception of the electromagnetic wave equation. The importance of this
special case is indicated by the fact that it led Einstein to special relativity,
and was the first triumph of QFT, which was absolutely essential for the
acceptance of the theory. Therefore, it seems to make sense for us to in-
spect the relativistic aspects of the QFT quantization. Later on, a thorough
classification of Lorentz covariant fields will be given; here we start with the
simplest case, the Klein-Gordon equation. (Note that the wave equation is
a special case of the Klein-Gordon equation: the one where m = 0.)

4.1 Lorentz transformations

We define contravariant and covariant spacetime vectors

#* = (2°,%) contravariant (4.1)

xz, = gux” covariant (4.2)
with the metric tensor (in Cartesian coordinates)
1
e (43)

—1

and z° = ct. Hereafter, we will use units where ¢ = 1, so 2 = t. Now, we
set

2 _ g (02 2 v
v =alz, = (2°)" —2° = 2'guw

53



54 CHAPTER 4. QUANTIZING COVARIANT FIELD EQUATIONS

This is invariant under Lorentz transformations:
't = A" Y (4.4)

for which the shorthand 2’ = Az is frequently used. This invariance means
that
2% =g (4.5)

which requires

V AN U v [
oty = AprY g, Aot =

gon = Ay Mg (4.6)

where we have relabelled p — 7 and v — [ on the left hand side. In
shorthand, we write

g=ATgA (4.7)

The gradient, 0/0z", is a covariant vector if x* is a contravariant vector:
0 :6:1;” 0 _ ATy 0 _ (AT 0
or'*  Ox'* Oxv K oxv Hoxv

where we have used that 2’ = Az, * = A~!2’, and hence dx" /02" =
(A™1)¥,. So 8/0x+ = 8, transforms with (A~1)T, i.e. like a covariant vector:

I v VoA
Ly = G = guVA AL
v Ao
= guwh A9 T
" N

=9Xo

which, using gAg = (AT)~1 = (A~1)T, gives

4.2 Klein-Gordon equation for spin 0 bosons

4.2.1 Klein-Gordon equation

Let us begin by studying the simplest case of the Lorentz group: a scalar
field, denoted by ®(z). It can be transformed by a Lorentz transformation
or a translation, giving the following general transformation:

®(z) — @'(x) = ®(A™ (z — a))

This is the active view of symmetry transformations. Above, we have used
that

®'(2') = ®(z) with 2/ =Ar+a (4.8)
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Py(z) Polz)

b
! \ ¥ \\ . T

iy IE_J"ELE]_ + a

Figure 4.1: Transformation of ®(x)

We already know the Klein-Gordon equation:
(0,0" + m*)®(x) =0 (4.9)

(here written in units where # = ¢ = 1). In components, it looks like this:

[(5;)2— (aii>2+m2

(note that due to the squaring of the second term, the Einstein summing
convention applies to the index ). It is form invariant under Lorentz trans-
formations, since both m? and 9,,0* transform like scalars, which are invari-
ant under Lorentz transformations:

®(z°,2) =0

(9,0™ + m?)®'(z') = 0 — (rename z — z/)

(0,0" +m*) ¥ (z) =

Hence @'(z) is a solution of eq. (4.9) if ®(x) is one.

4.2.2 Solving the Klein-Gordon equation in 4-momentum
space

The general solution is obtained from a Fourier transform:

4 ~ .
B(z) = / %@(z{)e—w“ (4.10)

Plugging this into eq. (4.9) gives

(=k2 +m?)®(k) =0

SO
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O (k) = a(k)2r6(k* — m*)0(ko) + a(k)2n5(k* — m?)0(—ko)

which we insert into eq. (4.10) after substituting & — —k in the second term
(a(=k) — b"(k)):

4 X .
B(z) = / (;l:)s(sw —m?)(ko) {a(k)e v} (1)

Here, b*(k)e™ ™ represents the negative energy solutions.

For real fields, this means b*(k) = a*(k), i.e. a(—k) = a*(k); see chapter
2. We can rewrite a complex field ®(z) in terms of two real fields ®; and
@2:

d = (D) +iPy)/V2
P = (P —iDy)/V2

yielding for a(k) and b(k):

a(k) = (a1(k) +iag(k))/V2 (4.12)
b(k) = (ar(k) —iaz(k))/V2 (4.13)

Lorentz invariants

5(k? —m?) is Lorentz invariant: it makes sure the solution lies on the mass
shell. 0(ko) is Lorentz invariant on this mass shell (exercise: show this),
and [ d*k is Lorentz invariant as well, since k¥’ = Ak, and |det A| = 1, so
[ d*k = [ d*k'. This implies that

/ g&”&(zf?_mae(ko) = / (;.137:;3/ dkod (kg — k* —m®)0 (ko)

/ @k 1 here k +Vk
= —_—— where = +v/
(27)3 2ko 4 0t 0

is Lorentz invariant, and, finally, that ®(z) itself is a Lorentz scalar. To see
this, rewrite eq. (4.11) as

®(x) = / (;ljjg%L {a(k)e_ikx-i-b*(k)eikx}

and observe that the part between braces consists only of scalars. Later on,
we will sometimes write a(k) instead of a(k), since k lies on the mass shell,
and hence has only the degrees of freedom of the three-momentum.

The normalization of the a(k) obtained above is somewhat different from
the one used in chapter 2, since it has been adapted to the relativistic char-
acter of the equation. The a’s are not exactly the ones from the harmonic

oscillator case.
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Reversing the equation, we can obtain ® out of it:

a(k) = i/d?’xeikx(@—o)(l)(x)
Deikz 1 0P ()
R 3 o ik
= z/da:< ax0¢(m)+e 8x0>
k) = —i / dBre= 90 &(x)

Note that the inner product
. 5 3
(1, P9) = z/@f(x)@o Oy (z)d’x

is only positive definite for positive energy solutions, as the differentiation
with respect to z° brings down a factor of ko +.

Exercise: show that (ko) is Lorentz invariant. We also have kj =
Aaoko + Aoik:i. If k lies on the mass shell and kg > 0, we have the following
inequalities:

k

< ko
< (A)?

[\

|
(A

i
writing ATgA = ¢ in orthogonal coordinates (i.e. using the Minkowski

metric). If A, > 1, we are dealing with the orthochronous Lorentz group,
which we will encounter later on.

4.2.3 Quantization: canonical formalism

The Lagrange density corresponding to a real field ®(x) with eq. (4.9) as
‘equation of motion’ is:

L= (0,2(x)0"®(x) - m2<I>2(x)) (4.14)

| =

For a complex field ® = (®; + i®3)/v/2, we have

2
Lom = 5 {0u®5(@)00;(x) — m* @3 ()}
j=1

= 0,0 (2)0"®(x) — m?®* (z)D(x)
= o) 0 0 o)
Note that here, we use 2 = (2°, ) and §,90"® = L D05 — 5.7 L P
Now, in the real case, we vary the Lagrangians with respect to ®. In the
complex case, we can choose between ®12 and ®, ®*, of which the latter
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is the more practical one. This gives us the Euler-Lagrange equations of

motion:
0 oL oL
" our <a( Mw) o =0 (4.15)

OxH

Note that the derivative 2. transforms like a covariant vector, whereas

oxH
5 (86% ) is contravariant. This makes the first term a scalar, as it should be,
aF

since the second one is a scalar as well.

In the complex case, we obtain eq. (4.15) with ®* instead of ® from
varying with respect to ®, and with ® from varying with respect to ®*.

To obtain the Hamiltonian density, we need the momentum fields:

oL o0d
Ox

This gives the Hamiltonian density
H()_Hai ﬁ_l o2 2_|_ o2 2-|- 292 (4.17)
TG0 -2\ 90 oxt " ’

In the complex case, we have

0P*
Mo (w) = 0x9
0P
Ha (1) = 5,0
and
0® 0P* 0" 0>, _,

Both the complex and the real Hamiltonian densities are positive definite.
From these, we obtain the Hamiltonian

H = / d>xH(TI, ) (4.19)

Later on, we will see that this is the zero component of a four-vector.
The Poisson bracket of these fields is the usual delta function:

{II(&, 1), (27, 1) }p = 6°(F — &) (4.20)
Quantizing this according to the usual rule gives the commutator

[T1(Z,1), ®(&, )] = —i6*(& — &) (4.21)
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where h = 1. This does not look Lorentz covariant, since time and space
are treated differently here. Later on, however, we will see that it is Lorentz
covariant. In the complex case, we have the same commutator as above, or
its Hermitian conjugate:

[nq)T (7,1), @ (&, t)} = i@ - 7) (4.22)

This implies:

[M’;(f’t),w',t)] = ~io%(@ - ) = [(W@Wﬂ]

Rewriting the field ®(x) as a Fourier transform, we get

3 - . — .
B(z) = / (%3%; La(B)e™ + al (B)eit+ ) (4.23)

or, for the complex case,

3 5 ) o
B () = / (;’;3%;{a(k)e—lkubf(k)ezkx} (4.24)

Inserting this in the definition of H gives the following Hamiltonian for the
real field:

H= / PBaH — /dgk’ a ®alE) +a®al B} (@25)

Exercise: provide the intermediate steps. In the complex case, we have
3k 1 oo o 4o
Heom=| —=- k)a(k k)a'(k
[ e {ol®al®) + a®ai(®) } +

Bk 1
J it

(2m)3 4

which features a second type of oscillators, the “b-particles”. }
Note that this integration measure is really the Lorentz covariant dk, fol-

lowed by a factor of kg 4 /2, which we know from the traditional Hamiltonian
(it was called w/2 before):

Bk 1 ko, Bk 1
H = / - +(...):/ == (..)
2m)3 2ko 4+ 2 (2m)3 4

When quantizing this field, we promoted the a and a* to operators a and
a', and similarly for the b in the complex case. The a, al have the following
commutation relation:

oyl

)o(k) + b(E)bT(E)} (4.26)

[a(k),al (k)] = 2ko 1 (27)38% (k — ) (4.27)
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The same holds for the b’s. Also, any a commutes with any b, i.e. they are
completely independent and on the same level.

Note: in the literature, the factor of 2kg  is sometimes omitted; the
notation employed here, which does include it, along with some mw-factors,
is called the “Cambridge notation”.

Both the a, al and the b, b build up a symmetric Fock space. Mixed a,
b combinations therefore act in a product space. A state with n a-particles
and n’ b-particles looks like this:

"ﬁ' dhs ok ) ks k)
paiey (271’)32/%70 \/m vn'!
af (k1) ... al (k)b (k1) ... B (K ) 0) (4.28)

Since these states have to be normalized, the normalization functions ¢ and
¢ have to obey:
d3ky A3kt
Wiy =1= [ ot e
(271’) 2]{1’0 (271’) an+n/70

ERERES! (4.29)

4.2.4 Charge conjugation

Consider the Hermitian conjugate of a complex quantized field ®(x):
ol (z) = / {aT(E)eikx + b(E)e_ikz}

The roles of a and b have clearly been exchanged. Hence, we can conclude
that the b-particles are antiparticles of the a-particles. This is illustrated
more clearly by the coupling of a complex (“m-meson”) field ®(z) to an
electromagnetic field:

Oy — 0, +ied, =D,

Coupling a charged field to a vector potential, one replaces the momen-
tum p,, < i0,, by the kinetic momentum in the Hamiltonian p, —eA,,; this is
called “minimal coupling” and leads to the modified Klein-Gordon equation:

(D, D" +m*)®(x) =0 (4.30)

which is gauge invariant under the following transformations:
® — & (z) = e M@ P(z)
Au(x) — Al (z) = Ay + O\
since the “covariant derivative” transforms as
D)@ (z) = (0, + ieA, + ied,A)e P (z)
= ¢ MDD, () (4.31)
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(O acting on e M@ gives a term —ied, A in the factor between brackets).

®* fulfills the same equation with , which is the same as replac-
ing D, with Dj,. Since changing ¢ into ®* means exchanging a and b, this
exchange really achieves charge conjugation. Now, we would like to have
a charge conjugation operator, in order to make this operation mathemati-
cally more fitting to the model. This operator should be unitary: reversing
a charge conjugation should give the original situation. Its action should of
course be:

®f(z) = Uo®(x)U;' (U =UL) (4.32)

this is equivalent to b(k) = Uca EYUL). Exercise: show that this operator
( q C p
is given by

~1
Uc = exp <—7j7r / dk§ {aTa +bfb—ab— bTa}>

o — o - fa-b ;. al—bl ;.
Dy = = [ dk e — e kT

Then, rewrite the integrand in the formula for U¢c as ag(/;)ag(l;), where

. a—b
ag = 2

Hint: use

4.3 Microcausality

In its quantized form, the Klein-Gordon equation still should fulfill the re-
quirements of special relativity. In evaluating whether it does, we will use
complex fields; we could also have used real ones.

The commutator of a field ®(x) at position z with its Hermitian conju-
gate at position y is given by

[@(x), @¥(y)] =: iA(z —y)

3 3 1.0 . B ' y ) . | 3
- / 2kj(2k;r)3 2k0d(§7r>3 ([a(R), af (B =+ 4+ (b (), bf (1) ]eh== )

Ek_ (kg _ ik(ay)
- / 2k (27)3 (e — )

Renaming k — —k in the second term, the integrand can be rewritten as
—2ie™* (=) sin (ko (20 — 3°)). This implies that if 20 = 3°, A = 0. Now, if
the difference between z and y is spacelike, one can always transform to a
frame of reference where (z — y)° = 0. Since the commutator is invariant
under transformations, this means that for a spacelike pair of points, A is
always zero. Thus, microcausality is conserved. Commutators of ® or ®f
alone vanish identically.

(4.33)
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4.4 Nonrelativistic limit
We have the Klein-Gordon equation:

(82 — 52 + m?)®(,t) = 0 (4.34)
Extracting the time derivative and expanding around m gives:

i00®(Z,t) = +(m? — §*)V20(z, 1)
—i(m—21n57+...)<1>(f,t)

Retaining only the first two terms, and choosing the positive sign convention,
we obtain the non-relativistic Schrodinger equation with a constant potential
(resulting from the first term, m). Note that this is only valid in the non-

relativistic limit, where |k| << m: the full operator (m?—d%)!/2 is nonlocal.
The inner product of a field with itself is given by:

«—> 3 N N N o
(®,®) = / dBrd*(2) D 0d(z) = / @g%(a(@a*(k)—b*(/@)b(/@))
(4.35)

which is not positive definite. We can interpret ]a(lg)lzm%;g]’;]m as a proba-
bility density if we consider only solutions with positive energy, i.e. where
b = 0. Negative energy solutions would have disastrous results in interaction
theory.

In QM, the normalization factor of 1/(27)32kg 4 is absent, and we just
have |U(k)|2d3k. Fourier transforming this gives the wave function W(Z, 1),
which has a positive definite inner product for positive energy solutions.

Taking a localised Wz, (%, 0) = §3(Z — %), Fourier transforming back to
momentum space (= a(k)) we obtain Oz, (Z,0), @z, (Z,0) ~ (%)5/4 Hs 4 (imr)
with r = |Z — Zp|. Although this drops exponentially for r >> m™!, it is
not really localized.

Eb= @
2000

1500
1000

500

Figure 4.2: Unsharp position
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The position operator
In position space, the position operator X becomes Zo:
X®z,(Z,0) = ZoPz, (%, 0)
In momentum space, we get something different from QM:
.- i
X —=iVyg— —
p 2p(%

The extra term of —ip)/ 2p(2) is responsible for the zitterbewegung, which ob-
scures the exact position.
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Chapter 5

Interacting fields, S-matrix,
LSZ reduction

5.1 Non-linear field equations

Last chapter, we studied the Klein-Gordon equation, (9% 4+ m?)®(z) = 0.
Now, let us consider non-linear equations, such as:

A
(0* + m*)®(x) = §(I>3 (5.1)
where we have a (local) self interaction of the field, which is obtained from a
term L in L: 74—!’\@4. Sometimes it is convenient to separate the nonlinear
effects, introducing a source field j(x) in the above equation::

(& + m*)®(a) = j(x) (5.2)

and obtain solutions to eq. (5.1) in this way.

In eq. (5.1), the canonical momentum field is unchanged, since L;n;
does not contain any derivatives, and therefore the canonical commutation
relations are still valid. However, the Fourier decomposition used before is
not available here, because the equation is, as said, non-linear.

Remark

It is possible to construct the Noether currents and charges (the generators
of transformations) and check whether Lorentz covariance is consistent with
the canonical commutation relations. This turns out to be the case, as we
will see later on.

In this course, we will mostly treat L;,; as a small perturbation of the
free theory, which brings us to perturbation theory. First, however, we
will present a more general framework: the LSZ formalism, named after its
inventors Lehmann, Szymanzik and Zimmermann.

65
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5.1.1 Relation to observation
Elementary particle physics

In elementary particle physics, we study the scattering of particles. As we
will see, this problem can be reduced to calculating vacuum expectation
values (v.e.v.’s) in the ground states of the interacting theory:

<0’ T(‘I’(l’l, tl) PN (I)(.Tn, tn)) |0>

Statistical mechanics

Although QFT is most directly connected to elementary particle physics,
there also are links to other areas, such as statistical mechanics. There,
one works with phase space quantities, whose dynamics are described by a
Hamiltonian. In the QM version, one has a Hilbert space, in which states,
including multiparticle states, live; for quantum gases we have a Fock space.
In both the Hilbert and the Fock space, observables correspond to operators,
as is known from QM. Quantities that are averaged over space, such as
magnetisation M (Z,t), correspond to field operators ®(Z,¢). Then, it is
possible to investigate correlations in some ensemble

<q)(.%'1, tl) e CI’(l‘n, tn)>

which, in the canonical ensemble, are weighed by a factor of e #/k5T for a
temperature T'. We will come back to this case later, in the context of path
integrals.

5.2 Interaction of particles in QFT

in out

In the QFT description of interacting particles, the “in” and “out” fields
are free fields approached asymptotically by the interacting fields. The “in”
and “out” Fock spaces with state vectors |in) and |out), and the quantum
fields @y, (z) and Pyyi(x), are unitarily equivalent: physically equal states
lin), |out) are described by different state vectors. In the Heisenberg picture
(as usual in QFT), we have

Doui(x) = S™1®(2)S | and (5.3)
lout) = S~ |in) = ST |in) (5.4)
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with a unitary matrix S. Note that states containing less than two particles
do not interact, as there is nothing to interact with:

10Yin = 10)out and Din = Dout
Now consider the limit where ®(z) approaches ®;,(z). The equation
(0% +m*)®(z) = j(z)

is solved by

(1) = B (1) + / 0%y Grer(z — y,m)i(y) (5.5)

where G ¢ is the retarded Green’s function, for which we have

(0% + m*)Grer(x — y,m) = 6*(z — y)
and  Gre(x —y,m) =0 for zyp < yo

since the current j(z) influences only the future. From this equation, one
might naively assume that ®(x) approaches the homogeneous solution as
ro — —o00, as mentioned at the beginning of this section. However, before
being able to assume this, one has to consider the covergence type. The
problem is that the normalizations of ®(x) and ®j,,,(z) are not generally
the same:

(1p] @in(2) |0) # (1p] 2(2) |0)
(I)zn(x) — eiPm(I)in(O)e—iP:p
O(x) = eiPZCI)(O)e_iPz

Both matrix elements are proportional to e’*®, but the norms are not equal,
since ®(x) |0) is in general not a pure one-particle state. States in Hilbert or
Fock space are normalized by their inner product with themselves, whereas
operators are normalized through commutators. So, what we have to con-
sider is the convergence of ®(x) towards ®;,(x) multiplied by some scalar:
lim ®(z) = ZY%®;(x) (5.6)
To——00 —_———
hom. solution

5.2.1 The Yang-Feldman equations

This idea has been implemented in the Yang-Feldman equations:

VZ () = B(a) - / 042Gy — y,m)j(y) (5.7)

V2B (z) = B(z) — / B 2GCon(z — y,m)j(y) (5.8)
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These can be used as definitions for @i, out(x), since VZ is fixed by the
canonical commutation relation for ®;, ou¢. It also is the same in both equa-
tions. To see this, consider (1-part.| ®(z)|0), and note that in this case, the
second term does not contribute.

We do not have convergence in the operator sense (or strong convergence)
for ®(x): it is not true that ®(z) — Z/2®;,(z), since this is not compatible
with the canonical commutation relations. Assuming ®(z) — Z'/2®;,(x),
the equal time commutator would give:

(002 (2), @(Y)]ag=yo = —i0°(F =) o
Z[00®in (), @(Y)]wgyo = —i0°(F — §) for xg — —o0

which cannot be true, since Z is not in general equal to 1. Therefore, we
only have convergence in the following sense:

e Only individual matrix elements converge. Since not all matrix ele-
ments necessarily converge at the same rate, the whole matrix, or the
operator, does not converge.

e Wave packets built out of matrix elements, such as
. 3 pxs N A -
O(f,t) =i [ d’xf*(x) 0 0®(%,1)
with (02 +m?)f = 0, also converge.
This type of convergence is also called weak convergence.

Remark

Jj(Z,t) — 0 for ¢ — o0 in the operator sense is not possible, unless one goes
to the Bogoliubov-Shirkov construction, where couplings are made to go to
zero as t — oo (see their textbook on QFT).

5.3 Green’s functions

We have already seen the causal Green’s function,

De(2' —z) =iA(2 — ) = [ pree(®), @ free(z))]
= (0] [q)fTGE(x/)7 P frec()]|0)

which is given by

d®k (o "
o _ —ik(x'—x) _ ik(a'—2x)
De(2' — ) / e (e e ) (5.9)
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and is zero for (z' — z)? < 0, i.e. for spacelike displacements. Exercise:
show that Do can be written as follows with the help of the zeroth-order
Bessel function Jy:

Dele) = De(al. ) = 102 { PG = o

4mr Or 0 (29)% < 72
The canonical commutation relation ([0,®(2'), ®(2')]pr = —i63 (¥ — 7))
gives
0 T
ch(a:' —z) = —i83(@ - ) (5.10)

Now, we can see that the retarded and advanced Green’s functions from
electrodynamics are given by:

Dgr(2' —2) = 0(2" — 2°) D¢ (2’ — ) (5.11)
Dy(z' —x) = 0(2° — 2°) Do (2’ — ) (5.12)
Exercise: check that (9% +m?)Dg a(z' —2) = —i6*(2' —z). Use 6%69(35’0—

1Y) = 6(2™ — %) and the fact that ¢’ is defined by partial integration.

The usual way to obtain Dpg 4 is solving the differential equation via a
Fourier transform and realizing the boundary conditions by a choice at the
poles of the integrand:

I'mipp)

(p* + m?)} (p? +m?)4 Helpo)

Figure 5.1: Integration path for Dp

d4p i —ipx
DR(JI):/(zﬂ_)ZlMe P

d3p dpg 1 ipnz® i5E
_ L vt i 5.13
/ (2m)3 ) 2mipd — p? — m2° ° (5:13)

For 2° > 0, we close the integration loop in the lower half plane, and for
2% < 0 in the upper half plane. For Dy, we pass by the poles in the lower
half plane and close the loop in the upper half plane. The denominator in
the integrand comes from the two poles:

1 1 1
X ~
po+ (P2 +m2)Y2 +ie "~ po— (P2 +m2)V2 +ie  pE—p? —m? +ie
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Im{pg)

—(p* + m?)? ‘ (p* +m?)t
I ‘ T Relpo)

Figure 5.2: Integration path for Dy

Later on, the Feynman propagator will be important; it is obtained by
the following integration path, and is given by

d*p 1 -
Dp(z) = —ipe 14
r(2) / (2m)4 p2 —m?2 + ie’ (5-14)

Imipp)

—(p* + m?)3 =
- 1

— (p* +m2): felpo)

Figure 5.3: Integration path for Dp

For z° > 0, the integral loop is closed in the lower half plane, so this
pole contributes
/ d3p 1 67ipx
(2m)? 2po 4

which is the first half of the commutator from D¢; for 29 < 0, the loop is
closed in the upper half plane, which gives the second half:

_/ d3p 1 efipx
(2) 2po,+

Po=po,+

Po=—Po,+

Altogether, this gives
Dp(z —a') = (2" — 2°) (0] @(2")@(x) |0) + O(a” — 2") (0] D(2)®(2") 0)

or

Dp(x —a) = (0| T(®(2")2(x)) 0) (5.15)
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5.4 Spectral representation of commutator vev

Consider the vacuum expectation value of the commutator of a field ® at
two positions z and y, (0| [®(x), ®(y)] |0). With a complete set of states |a),
it can be rewritten:

(0l [@(x), 2(y)] [0) =) <<0! ®(0) |ov) € *¥) (o ©(0) |0) —

(01 @(0) o) €= (a] 9(0) |0) )

(remember ®(z) = e"*®(0)e~*'* and P |0) = 0). Defining

p(k) = (2m)* Y 64 (k —pa)| (0] @() o) |* = o (k*)B(ko) (5.16)

and using 1 = [ d*kd*(k — p,), we can rewrite this as

d*k
(2m)t”
_ /0 " dm2o(m?) Doz — v, m?) (5.17)

(O] [ (), ®(y)]10) = / (k) (e~ Hrmw) — ethlemw))

which is called the spectral representation. Taking out physical 1-particle
contributions with the weak asymptotic condition allows us to rewrite this

as
00

ZDc(o—yom®) + | dmo(m®)Defe - ym®)
>m?

Now applying the operator —idy to both sides and setting z° = y°, we get

a factor of §3(Z — %) on both sides. Setting the residues equal to each other

gives the Kallen-Lehmann sum rule:

1=Z+ / dm/?a(m'’?) (5.18)

>m2

From this we can conclude that 0 < Z < 1. This will not be obvious in
perturbation theory, where Z=! =14 g% x ... is divergent.

5.5 LSZ reduction formalism

The LSZ reduction formalism will be particularly useful for abstract S-
matrix theory; in the Lagrangian formulation and in perturbation theory
one finally returns to the interaction picture.

The idea is to take a one-particle state out of the incoming state, calcu-
late its contribution, and thus reduce the problem at hand to a n— 1-particle
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p >

Y

Figure 5.4: Disconnected state running through

state.

S5.ap = (Bout( ap) n) = Bour| al,, (p) in)
= (Bout| b (p) cvin) — (1)

i o / Bre= 3 (Din (1) — Dour(@)) o) (1)

where in the second term, we have inverted the formula for ® to rewrite
Qi — apy in terms of ®. In term (I), (p| is being annihilated from the
outgoing state, so it only contributes in case of a state |p) running through
but not interacting. Since we are interested in the interaction, we will neglect
this term in the end.

For term (II), we now use the (weak) convergence of ®;, /Out(azo,f) to
1/vVZ®(2°, %) for 2° — +oo; plus for outgoing and minus for incoming.
This allows us to rewrite it as

(II) = hm \/—/d3x€ iz 80 </30ut‘ (I)(:L‘ l‘) |azn> -

wHOO

lim T / Pre Py (Bout| D(2°, 7) [tin)

20— —0c0o

—— / A / Bre= P Fy (Bout| D(2°, T) |tin)

With (82 — 82 +m?2)e”#* = 0, the mixed term resulting from 92 cancels,
so we get

(I = ﬁ / d'ze” (8% + m®) (Bour| D(x) |cvin)

where the Klein-Gordon operator acting on ®(z) gives j(z).
For outging particles ((Bout| = (70" )out|), the story is more or less the
same:

< 'YP out{ = ’Yout’q) ’ Oé\p/ m> (I)
+ (Yout| 20ut (P) (2) — @(x)ain (p) |ctin) (II)
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and again

(m —ylgnooT / &y (ot T(@()0(2)) i) TV

Jim — / 03y (Yout] T(B(5)®(2)) |in) T €'

:ﬁ [ ' Gl T(@)2(@)) i) (33 -+ m?)er

and we ignore term (I) again, since it does not pertain to the interaction.

Applying this reduction algorithm until the in- and out-states have been
reduced to the vacuum, and every time ignoring disconnected parts, gives
the following general result:

(p1...pn outlgs ... g in) = ( ' >n+m/Hd xz/Hd‘*y] (5.19)

e (T ) (O T(D(y), -, By, D1 D)) [0) (D2, + m)eiPs®s

which, although rather long, does look nicely symmetric.

5.5.1 Generating functional

In elementary particle physics, one is mostly interested in S-matrix elements,
to calculate scattering amplitudes and eventually cross sections. These can
be related to time-ordered vacuum expectation values, as we have seen:

OIT(®(x1), - .., ®(2a) [0)

Vacuum expectation values can be obtained by differentiating the generating
functional Z(j):

20) = O/ (eapti [ d'sw(o)ita)) 10 (5.20)

since

1 0Z

z> 0j(x1)...05(xp)

= (0] T[®(z1), ..., P(zn)] 0)
j=0

Remarks

e The S-matrix, which really is a unitary operator, can be expressed in
terms of Z(j) as well:

S =: exp (/d4 { [(82+m )\;y)]}) 1 Z(j)

J=0
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(again with normal ordering: annihilation operators to the right of
creation operators). Exercise: show this.

The T-product vacuum expectation values are the objectives of ax-
iomatic QFT, which postulates spectral conditions, Lorentz/Poincaré
invariance and microcausality, and seeks to build up its theories from
these postulates.

In perturbation theory, the Fourier transform of (0| T'(®(x1), ..., ®(xy)) |0)
produces poles in the outer momenta, which have to be truncated by
the Klein-Gordon differential operators.



Chapter 6

Invariant Perturbation
Theory

6.1 Dyson expansion, Gell-Mann-Low formula

To obtain the Gell-Mann-Low formula, one postulates a unitary operator
U(t) which transforms ®;, and Il;, into ¢ and II:

O(Z,t) = U (1) By (2, )U(1) (6.1)

(7, t) = U () (2, t)U(t) (6.2)

This would allow for canonical commutation relations for ® and ®;,. How-
ever, the representation of the commutators is unique up to unitary equiv-
alence only in QM, where the number of degrees of freedom is finite.
The Hamiltonian H can be split up into two terms, one for the interaction
and one for the free part:
H = Hy + Hins

These are all operator-valued functions of field operators; for example, in
d*-theory, Hin = % [ d®x®*(Z,t). The Heisenberg equations give the time
developments of ®;, and ® as the equal-time commutators with the relevant
Hamiltonians:

8@glt($) = i[Ho(®Pin, ITin), Pin]ET (6.3)
aq;(tx) — i[H(®,11), D]t (6-4)

Plugging eq. (6.1) allows us to rewrite the left-hand side of eq. (6.4) as

U(t) + U1q>in‘?j (6.5)

o® ou!
ot ot

8(I)in

d, U(t) + U L(2) o

75
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We know the middle term of eq. (6.5) from eq. (6.3). Sandwiching eq. (6.5)
between U(t) and U~1(t) gives:

oe___

_ ou(t)
5 U L) = U(t)

ot

Since H is a polynomial in ® and II, for which we have egs. (6.1) and (6.2),
respectively, we know

t
U(t) ———L &y, + i [Ho(Pin, i), Pin] + Piy U (1)

U(t)%—(fU_l(t) = iU(t)[H(®,II), ®|U ! = i[H(Dyy, 1Ty, ), Py
and so we can conclude that
U (t)%(fU*(t) = i[H(@in, ITin), i)

Since U is unitary, we know that
UU ' =1 andhence UGU '+ (5,U)U T =0
Using H — Hy = Hj,,¢ and the above gives
iHint (Pin, Min), Pin] = —[(0:U (1)U (t), Py (6.6)

where we could in many cases also write Hjy (®iy ), since Hiyy usually does
not depend on I, (e.g. Hiy = % [ d3x®*(Z,t)). So, up to constants that
are of no interest to us, we have

(B U(t)UH(t) = —iHing(Pin)

Defining
U(t,t") :=U0@)U L) (6.7)

we have
L) (@)U ) (639

which is solved by

U(t,t)=T <exp [—i /t t dt//Hint((I)in(t//)):|) (6.9)

where the time-ordering applies to the terms in the exponential series.
Exercise: show that this is a solution. Hint: transfer into an integral
equation:

t
Ultt) = 1= [ (@t UL )
tl

Solve this integral equation by iteration and doing the nested integrations
over a generalized “box”, instead of a “tetrahedron”, using the time ordering
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prescription (of any two fields, the one at the prior time is to the right of
the one to the left). Alternatively, check that U(ty,t2)U(te, t3) = U(t1, t3);
then, with ¢t; — to = At, the differential equation (eq. (6.8)) is fulfilled.
Note: we avoid, unlike in the case presented by Itzykson & Zuber, U(t) =
T(f*...), which, with U(—o00) = t would give ®(—00) = iy,

Now, assume z§ > 2§ > ... (if this is not the case, rename your z so
that it is the case). Then,

<0‘ T((I)(l‘l) e (I)(:L‘n)) |0> = <0| U_l(t)U(t, tl)q)in(l‘l)U(tl, tg) e X
o Bin (20) U (¢, )U(=1) |0)

Now taking ¢ — oo gives

Jim (0] U ()T <<I>in(x1) B () exp {—i / tt dt’Hint(t’)}> U(—1) |0)

where again the exponential is to be split up into time-ordered parts. Now
consider

Jim U(—) [0) LA_|0) and lim U() [0) SN

where the \’s are phase factors resulting from U’s unitarity. The proof of
these two limits is as follows (compare Bjorken & Drell, vol. II, p. 186):
assume

i (6]U(=1)10) # 0
where (3] # (0]. Then take a particle with momentum p out of (f|:
<p ain’ U(_t) ’0> = <ain’ aln(p)U(_t) ’0>

) P
—z/d?’:ce ipot’ —ip T

o
0

(cin| Pin(—t', Z)U(-1) 0)

Ox'0
and note that ®;,(—t', Z)U(~t) = U(—t")®(~t/,F)U~1(—t')U(~t). Now let
t =t — oo; this gives
=0
— . .
=VZ (in| U(—t) ain(p) 0) +i / dPpe T POITIPT
{in] (0 U(=))@(~1,7) + U(=1)@(~t,7)(8, U (~1))U(~1)|0)

which gives zero. To see this (exercise), use the unitary equivalence and

the equation for 0;U derived above. Now, since we had assumed it to be
nonzero, this is a contradiction.
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Now, we obtain A_\" as follows:
1 =(0/0) = lim (0] U ') U U (=) U(-t)]0) =
—00 \—/—/

U(t,—t)
A_AL (0] U(o0, —00) |0) =

AN 0/ Texp | i [ drkta(@ )| 10

which leads us to our final result: the Gell-Mann-Low formula:

(O] T(®(z1) . .. B(2)) [0) = (6.10)
<oyT(q>m(x1) By (2 exp[ i [ dtFp (P ())]) 10)
(0] exp [—i I dtHim(@m(t))} 10)

This will be our basis when doing perturbation theory. Note that we have
one vacuum |0), and that everything is written in terms of free ®j,-fields,
obtained via the Yang-Feldman equations, acting in Fock space.

6.2 Interaction picture

For completeness’ sake, we will present the interaction picture (also known
as Dirac picture), since many textbooks use it to derive the Gell-Mann-Low
formula. It also offers more insight in the differences between the different
pictures.

6.2.1 Transformation

In the interaction picture, the time dependence is divided over the operators
and states, unlike in the Heisenberg and Schrodinger pictures. The time de-
velopments of those parts of operators that are not explicitly time-dependent
are given by Hy; those of states by Hiyt. In the Schrodinger picture,

H= HO + Hint

At ¢t = 0, all three pictures (Heisenberg, Schrodinger and Dirac) are assumed
to coincide. From there, we obtain field operators in the interaction picture

as follows: ‘ '
Do (Z,t) = eHolp(F, 0) e~ Hot (6.11)

The Heisenberg analogue is
d(Z,t) = e P(z,0)e ! (6.12)

Note that H is time independent in all pictures.
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The transformation from the Dirac to the Heisenberg picture,

O(Z,t) = etHt g —iHot Dy (7, 1) gHot g —iHt (6.13)
Ut(t) U(t)

defines a unitary operator U with the following property:

dU(t . 4 . .
di ) _ —ie™UH — Hp)e™ = —ie™o H;, ™! (6.14)

Defining H/ , := eHotH; e~ ™Mot we can rewrite this as

dU(t o . . . . ) . . ~
di ) — _,LezHotHinte zHgtezHgteth — _lH{ntezHote iHt — _ZH{ntU(t)

This gives for U(t), like for U(t, ') before, the following iterative formula:
~ t ~
) =1—i / AHL (YO () (6.15)
0

From this, one can again obtain the Gell-Mann-Low formula, this time with
expectation values in the vacuum ‘(~)> of the interaction picture, for which
Hy ‘(~)> = 0. Note that H/ , is a polynomial of field operators of the interac-
tion picture.

H; now is the free Hamiltonian with the mass term %mg@% from the
original (also called “bare”) Lagrangian. This is generally different from the
H, we had before, which gives the time dependence of ®;,(x) and has a
physical mass m?. The notation H(()m) is also used.

Starting again from the T-product vacuum expectation value (vev)

(O] T(®(x1) - .. ®(zn)) |0)

and transforming to ®o we now want to know the limit (in the weak sense) of
ui(T) ‘0> as T goes to +oo. Shifting the energy such that both Hy {0> =0
and H |0) = 0, one has

<\I’| eiHTe—iHOT ’6> — <\I" 6iHT ’(~]> —

(w]0) {0[0) + /dE (U|E) (E|0) "7

where [dE (V|E) (E[0)eFT — 0 for T — +oo by the Riemann-Lebesgue
lemma. From this, we read off

Uf(7)[0) — [0) (0[0) as T — o (6.16)

which is the Gell-Mann-Low theorem.
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Using s N )
(0] U(T)Uf(—T) |0)
| (0[0) 2

0[0) =1= 1
01 = 1= fim

we can solve for | (0|0) | and obtain
(O] T(®(1) ... () [0) = (6.17)
U (@0(21) .- @o(wn)exp |~ [T L, (t)dt] ) [0)
PTG (enp [ T H0101]) 0)

if we substitute |0) according to eq. (6.16) and plug in eq. (6.13) for ®.

6.2.2 Scattering theory

If one wants to start the discussion of the interaction picture from the be-
ginning, one has to introduce scattering states, like in QM. States in the
interaction picture have a time development:

d
i 1), = Vi) [9), (6.18)
Note that V; was called Hj, in the previous section, so

H=Hy+ Vsu (6.19)

and ‘ ‘
V= GZHotVSCh(ZfZHot (620)

For large positive or negative values of ¢ the interaction is switched off.
|th(£00)) are time independent and correspond to states in the Schrodinger
picture changing in time with Hy.

Naively, H and Hj are assumed to have the same spectrum and to act
in the same Hilbert space. However, this has to be checked carefully; for
example, the “bare” masses in Hy are not the physical masses appearing
in the full H unless one shifts terms in the Hamiltonian H from V to Hj
(adding and subtracting mass terms §(m2 — m?)®?).

Consider stationary states

HO |¢a> = Ea |¢a>
H|yy) = B |v3)

where the scattering states |¢)T) serve to construct wave packets which ap-
proach |¢,) for t — Foo (see figure 6.1); i.e.

[ daeBotgtay|uz) = [ dacPotg(a) o) (6.21)
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b > ——— Yo (in)

Yo (out) —— [¢a>

Figure 6.1: |¢,) as t — o0

Formally, this means

|va) = Q(Fo0) |¢a) or

[¢a) = QF (Foo) [UZ)
with Hermitian Q(t) = e/fe~Hot  also called the Mgller operator. Now, it
is easy to check that

d
—Qf () = V;Qf (¢
i (t) 2(t)

which is solved by

t
Qf(t) = Texp (—i / dtVI(t’)>
0
(where 7(0) = 1). Using this €, a solution to eq. (6.18) can be written

[1h(00)); = Q2F (00)2(—00) [1h(~00));
=[¢a)

with the S-matriz:

S = O (00)Q—o0) = Texp (—z‘ / - dt'Vj(t’)> (6.22)

—00

S-matrix elements are given by

(510 ) = (@5l Q1 (0)2=00) [6a) = (651 |¢a)  (6:28)

Evaluating the S-matrix operator with the Wick theorem will also lead to
invariant pertubation theory and the Feynman rules.
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Note

If one wants to stay close to QM, one considers the Lippmann - Schwinger
equations for [¢F):

[WE) = |pa) + (Ba — Ho £ie) "V ) (6.24)

which on the face of it looks like a simple identity, but contains the asymp-
totes from eq. (6.21).

The evaluation of the S-matrix elements could also be done in time
ordered perturbation theory, with “on-shell” intermediate states. To get the
right ie prescriptions, one goes to the Lippmann-Schwinger equations and
introduces

BV |¢d) =T5,  fulfilling
TS, = Vaa+ / dYV 3, T3 (Eo — Ey + i€)
Then, one has
Sap = 0(8 — a) — 2mi6(Eo — Ep) T},

The equation for T;a can be solved by a Neumann series. This results in
a set of rules equivalent to the Feynman rules; later on, we will obtain the
denominators by integrating kg in the Feynman graphs.

6.2.3 Background field

If one has just an outer field j (also called background field), one has to
distinguish |0),, and |0)_, but apart from this, the reduction formula works
like the LSZ formalism. One then has to consider

(Olput T(@(21) .. ®(2n)) [0 (6.25)
with O(z) = U ()P (2)U(2)
and U(t) = Texp <—z' /t dt'Hint(t’)>

where Hiy, = [ d®z®(x)j(z). Now, (0|, and (0|, are related by

<0’0ut = <0‘1nS
with
S = Texp (—i / dt’Hint(t’)> (6.26)
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Then, (6.25) reads:

TILH;O (0];, Texp <—i /Z dt/Hmt(t/)> U (TU(T) U (t) x

Bin (1)U (1, t2) . . Pi (2,) U (£, U HT)U(T) |0) =

0], T (@in(xl)...@in(xn)exp [—i / h dt’Him(t’)D 0. (6.27)

—0o0

This allows us to discuss the production of n particles out of the vacuum
by an outer source (like a current) j(z) switched on at some point in time,
and switched off at another. The calculation of the S-matrix transition
amplitudes and of transition probabilities leads to a Poisson distribution.
For more on this topic, see Itzykson and Zuber, p. 176.

Since this is a tree-level calculation, without loops, Z # 1 is not necessary
here, so we can caculate the amplitude directly:

{((p1 - 'pn)OUt‘O>in = in(p1-.-pPnlS |0>in
with

S — Texp <_¢ /_ Z ' / B r(—j(F, ) Pin (7, t’>>>

Splitting into time intervals and using e4e? = eATB+ABI/2 this becomes
[ o : 1 A d o0 00 N
S —exp (<1 [ () i) exp (-5 [ [ d'sa'soc — 1[0 Buli@)i0) )

e Only the af-part of ®;,(x) contributes to the first part; the second
part is a common factor

exp (= [ [ dtsatuData - piwiit) ) = e (5 [aioP)

with [j(k)|* = j(k)j* (k) = j(k)j(~Fk).
e S produces a coherent state out of |0),,,.

e The probabilities for producing n particles (see Itzykson & Zuber, p.

169)
b= (iR ) e (- [aior)

form a Poisson distribution.



84 CHAPTER 6. INVARIANT PERTURBATION THEORY

6.3 Haag’s theorem

Assume

(i) translational invariance of the physical vacuum (i.e. the one from the
Heisenberg picture)

(ii) “vacuum polarization”, i.e. |0> is not an eigenstate of H

Then, one finds that U(t) does not exist. In other words, the interaction
picture does not exist in QFT.

This is a typical problem with the limit V' — oo. It also appears in
the thermodynamical limit of statistical mechanics (see also R. Haag, Local
Quantum Physics, Springer monographs in physics). The essential point is
that H does not exist in the Fock space $r of the Hy-states. H and H
act in non-equivalent Fock spaces; they exist as different irreducible repre-
sentations of the commutation relations in the case of an infinite number of
degrees of freedom.

Sketch of a proof (see Hegerfeld, Gottingen): define

H|[0) = lim [ d®z(H0(z) + Hine(2)) [0) = 1))

V—o00

By assumtion (ii), |¢) # « ’(~)> Now, from the Gell-Mann-Low theorem

Uf(t)[0
|0) = lim 7~( ) >~
t—+oco <0| UT(t) |0>
we see that ’(~)> has to be translationally invariant, because |0) is (assumption

(1)). Hence )
<O‘ H(z) |y = C (const)

since both (0| and [1)) are translationally invariant. Therefore,

Wl = tim_ [ (0] 90) |4) = o0

for C' # 0.
Alternatively, one might use that (1|¢) is finite, so C' must be zero, so
(1|1) = 0, which means that |¢) = H|0) = 0, which contradicts assumption

(i).



Chapter 7

Feynman rules, cross section

7.1 Wick theorem

Last chapter, we ended with the Gell-Mann-Low formula, which contained
time ordered products of ®i,(z) (Hiy is also an expression in ®;,). We
want to rewrite these in terms of ¢ number valued “functions”, which will
later on turn out to be distributions, and normal ordered products, where
the annihilation operators are placed to the right of the creation operators.
The latter do not contribute to vacuum expectation values, but they are still
important in time ordered perturbation theory, where they act on ®g-states.

In this chapter, we will omit the subscript “in” from ®;,, and simply
write ®. Now, let us start by considering

T(®(21)®(22))

Recall that ®(z) = &~ (z) + @ (x), where ®~ (z) contains the generation
operator, and ®*(z) the annihilation operator. Further, assume that 9 >
29. Then

2 ’

T(®(x1)P(x2)) =P (1) (22) + BT (1) P (22)+
‘1)_($1)(I)+(.T2) =+ (I)+(IE1)(I)_(CL‘2)

In this expression, the first three terms on the right hand side are already
written in their normal ordered form. The fourth term, ®*(z1)®~ (z2), still
has the annihilation operator to the left of the creation operator. Introducing
the normal ordering, this term has to be removed:

B (21) (o) 1 + Dz — 22)0(2? — 29) (7.1)
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Dt (z1 — z2) = (0| ®(x1)P(z2) |0) gives the first part of D¢. In the case
where 29 > 29 | i.e. where 1 and 2 are exchanged, gives
T(®(21)®(22)) = : ®(21)®(22) : +DT (29 — 21)0(x — 2) =
B (21)P(0) - =D (21 — 29)0(25 — 27) (7.2)

which is the second part of Dc. To see the connection to D, recall the
definition of ®(x):

O(z) = /d~k (a(k)e_ikx + a%““)

(where ®* = [ dka(k)e=™**). Then, for 20 > 29, the commutator of ®* (x1)
and &~ (x9) gives

[®F (1), D (22)] = / dkydkge~F1mitikera (g (1) alf (k)] =

/dkle_ikl(xl_m) = D+(l'1 — .'L'Q) =
(0] @(21)®(x2) |0) (7.3)

This is a ¢ number. Taking the vacuum expectation value of T(®(z1)®P(x2)),
the normal ordered part drops out, and the second part has exactly the
structure of the Feynman propagator we have seen before. Therefore, the
vacuum expectation value (0| T(®(x1)®(x2))|0) can be written as

(O] T(@(z1)®(22)) [0) = (7.4)
D¥(z1 — 22)0(x] — a3) — D™ (21 — m2)0(a} — 2) =
d4k eikx
2m)4 k2 —m? + e

Dp(xl — .TQ) = ZGF(xl — :L'Q) = Z/ ( (7.6)

Im(po)

—[IH2 + m?)H? m
X X
u (p* + m*)Y? Relpg)

Figure 7.1: Integration path for Dy
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Now, Wick’s theorem states that the general T-product can be reduced to
normal ordered products and vacuum expectation values of T-products of
pairs of P:

T(®(x1)...P(xy)) = (7.7)
s D(xy) .. P(xy) s +

(O] T(®(z1)P(x2)) |0) : P(23)...P(x0) s +- -+

(O] T(®(21)@(22)) |0) (O] T(®(23)®(20)) [0) : (5) ... P(xn) : +---+

going over all possible contractions

Here, (0| T(®(z1)®(xy,)) |0) is called the contraction of ®(x1) and P(x3),
which is often denoted by ®(x1)®(z2).

The theorem is proven by induction: first, we see that it works for n = 2.
Then, we prove that if the theorem holds for n, it also holds for n + 1. To
begin the proof, let us note that without limitation of generality, we can
assume that x) , ; is smaller than all other 2°, so

T(®(x1) ... 2(2n)P(xnt1)) = T(P(x1) ... P(zp))P(pt1)

Now, by assumption, T(®(x1)...P(x,)) can be written in terms of normal
ordered products. Rewriting ®(z,,+1) as @1 (zp41) + P~ (2p11), We see that
the term with ®* is already normal ordered. The other term still has to be
ordered, so @~ (x,41) has to be commuted with all the ®*.

(@7 (x1,), @™ (2p+1)] =c-number = (0] [0 (z3), @ (2n11)] |0) =
(0] DT (1)@~ (xn+1) [0) = (0] @ (k) P(z0+1) [0) =
(O] T(®(z)®(zn+1)) |0)

Commuting with all the ®T gives all possible contractions, as Wick’s theo-
rem says.

Dint is often assumed to be already normal ordered, e.g. : <I>4(:c) ;. Other-
wise, one would get “self-contractions”, as we will see later when treating
the path integral formulation.

7.1.1 ®*theory

Evaluating interactions in ®*-theory by Wick’s theorem highlights the cen-
tral problem of local QFT: it involves polynomials in Gg. If G is a dis-
tribution (like a delta function), taking it to any power other than one is a
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very tricky affair. Consider T(: ®*(z) :: ®*(y) :):

T(: ®4(z) = dL(y) @) = : d(2)DY(y) : +

4 (3@)0)’ (78)

and note that the last three terms have (@(x)@(y)), which was shown to
be Dg, to some power higher than 1.

7.2 Feynman graphs

7.2.1 Feynman rules in x-space

We want to evaluate the Gell-Mann-Low formula for the T-product vacuum
expectation value of interacting fields from last chapter:

(0| Tlexp (=i [ d*a$Hint(®(x))) ®(21) ... P(25)] |0)
(O] T [exp (=i [ d*@Hine(P(2)))] |0)

For the sake of simplicity, let us restrict ourselves to real ®*-theory, where
Hint = % . ®* :. Each polynomial T-product vacuum expectation value is
evaluated with Wick’s theorem - we can forget about the normal ordered
parts, as they do not contribute. The best way of bookkeeping is by means
of graphs: the pionts x1,...,x, are to be connected by propagators ®® and
vertices:

The first term here is zeroth order in A; not in the figure are the other
possible ’disconnected’ combinations. The second term is first order in A and
comes with a factor of 4!, since there are 4! different possibilities to connect
the lines to the vertex. The third term has a factor of (4!-4!/2) - 2!: two
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vertices, hence (4!)2, but exchanging the two inner lines is an automorphism
and should hence not be counted; the 2! is for the possibility of exchanging
y1 and y.

A by Py @ A
bY by
+ P + +

A

These are further graphs of order A2, except for the last one, which is A\3.
Considering a general graph, we see from the above that when calculating
the statistical factor for exchanging vertices, we have to reckon with the
following:

e Exchanging vertices (figures 7.2.1 and 7.2.1): this yields topologically
different graphs in the first case (fig. 7.2.1), but not in the second case

(fig. 7.2.1). So, we have 2 2-automorphisms, yielding a factor % . %

e Exchanging lines (fig. 7.2.1): this yields topologically identical graphs.
Note that the vertex exchange in fig. 7.2.1 can also be viewed as an
exchange of the lines connected to the vertices y3 and yy.

o

a Y 1U Y2 To ™ Y2 U 1 e

Figure 7.2: Vertex exchange (1

ara

Figure 7.3: Vertex exchange (2)
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2
ar 2 U2 o x, Y2 2/ £
3 3

Figure 7.4: Line exchange

(V]

In case of doubt, counting the number of possible contractions is a way
out. This is more cumbersome than drawing the graphs, but also more
reliable.

The factor % in % drops out, since one has to sum over all combinations
of the four lines connecting to the rest of the graph. Similarly, in the Gell-
Mann-Low formula, the factor % in the exponential is cancelled by the
n! ways to arrange the vertices. In loops, there are combinatorial factors
correcting the fact that situations are counted several times: one has to
divide by the number of automorphisms a(T") graph Of inner lines and vertices

which leave the graph unchanged.

Figure 7.5: Automorphisms

The free propagator ®® = (0| T(Pi,(z;)Pin(xx)) |0) has the form

4 ; )
@ = DF(.CIZZ — ZL'k) = / dk ! C_Zk(zi_xk) (79)

op (2m)* k2 —m? 4 ie

where Cf is the Feynman path in the imaginary ko-plane (see fig. 7.1).

Remarks

e for the interacting field &,

o0

(01 T(8(2)2(9)) [0) = ZDr(e —yom)+ [ dmo(m® Deo—y.m)
o (7.10)
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one has a prefactor Z (derivation like in chapter 5).

e We will soon see that in the reduction formula for S-matrix elements,
the first part contributes.

e The normal ordering in $;,¢ ensures there are no “tadpole” graphs:

Q

Figure 7.6: Tadpole graphs

There are both connected and “vacuum” graphs in the numerator, but
only vacuum graphs in the denominator.

Let us say there are p vertices in the numerator expansion: s of these
are connected to outer fields, and the other p — s are in vacuum graphs.
Decomposing the graph into its connected and vacuum parts,

(_p?p (0] T(@in(1) - Pin(20) Hint (1) - - - Dims (42)) [0)
!
ﬁ <0‘ T(Y)int(ys+1 o Hint (Z/p)) ‘O>

we see that the factors of p! cancel each other. This leaves us with

1 1
Se=Y = Y5 ZF<”'>

$,p—S S p—s - S).
N——r

no vac. graphs vac. graphs

e The denominator cancels the vacuum graphs in the numerator.

We thus obtain the Feynman rules in xz-space for Wightman functions
(O] T(®(x1) ... P(x,))|0):
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(i) draw all graphs without vacuum parts to some order in the vertices

s
(ii) a factor Dp(x) for each propagator connecting outer points x1, ..., x,
and inner points (vertices) yi,...,yn; = is the difference between

endpoints (here the sign does not matter, but later it will represent
the direction of the propagator for charged particles)
(iii) a factor —i\ for each vertex (coupling

_1
o(T)

(iv) combinatorial factors

(v) integrate over the inner points y;: [ d*y;

7.2.2 Feynman rules in momentum space

It is also very useful to Fourier transform the function in the outer z;, i.e.
to perform the integrations
/d4xjeiijf .

with the outer momenta k;. Writing down a Fourier representation of Dr,
where outer points and inner vertices are on the same footing,

4(17 efikx
De(z) = 2/ (d (7.11)

2m)4 k2 —m? + e

one can perform the x; and y; integrations and obtain (27)*6%(k;,...). This
gives 4-momentum conservation at the vertices and overall momentum con-
servation. We can perform the integrations at the vertices, which leaves us
with one integration per loop and overall momentum conservation. This
gives the Feynman rules in momentum space:

(i) draw all graphs without vacuum parts to some order in the vertices
s

(ii) a factor for each propagator

i
k2 —m2+ie
(iii) a factor —i\ for each vertex

(iv) combinatorial factors ﬁ

(v) integrate over the loop momenta: | ng)a, and add a factor (27)%64

for outer momentum conservation
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Remarks

e We still have disconnected graphs, and in particular lines running
through without interacting. This is where the S-matrix comes in,
where we have already taken out these cases while applying the reduc-
tion formula.

e The vacuum graphs cancel in our case, so here they are not very in-
teresting. They contain an overall factor 54(0u) = d*ze’™ Ou ie. an
infinite volume element. This is related to the fact that these graphs
can be shifted in space independently of each other. If there are sev-
eral disconnected vacuum pieces, they will appear as a sum in the
exponential:

(0 ...]0) ype = €xp (Z (0] connected vacuum pieces |O>)

ak bnfk

Exercise: prove this. Hint: use (a + b)"/n! = T

7.2.3 Feynman rules for complex scalars

For complex scalars, we have

A

Hi = Z(be(a:)cb(x))z (7.12)

The only propagators we have are of the form

(0] T(@(2)®' (1)) [0) = Dr(a — ) (7.13)
with Dp as in eq. (7.9). The other two possibilities give zero:

(0] T(®®) |0) = (0] T(®T®T) |0) =0

Since we have complex scalar particles here, we need to change the rules:
particles propagate from y to x, whereas antiparticles propagate from x to
y. Therefore, an arrow is needed to indicate the direction of propagation.
Note that this is not related to momentum. See fig. 7.2.3 for a graphical
explanation. Also, the factor i cancels the number of possibilities to take
two ® and two ® out of H;y. Each vertex has two incoming lines, corre-
sponding to incoming particles or outgoing antiparticles, and two outgoing
ones, corresponding to outgoing particles or incoming antiparticles. In mo-
mentum space, pg has to be positive for particles and antiparticles, meaning
the momentum arrows are different from the particle/antiparticle arrows.
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particle Anti particle

particle Anti particle

Figure 7.7: Particles and antiparticles with momenta

7.3 Functional relations

As already indicated before, Wightman functions (0| T(®(z1),...P(z,)) |0)
with interacting fields ® can be expanded via the generating functional

Z(j) = (0] T{exp(i / d'z®(x)j(z))}10) (7.14)

by a series of partial differentiations (})" m\ j—=o- In the Gell-Mann-
Low formula, the T-products of interacting Igields are expressed by those of
®ip-fields, including the S-matrix T{exp[—i [*° d*y$int(Pin(y))]}. Thus,

we obtain

7y e Pl 4199 (1t )| 01 Texp (3 e (@) (@) 0)
(0] Texp (i [ dia®in(z)j(x)) |0)

(O T(@(z1) ... ®(0)) |0) = <1> « (7.15)

This gives vacuum graphs with interaction Sf)mt( ) = —®in(x)j(z), which
exponentiate to

exp <—; /d4x1d4$2j(:v1)DF(931 - $2)j($2))

o (t5t7) = 3 (s

which, with
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reproduces the Feynman rules of ®*-theory. Exercise: show that from the
term (®5)%"/(2n)!, one obtains

Di(2n—1)(2n—2)... (Dp\"
BEERCT - <2F> /n

Graphs with through-going lines are special cases of disconnected dia-
grams. The latter can be decomposed into connected diagrams by defini-
tion; connected diagrams have all outer lines connected and no separable
vacuum graph pieces present (so unseparable vacuum graphs are also called
connected). An example of a disconnected graph:

DS I ——

The generator W (j) of such diagrams is related to Z(j) by

Z(j) ="l or (7.16)

for normalized Z(j) — Z(0)- Now,

ow

5j(x1) - 0j(@n) ;g (@1, Tn) (7.17)

corresponds to connected diagrams with n outer lines.

Note

e For a graph without any outer lines, use W(0). Sum of “connected
vacuum diagrams”: parts cannot be taken apart. This is the case
considered before.

7.4 Back to S-matrix elements

7.4.1 2-point functions

Now, let us consider the Wightman function, also called 2-point function or
dressed propagator, for interacting fields ®. The vacuum expectation value
(0| T(®(x)®(y)) |0), in ®*-theory, can be expanded in the language of the
Feynman-graphs as depicted in fig. 7.4.1.

The first row gives Dy, for the first graph, and Dp(—iII) Dy for the other
graphs, where II is the self-energy or vacuum polarization. These are the
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N o N
A N W
NN
o BN TR TN
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Figure 7.8: Feynman graph representation of (0| T(®(z)®(y)) |0)

so-called one-particle irreducible graphs, which cannot be further reduced
to two-point graphs by cutting just one inner line. The other rows give a
geometrical series:

Dy + Dy(—ill) D + Dp(—ill)Dp(—iIl)Dp + - - - =
Dr(1 +illDp) ™! = (Dg' +4iMDp D)™t = (Dt +411) (7.18)

For Fourier transformed 2-point functions, with relative and overall momen-
tum conservation, this reads

. —1
1 .
[<p2 —m?+ ie) +illE)
2

The dressed propagator does not contain a particle pole at p> = m? anymore:
the denominator now vanishes at p? = m? +II(p?), moving the pole to some
other m?. We rename the original m? — m%, called “Lagrange mass” or
“bare mass”, and consider the physical mass m? = m2 +1II(m?). This means
we have to assume a real II, which will be discussed later. Expanding I1(p?)
around p? = m?, i.e. around the physical mass, we get

71 .
i
= 7.19
p? —m?2 —TI(p2) + ie ( )

{
p? —mg — (I(m?) + (p* — m?)IV (m?) + Mrest) + i€

i
p?2 —m?2 — (p? — m?)Il'(m?) + Myest + i€
i(1 = IF(m?) !

7.20
p? —m? — Iest /(p? — m?) + e ( )

As p? — m?, Tlest/(p? — m?) goes to zero, so

i i(1—II'(m?))~! iZ
im =
p2om? p2 —m?2 — Ihest /(P2 — m2) +ie  p2 —m?2 +ie
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with Z = (1+1I'(m?))~L. This Z is the same as in the LSZ-formalism from
chapter 5.

7.4.2 General Wightman functions

In general Wightman functions
(O] T(® (1) - .. (2n)) |0)

the outer lines of the corresponding Feynman graphs also contain these self-
energy subgraphs, each with their own inner lines depending on the order
of perturbation theory to which one goes. So, in the Fourier transformed

: iz 2 2
expression we have pre——— for p* — m=.

Figure 7.9: Self-energy of outer lines

Now, let us substitute the Fourier transformed vacuum expectation val-
ues into the LSZ reduction formula. With only one incoming ¢;, we have

i A da
ﬁ/d“xle_quxl(@ml +m2)/g7f)14@“11x1F(<0\T(...) |0)) =
i d*q, B iZ
ﬁ/ (27T)4(—qf +m?)(2m) 464 (g1 — Q1)q% —m2 4 i€ + Hyess /(G2 — m?2)
(7.21)

Since the outer particle ¢; is on the mass shell, the only pole is at (j% =
q? = m?. Therefore, eq. (7.21) condenses to VZ. We will discuss ways to
get rid of this remaining factor in the context of renormalization theory, by
renormalizing the field ® (this is known as wave function renormalization).
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Note

—ill(p?) is a divergent quantity in continuum QFT. Consider e.g. the tad-
pole contribution:

A i A d4/€E 1
—ilTtadpole = (—1 d'k =1 v
Mhadpote = (=) 537 / K —mptic  (27)] / (ki +m15)

The Wick rotation

¥ = —izt
KO = ik?
E = _EEucl
¥ = Tpua (7.22)
gives . .
kx = k%% — k% = k'2* 4 kpuad = (k%) Eud (7.23)
dk?k? 1
M=\ d
/ 2 402 L2

(It is not outer p>-dependent in this case). Introducing a “cut off” A? in the
k2-integration, we get

2 A 1A k2 A A? N
oA = Zox? / dk? = / dk? — m? / -
2 (271')4 0 k‘2 =+ m2 1671'2 0 0 kQ + m2

242
A2—m2InAZEm=
m

In the general case, there also is a p?-dependence, which we will discuss

later on in detail. Note that if we want to fix a physical mass (m?), m2

becomes cut off dependent by m3 + I = m?.

7.5 From S-matrix to cross section
7.5.1 Derivation
The S-matrix gives the transition amplitude from in- to out-states:
Sfap1p1 = <aOUt ’p17p2in> (7'24)

for scattering two incoming particles p; and po into a final state |«), where
the in-states have fixed momentum, i.e. are plane waves. Now, we take out
the trivial part of S, where particles are only running through:

(7.25)
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Making energy-momentum conservation explicit, we have

(| T |p1,p2) = (QW)454(pf — p1 — p2) (a| M |p1, p2) (7.26)

In the end, we want to calculate the transition probability. In order to handle
the o-functions properly, let us, before squaring, introduce wave packets for
incoming states:

Ip1) — /El\?zfl(pl) Ip1)

where | f1(p1)]° is peaked arbitrarily strongly around p;. Now, we obtain for
the transition probability

| 2

Weapr :/%1%2/@1@2(271')454(17/1 +ph — p1 — p2) ¥
(2m)*6% (py — p1 — p2) f1(p1) £1 (D)) f2(p2) 5 (P) %
(a| M |p1, p2) (a| M ‘PllaP/2>*

Wi‘c/h (2m)464(py + 13’2 —p1 —p2) = fd4:17 exp(—iz(p) + ph — p1 — p2)) and
[ dpy f1(p1)e™Pr = fi(z) (and similar for f}, fo and f3), this becomes

Waprpr = / d*z|fi(2)?] f2(2) 2 (2m) 6% (py — p1 — p2)| (| M |p1, B2) |2

Neglecting the variation of the transition amplitude over the wave packet
and assuming fi(z) = e"P% Fj(z) with slowly varying Fy(x) (i.e. fi(p;) is
strongly peaked around p;), the transition probability per volume per time
interval is

dW ~ - - .
g = @ PLR@) @) (o = b1 = po)l (o M[p1, 5o) 2| (7.27)
Now, we still need to normalize the probability current for the positive

energy solution: it should satisfy the continuity equation

if* ()0 W f (@) ~ 29l () (7.28)

where the f fulfill the Klein-Gordon equation. The ~-symbol is used here,
because f(p) is strongly peaked, so f(x) is almost a plane wave.

Now, when we go into actual experiment, we have a target, at rest in the
laboratory’s frame, which is being bombarded with particles. In the target,
the number of particles per volume element is:

dn o -

22 = 98 o () P = 2 () (7.29)
The incident flux of bombarding particles is given by

7 . o

P o (@) = 205 | oo (7.30)

P1 ——

~ density

velocity
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7.5.2 Scattering amplitudes and cross sections: an example

Consider two scalar fields, one complex (®) and one real (¢), with the fol-
lowing Lagrangian:

1
L= 3 LW pO' p + 0,27 0HP — V (P, D", ¢) (7.31)
where
* L 9.9 2 ¥ * A * b2
V(®, 9", ¢) = 5m P°+ mzp® P + umd P + Z(CID D) (7.32)
Remember the formulas for ® and ¢:
B(a) = [ b {an(k)e ™ + b)) (7.33)
b(z) = / dk {a(k)e~ 7 + a* (k)" ) (7.34)
Exercise: inserting this into the LSZ-reduction formula, the

(i) outgoing (ag) particles produce a factor

/eim X (32 +m?) (0| T(.... B(x)...)|0)

(ii) incoming (ag) particles produce a factor

/eipx x (82 +m?) (0| T(...®T(x)...)|0)

(iii) outgoing (bg) antiparticles produce a factor

/em x (92 +m?) (0| T(...®f(z)...)|0)
(iv) incoming (bg) antiparticles produce a factor

/e—m x (2 +m?) (0| T(...®(x)...)]0)

We want to calculate the scattering amplitude for particles/antiparticles of
®-type to order u? ~ X (this is our choice of parameters). Fig. 7.5.2 repre-
sents particle-particle scattering; for antiparticle-antiparticle scattering, one
has the same graphs with reversed charge transport directions. Fig. 7.5.2
represents particle-antiparticle scattering.
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Kyt X

Figure 7.10: Particle-particle ®*-interaction

particle Anti particle

% D4
particle Anti particle .t )

Figure 7.11: Particle-antiparticle ®*-interaction

To make the calculations a bit easier, let us introduce the so-called Man-
delstam variables s, u and t:

(p1 + p2)® =s = (p3 + pa)?
(p3 —p1)* =t = (pa — p2)°
(pa—p1)* =u = (p3 — p2)? (7.35)

The sum of these three is always 4m3,:
s+t +u=4m3 (7.36)

For cases (i) and (ii), the Feynman rules give:

i ) i

—iX + (—ipm)? — + (—ipm =
) e T
2,2 2,2
SN VRN LRI L, R V (O
t—m?  u—m?
(7.37)
For case (iii), we have
2.2 2,2
pm Hm o r(idd
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So, exchanging (i) and (iii) comes down to exchanging s and u. Note that
we do not need the ie-prescription here, since we do not reach the poles.

Note

Amplitudes are real analytic in two of the three Mandelstam variables; this is
called Mandelstam analyticity and has been studied extensively in the 1960s.
At that time perturbation theory in the case of the strong interactions, what
today is the field of quantum chromodynamics (QCD), was considered to be
just a guideline to analytic properties of amplitudes, whereas the unitarity
of the S-matrix, especially in the 2-2 channel, was considered to be most
important. See “The analytic S-matrix” by Eden, Landshoff, Olive and
Polkinghorne (and bootstrap ideas by Chew) for more details.

The amplitudes M can be used to calculate cross sections with the for-
mulas explained before; in our case, this is particularly simple, since we have
only tree-level graphs, i.e. without loops. See the literature on elementary
particle physics for more on this topic.

We finally obtain our cross section by calculating

(transition probability) / (incident flux x target density):

do = (2m)*6* (py — p1 — p2) | (fI M |py,p2) |°

4maop1
For an n-particle final state in Lorentz covariant notation, this is:

1
4[(p1 - p2)? — mim3]1/2

(2m) 0% (p1 +pa — 3 +pa— - — Dpsa)| (D3, - - - Pry2| M |p1, p2) |2

dpy...dp, (7.39)

dan«—Q =

For the fermion case, we also need to sum over, or fix, the spin, but apart
from that, the result is the same (this is different from Itzykson and Zuber’s
book, where the 2m factor in wu is not introduced; this will be discussed
later). For the case with n identical outgoing particles, there will also be a
combinatorial factor of 1/n!.

7.5.3 The optical theorem

Because of probability conservation, S = 1 + iT is unitary:
Sfs=1 (7.40)

so, —i(T — Tt) = T'T. Consider

(ool T ) = ST | g ol T i) ()| T Do )

n =1
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with {¢;} a complete set of states. Taking out (27)%3*(...), we obtain a
relation for M-matrix elements:

23 (ks by — b, k) = 3 [T [ datm) 180 + ko = 3%

n =1

IM (k1 ky — {g:})I (7.41)

The second factor of (27)*3%(...) has been taken out here on both sides as
(2m)464(ky + kg — (k1 + k2)). This relates the imaginary part of the forward
scattering amplitude to the total cross section. This can be seen explicitly
for Feynman diagrams (Cutkosky cutting rules): [picture] Again, see Eden,
Landshoff, Olive and Polkinghorne, The analytic S-matriz for more details.

Remark

We have done scattering theory rather superficially - of course this can
be done better. See e.g. Weinberg (literature list) for a more elaborate
treatment.

Cutkosky rules in short

L _p <91;> T imd(x) (7.42)

T+ i€

Under the integral [ dz, P is the principal value, obtained by averaging over
both possibilities to go around « = 0. The Feynman-propagator is given by

1 _ # o . 2 2
o mi i P <p2 — m2> 2mid(p” — m*) (7.43)
1(iN)? [ d*ky i i
M= 44
2 1 /(2w)4k%—m2+ie(p1+p2—k1)2—m2—|—ie (744)
A)? d*k
QM) =5 [ a0 )3 ((r 4 p2 )P - m)(2m)? =

()\)2/ &’k / ks 454 /
2m)5 0% (k1 + kg — p1 —
2 2k10,+ (271’)3 2k20,+ (277)3( W) ( LRy =P p2)

Now, the question is whether ki and ks are positive. Let us check:

1 1 1
pu— X
p?—m?+ie  po— (PP +m?)2 +ie  po+ (P2 +m?)? e
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Figure 7.12: Cutting graphs

as discussed before. Integrating around the poles as in the figure [picture],
we get from the part around py = +(p% 4+ m?)1/?

i) = ! —am — (% +m?)'/? L =
0= (7 (=g ) ~ 7000 = 0 ) )

P <1) — 2mid(p? — m?)

2 —m2

and from py = —(p% + m?)'/2, we get

oy 1 , . 2\1/2 1 _
(ii) = <P <p0+(ﬁ2+m2)1/2> +imd(po + (p° +m=) /%) o s e

P <1> — 2mid (p? — m?)

p2_m2

Closing around the poles at ki, = (k2 + m?2)1/2,

L N\ 1/2
k10=P10+p20=+((k1—p1—p2) +m>

in the lower half plane in the above integral (eq. (7.44)), we see that ki,
and ko, are positive. This enables us to write down the Feynman rules in
momentum space for S-matrix elements; they differ from the previous ones

only in that the outer propagator lines are “truncated” and that there is a
V' Z instead.



Chapter 8

Path integral formulation of
QFT

So far, we have studied QFT in the canonical formalism with operator-valued
fields, in the Heisenberg representation. Richard Feynman has formulated
another representation of both QM and QFT, which is very intuitive and
does not use operators. Its mathematical status, however, is still in develop-
ment. This method is particularly powerful if one wants to quantize gauge
theories - this is why it is necessary to discuss it - and it also allows one
to derive the Feynman rules very easily, and to discuss problems beyond
perturbation theory, although we will not go into the latter here.

8.1 Path integrals in QM

The path integral formulation of QM centers around the transition ampli-
tude for a QM particle from a position z(t) at a time ¢ to a position 2'(t')
at time t'. It starts from the Heisenberg picture, where the time dependent
operators X (t) and P(t) have their respective eigenvectors |z(t)) and |p(t)),
with time developments

X(t) _ eiH(t—to)/ﬁX(tO)e—iH(t—to)/h (8.1)
j(t)) = e M (t)) (8.2)

and similarly for P and p. The factors of i have been reinserted here for
clarity. Note that the sign in eq. (8.2) is opposite to that of the Schrédinger
equation. Note also that this equation describes a transition in time, while
the position does not change. Finally, in eq. (8.1), X(tp) = Xg; in the
Schrodinger picture, g is usually taken to be 0.

Let us start at the end of our discussion of the path integral formulation,

105
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with the result:

(2 () |x(t)) = / DaDp exp [z /t " {p(T);if - H(p,a:)} /h] (8.3)

Here, [Dz is a path integral, in mathematical circles know as functional
integral, an integral over all possible paths x(7) connecting = and 2/, with
z(t) =z and z(t') = 2.

i

Figure 8.1: Integrate over all possible paths

| Dp does not have boundary conditions, since the problem asks for the
transition amplitude between positions, but not between momenta. (As a
small aside: note that the exponent is just the classical action times i/h.)

After discretization of the time integral, it becomes a product of integrals
at 71, 79,... over z(11),x(12),...:

I

A H

N N T T
tl t2

Figure 8.2: Discretization of the time integral

/mexp (/m...) —>1:[/de(72~)

Defining 7 := 7;—7;_1, one eventually has to take the limit 7 — 0, which is
mathematically demanding. Obviously, the integral over Dx does not need
to be evaluated at the endpoints, since these are fixed.
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Now, let us derive this result. From the canonical formalism, we have
the following formula:

(&' () |z(t)) = (2| e BE=D/R ) (8.4)

where |z) is a Schrodinger state. Decomposing the interval into N bits,
t' —t = Ne, gives

—iHe/h —iHe/h

|{L‘N72> <$N72| e
—iHe/h |ﬂ£’0>

<$N| e |9UN—1> <37N71| e

o xr) (x| e

where xy = 2’ and 79 = z, and H = % + V(X). Consider one of these
matrix elements, to order e:

—iHe/h H

(Thy1|e |wk) = (21| 1= —met .. o) =

) d T +x
(onaalor) —ic [ 525 L (P (ol o) +

2
= xk>}+'-'= (8.5)
dpy, ic [ p} Tpq1 + Tp 1Pk
B <Gay A < Skl TR —k -
/ 2h [ h <2m v 2 exp | G (@ =) |+

2m
Note: for more complicated X /P-mixed operators one needs Weyl or-
dering, a symmetrization of the operator sequence in X/P; see Peskin
& Schroder, p. 281 for more on this topic. Note that the argument in
V(%) is written like this for cosmetic reasons; we could just as well
have written x,, since in the end, the limit N — oo will be taken. Contin-
uing our derivation, let us define

[ dpk ie (P} T+ Tpg1 Tpi1 — Tp
0(e) = 5, ©XP < W <2m +V 5 Dk - (8.6)

which is the right hand side of eq. (8.5) to order O(e). Multiplying all €’s
and taking the limit ¢ — 0, we have

(& (@) () = / DaDp exp [Z /t " (W)] (8.7)

with 2(¢) = x and x(t') = 2. This limit is of course accompanied by some
higher-level mathematics. The naive expression, however, has to be based
on the discretized version we started from. Concretely, for physicists, this
means that in QFT, numerical lattice calculations are an adequate way to
approach this integral. Note that the continuous and differentiable functions
are a dense set of measure zero in the functional integral.

(Tkt1lpr) <pk
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The dpg-integration in eq. (8.6) can be performed: it is just a Gaussian
integral, here restricted to one dimension for simplicity. It is solved by
completing the square:

2

_ Pi€ _ _

2m+pk(ka Thy1)

1 [p; Tp — Tp_1)> 1 (zp —xp_q1)2
— P oy (e — ) + (kkl)m] N e )

2 |m € €
e 1 (mp— o)’

2 m 2

. Llp—T
with pj = B — kLl 6"“

. Using the standard Gaussian integral,

o0 1/2
/ dwe " = (I) (8.8)
oo o
we can perform the pj-integral. The first part becomes

< dp), 1 ie o1 1 [ 2 1 [2whm
- - dye 912 = —_
/_OO orh P ( 2mmP* ) T omn )Y onh Ve

where y = p}./ie/hm. Note that due to the presence of Vi in the conver-
sion from pj, to y, this substitution constitutes a 45-degree rotation of the
integration path:

Pk

= =

45° /

So, the final result, the product of all the separate integrals, is

which, after taking € to zero and N to infinity, becomes:

(z(t)|' () = /Dxexp (z/t dTC(m,i)/h) (8.9)
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fN/2)

with singular integration measure (~ € and Lagrangian density £ =

mi? (z)
5 .
The x-space path integral is less general (namely only for H quadratic
in p) than the first version, but for our purpose, we can settle for this one.

Remarks
e For (2/(t')| T(O1(t1)O02(t2)...)|z(t)), the operators O1,0q,... act
in the time slices around t¢,ta,.... Then, (x(t1)] O1(t1) |z(t))) =

O1(2(t1))d(t1 — t}) where O; is a function. Thus, we obtain time-
ordering in the path integral, which is decomposed into time slices.
This remark is also important if the potential has the shape of a ma-
trix in more complicated settings.

e The oscillating behaviour of the Feynman exponential, which makes
the convergence of the integral a more subtle affair, can be avoided if
we go to imaginary, or Euclidean, time (¢t = 2" = —iz* = —itg). This
so-called Wick rotation helps us to define certain expressions properly.
Of course, one has to rotate back at the end of the calculation .

8.1.1 Vacuum expectation values

When going to QFT, we will be interested in vacuum expectation values (cf.
correlation functions in statistical physics). Let us briefly investigate them
here:

(O] T(x(t1) ... x(t,)) [0) =7

Let us start from

(xp(T)| T(x(t1) . .. x(tn)) |x—1( / Dxxz(ty)...z(ty,)x  (8.10)

wp(l/wz<+V(0>

where 7, stands for Euclidean (Wick-rotated) time. Now,

o (=T)) = "D |z_r(0) = Y [n) (nfa—r) e~

where |z_7(0)) is also written |x_r), and is a Schrédinger vector, which at
t = 0 coincides with the corresponding Heisenberg vector. When T is large,
only the ground state contributes. Then, eq. (8.10) becomes

= (27(0)]0) (0] T(x(t1) ... x(tn)) |0) {0]z_7(0)) e7250T

Dividing by (x7(T)|x—r(=T)), like in the Gell-Mann-Low formula, removes
the outer parts, leaving

(0] T(x(t1). . m01m@j Dra(ty). . alt)eS  (8.11)

T—o0
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where Zr = [ Du e and S = dee(mTi2 + V(x)).

Remarks

e Note the similarity with the thermal average in statistical mechanics
with the Boltzmann weight e ¥

® I, is in general not a fixed value; taking the Gell-Mann-Low quo-
tient, the final result should not depend on it.

e The Feynman-Kac formula: limp_ . log (xp(T)|x_7(=T)) /(=2T) =
FEy. Exercise: derive this result.

8.2 Path integrals in QFT

8.2.1 Framework

Consider real scalar field theory, with £ = $8,20*® — V(®), where V(®)
could for example be m72¢2 + 2®%. Now, ®(&,t) substitutes x;(t) as we go
to infinitely many degrees of freedom. The following correspondences hold:

QM QFT
e X;(t) (Heisenberg picture) e &(Z,t) Heisenberg operator
e |z;(t)) state vectors with e Fock space (®P-eigenvector
Xi(t) |zi(t)) = x;i(t) |xi(t)) states; coherent states)
e boundary conditions e vacuum state |0) for ¢ —
Fo0

|0) is unique only without outer fields (“currents”). With outer fields (or
“currents”), as we have seen before in the generating functional Z(j), we
have an extra term £; in the Lagrangian density: £; = j(z)®(z), where
j — 0 for large ¥ and ¢. This implies that |Q—_) # [Q—o0) and |0),, #
’0>in'

Going from z; to ®, our path integral will run over fields ®, and mo-
mentum fields II, where the latter are given by

(z) = 833{)) = 0p® = 0, (8.12)

Now, the ®- and Il-integrals become:

/D<I> Hlim/nd@(fi,Tj) zlim/HdCI)k
1,7 k
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/DH%Iim/Hde
k

where the index k represents a 4-dimensional lattice (the limit € — 0 will be
taken in the end). Of these, [DII can be performed like in the QM case,
and starting at the end again, we obtain:

(O] T(®(21) ... ©(zn)) 0) = (8.13)
[DPexp {i [ diz (30,20"® — V(®(x))) (21) ... P(zn)}
[ DPexp(...)

(h has been set equal to 1 again).

Now, we can sum over all fields with ®(Z,t) — 0 as |7, [t| — oco. (In
the quotient, this condition should drop out; strictly speaking, one has to
calculate the Fock space vacuum in x-space. See the exercises.) The integrals
are, like in QM, well defined after Wick rotation (zy — —ix4 substitution
and 90-degree rotation in the x4-plane) to imaginary time; another option is
inserting a term 3 (m? —ie)®2(x) in the potential. The Wick rotation results

2
m:

0,80 ® — V(®(x)) — —0,0,® — V(D(xp)) (8.14)

/ dtz — —i / dzg (8.15)

N

Figure 8.3: Wick rotation

Eq. (8.13) is very similar to the Gell-Mann-Low formula. It can also be
written with the help of a source j(x),

Z(j) = /D@exp <i/d4x(£+j®)> (8.16)
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which gives

1 5 2())
()" Z(0) 6j(z1)...65(zn) j=0

(O] T(®(x1) . .. B(x0)) [0) = (8.17)

where the variational derivative provides factors i®(x;). Note: the normal-
ization of [ D® is often chosen to give Z(0) = 1.

8.2.2 QFT path integral calculations

Deriving eq. (8.13) in a discretized version, like we did for the QM case,
involves a multi-component version of the standard Gaussian integral, eq.
(8.8):

N
o 1
140 =] / d®; exp (—2<I>,-Aik<1>k + bi<I>Z~> (8.18)
=17~

We diagonalize A by an orthogonal transformation O, whose Jacobi-determinant
is 1. Then, we have

N 00 1
I(a,t) =] / d®’ exp (—2<I>;an-<1>; + bgq>g>
=17~

Completing the square, we rewrite —3®/a;®] + b/®} into —3a; (P} — %)2 +

(3

1271 30 : :
§bia7bz‘v which gives

I(a b’):ﬁ 2 op (Lo Ly :(27T)N/2¥ex Lyr g1y
’ i1 (473 P 2 Zai ! (detA)1/2 P 2

where the second step is the result of rotating back. So, in the end, we are
left with

(QW)N/2 Lir, L1
I1(Ab) = ——— b ATb | =1(A,0 —b"A™b 8.19
(A,b) et 172 P (3 (4, 0)exp | 5 (8.19)
o) N/2
Observe that (d(im)w =1(A,0).
Differentiation with respect to b; produces vacuum expectation values:
0 0
— —I(A,b =1I(A,0 AT, 8.20
8biabk(7)b:0 ())X ( )k ( )

2-point function

Let us apply this to the Z(j) from above, at first without interaction:

m2
L=0,99,® + 7<1>2 (8.21)
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Note that this is the Euclidean, i.e. rotated, form. With this L,

280) = 28O exo (5 [[i()-08 4 md) i) (822

For comparison: in the Minkowski metric, it looks like this:
‘ 1 . N
Z0(j) =20(0) exp <_2z / (@) (0% +m® —i€) ] (w’)d4xd4x’> -

zu0)exp (— [ i@Dea i )ataas'

In the Euclidean metric, the calculation is easier due to the absence of the
i-factors. It is easy to check that

1 827(5)

(O] T(®(21)®(22)) [0) = 57(21)87(z2)

= Dp(z1 — z2)

Z(0)

Remarks
e This can also be performed in the Fourier transformed form:

4 ~ ~ ~ ~
si=5 [ (;175;4 (3@ +m)3(=p) — J)F(—p) — (1) B(p) )

with j(—p) = j*(p) and ®(—p) = ®*(p), since j and ® are real. Re-
defining

B(p) = ¥'(p) + (p* + m)~j(p)

(i.e., completing the square) gives

ZE() = ZE(0) exp (1/ (d4p 3(p)9(—p)>

2 ) (2m)* p2+m?

e With 1
Walj) = 5 [ dode'a) Do) (')

we obtain the following relation for Z and W:

Zo(j) iWo(5) _ —WE()
Zo(0) ‘ <— ‘ )

where the factor :Dr generates the connected 2-point functions; this
will be generalized later on. This relation resembles the one between
the partition function and the free energy in thermodynamics. Note,
by the way, that Z and W have been exchanged in the text by Ramond
(see literature list).
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8.2.3 Perturbation theory

The perturbative approach to path integrals will, again, be introduced in
the Euclidean notation. We will be dealing with a potential V(®), which
can be written as

Vi(®) — Vi <;]> (8.23)

where the differentiation is acting on the generating functional ZF(5). (For

4
example, %@4 — % (%) .) Let us start with

1 0"Z(j)
(0) 6j(21) ... 0j(zn)

(O T(@(21) .. D)) [0) = (8.24)

J=0

Now, expand the exponential in the path integral for Z(j) in powers of V(®)
and act on Zy(j) with V(é%) as discussed before. Note that also the %
in eq. (8.24) act on Zy(j). The 5%. of the outer ® and vertex ® pairwise
remove the j-legs of exp(% [ jDrj). Division by Z(0) eliminates the vacuum
graphs (n.b.: Zp(0) is not the same as Z(0)). For example, a vertex with
V= %@4 requires 4 propagators (permutation gives the factor of 4!). Also,
several vertices, each with their factor of %, can be permuted and require

a combinatorial factor. From all this, the usual rules for Feynman graphs
emerge again:

(i) only graphs with outer lines (no vacuum graphs)
1 F lor inner and outer propagators
ii) Dr fori d

(iii) A and [ d'y for each vertex

(iv) combinatorial factors

Exercise: complex scalar fields:
Z(ju.;) = /D<I> exp(—@TAé +V(®) — jo — q)Tj)

Here, ® is a complex vector (with index z). Rewriting it as ® = (®; +
i®5)/+/2 reduces the problem to two real fields ®15. D® = DD, or,
more elegantly, D®D®T with independent &, &, A = —(9% +m? in case of
the free complex Klein-Gordom field, and Zy(j,7) = exp —jA~1j). Derive

ot )2
the Feynman rules for V(®) = )\%.
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Recapitulation

In the path integral formulation of QFT, vacuum expectation values of time
ordered products of operators are calculated with the following formula:

(0] T(®(x1) ... () |0) = 220) - (xf)" Z (?] e (8.25)
where
Z2() = V@ Zy(j) and
Z0(j) = Zo(0) exp <; / deda’ j(x) Dy (& — :c')j(x’))) (8.26)

e Zy(0) drops out in eq. (8.25).
e Vacuum diagrams are cancelled by the division by Z(0).

e The Feynman rules are the same as those obtained in the framework
of canonical quantization.
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Chapter 9

Classification of finite
representations of the

Lorentz group

9.1 Classification of Lorentz transformations

The Lorentz transformations, like the rotations, form a non-commutative,
also called non-Abelian, group, which, however, is non-compact. They are

represented by matrices A with the following property:

(9.1)

ATgh =g
The group operation is defined by executing the transformations sequen-
tially:
l’” = Agl’/ = A2A1:IZ

ATAS ghohi =g

~—

(A2Ap)T
Classification

About Lorentz transformations, we know the following:

det(ATgA) = (det A)*det g = det g
So,

Furthermore, we know:

T
Ao Hg;wAVO = goo

117
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In orthogonal coordinates, (A%)? — 3", (A%)? =1, so

A% >1 (9.5)

So, in total, we have 2 x 2 = 4 possibilities:
o detA=1: L4
e detA=—-1: L_
° AOO >1: LT

° AOO < —1: L}

L! contains a space inversion, represented by the parity operator P; Lt
contains a time reversal, represented by the time inversion operator T

P= ; T = (96)

Li contains both time and space inversion, whereas Ll has neither. This
last group is called the proper orthochronous Lorentz group, which is a sub-
group of the Lorentz group.

Now, consider infinitesimal proper orthochronous Lorentz transforma-
tions (i.e. continously connected to 1):

A=1+eM (9.7)

M is the generator of these transformations. Applying eq. (9.2) to this
A, we have (1 + eM7T)g(1 + eM) = g. Taking this to order O(e) gives
MTg+gM =0, or MT = —gMg~" (remember, g~' = g). In orthogonal
coordinates,

’Mki = —GiiMirgix ‘ (9.8)

We will make use of the following vector sets of matrices:

E = (A(273), A(3,1)7 A(1:2)) antisymmetric (99)
B .= (A0 A0y A3,0) symmetric (9.10)
with
o (Migy)ik = —(Mpy)ki = —1
Ay = { zero otherwise (9-11)
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The only nonzero entries of M(, g) are (M(qag))ap and (M(qg))ga- This means
that, for example, (A23))x = (R1)r = —€1r- The R; are the generators
of rotations, whereas the B; generate boosts. As an exercise, check the
following relations:

[Ri, Rj] = €ijiRi
[Bi,Bj] = _6iijk (912)
[Ri, Bj] = €ijxBx

Note that the last commutator tells us that B transforms like a vector under
rotations.

Boosts

A short reminder: boosts can be considered rotations with an imaginary
angle. Consider, for example, a boost in the (0, 1)-plane:

coshu —sinhu 0 1 —u 0
—sinhuw  coshw . —u 1
infin.
1 1
0 1 0 1

where tanhu = = v/c. Boosting from a particle’s restframe to one that
is moving with velocity v would look like this (remember, p3 = E?/c* =
P2 4+ m2c?):

(8= () (7))

v I 2\-1/2 m2c2\ "2
2. — (1 - 32)1/2 =
B c E/c 7 \_( 5,_/) < p3 )
coshu

which gives back the usual relation for boosts. Exercise: check the com-
mutation relations.

Note: an arbitrary Lorentz transformation, transforming p — p/, can
be represented as

-1 .
A=ByDB;'  with boost By" = b (9.13)
By i poy —p

where D is the so-called small group; in this case, it consists of the rotations.
This is called a Wigner rotation. Later on, we will come back to this, when
discussing induced representations.
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The commutation relations (9.12) can be reformulated by defining
1
J = §i<Rl +iBp) (9.14)
1
K, = ii(Rl —iBy) (9.15)

which are Hermitean. (9.12) now become:

[Tk, Ji] = i€kimJIm
(K, Ki] = i€gimJIm (9.16)
[Jk, K] =0

These are the independent commutators of two sets of generators of the
rotation group SO(3) and its covering group SU(2), respectively.
Now, representations are characterized by

- 1
R?-B>= 2]+ K?) = 5R(M,V)zw(%”) (9.17)
. . L oo
—R-B= (j2 - KQ) = ge“ P M(M,V)M(p,a) (918)

This makes it easy to write irreducible, finite-dimensional representations of
the proper orthochronous Lorentz group, such as:

e irreducible representations of infinitesimal rotations, which are classi-
W . 1
fied by (j); 7 =0,3,1,...
e irreducible representations of infinitesimal Ll-transformations, classi-
fied by (4,5'); 4,5 = 0,3,1,...

j is the Casimir operator, whose eigenvalues, which classify the representa-
tion, are R? and N2, respectively. However, infinitesimal boosts N ~ J — K
generate finite boosts by e (sic, without ¢ in the power), which is not
represented unitarily. However, the action of boosts in representation space
is not the same as a transformation in QM Hilbert spacae, as we will see
later on.

Remark

Space inversion (parity) P exchanges J and K:

PK =JP _ R axial vector

PJ=KP N polar vector

So, V' @ V' are representations of LL +L". The first non-trivial represen-
tation is (3,0)@(0, 1), which we will meet again later on, as four-dimensional
Dirac spinor.
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9.2 Poincaré group

We want a general framework for field equations, which is provided by the
Poincaré group, also called the inhomogeneous Lorentz transformations. It
is the analogue of the Galilei group; its generators are P,, for translations
and M,,,, for Lorentz transformations. These operators have the following
commutation relations:

[Mp,ua Pa] = i(gyapu - QWPV)
[Py, P,] =0 (9.19)
[M,Ll,ljv Mpo] = _i(gupszo - gpr,ucr + g,uchpu - gz/chpu)
In a more elegant representation, one uses the Pauli-Ljubanski vector:

1

W, = 5eUWMWPA (9.20)
It has the following properties:
WPt =0
W = poé - ﬁ X ]\7
Wo=p-R

In the restframe of a particle, where p’= 0 and pg = m, the latter gives

.

Wy=0 and W =mR

where, in the absence of any momentum, R= §, the spin.
The Pauli-Ljubanski vector commutes as follows:

[Mw,, Wp] = i(ngW,u - gupwu)
(W, P,] =0 (9.21)
Wy, W, | = i€upe WP P°
Let us define
P?=PrP, and W =-WHIW,

(and note that W ~ S2 for m? # 0, 5 = 0). Since P? and W commute with
all generators, they allow for a classification of relativistic particles as uni-
tary representations of the Poincaré group. The complete set of commuting
operators consists of:

. 5 W R
,P, and Ws3 or b L, the helicity of the particle

polo] — Ipl

In short, the classification is as follows:
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(i) massive particles: P2 = m?; in the rest frame of such particles, one

hasﬁzO,ng

(ii) massless particles: P? = 0, so also W = 0. Since we cannot go to
the restframe of such a particle, we go to, for example, a frame where
P =(1,1,0,0).

This leads to

!

hSTl

W, = AP, with A= "

|

[

Now, the commutation relations give
1
A=0, ii, +1, ...

which correspond to the 1-dimensional (naturally irreducible) representa-
tions. For each case, there is a so-called small group, which is simply the
group of transformations that leaves the standard 4-momenta invariant. In
case (i), this group consists of the rotations, in case (ii), the 2-dimensional
Euclidean group (rotations and translations in two dimensions) in the plane
perpendicular to the helicity.

Remark

Irreducible representations of the small group “induce” irreducible, unitary
representations U of the (“noncompact”) Lorentz group, which in this case
are infinitely-dimensional, unlike before. Consider a normalized state with
momentum p and spin o:

(p,o'Ip, o) = \N(P)!25aa'%253(ﬁ — )

We obtain this state by a boost:

p, o) :==N(p)U(L(p)) |k, o) (9.22)

Now, let a unitary representation of a general Lorentz transformation act
on it:

U(A) |p, o) =N(p)U(AL(p)) |k, o) =
N(p)U(L(Ap))U(L™ (Ap)AL(p)) |k, o)
The second U in the last line sends k£ to k, but is not necessarily 1, and is

hence an element of the small group (in e.g. the massive case, a rotation).
Let us call it

Doro(W(A,p)) |k, 0") := UL~ (Ap)AL(p)) |k, o) (9.23)
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This allows us to rewrite eq. (9.22) as

N(p)
N(Ap)

U) |p, o) = Dyro(W(A,p)) [Ap,o”)

which is the induced infinitely-dimensional unitary representation of the
Lorentz group. For further reading, see Wu-Ki Tung, Group Theory in
Physics.

Remarks

e The finite-dimensional representations of the Lorentz group are not
unitary. However, field operators ¥, (Z,t) do not require direct prob-
ability amplitude interpretation, so this is not necessary. We will hear
more about this later, in connection with the Dirac equation.

e Remember:

—iwt+ k- —~i(Bt—p-Z) [l _

e =€

—

where the exponent Kt — p'- ¥ = %ct —p- & =purt =p-xis Lorentz
invariant.

e A Poincaré transformation =’ = Az + a can be written as a matrix

(v %)

Exercise: show this.



124 CHAPTER 9. LORENTZ GROUP



Chapter 10

The Dirac equation and its
quantization

10.1 Spinor representation of the Lorentz group

Remember from last chapter:

Jp = %(Rz +iBy)

1 )
K, = §(Rl —1iBy)
with

[Jk, J1]) = t€kimIm
(K, K| = i€gimKm
[}, K] =0

That is, we have a representation of the Lie algebra of the Lorentz group as
the sum of two Lie algebras of the rotation group SO(3). Keep in mind the
distinction between the rotation group SO(3) and its Lie algebra so(3). The
Lie algebra is generally notated by lower case so, although capitals (SO)are
often used as well.

Recall also the Pauli matrices:

al—<(1)(1)> 02—<?_Oi) 0—3—((1)_01) (10.1)

We have two spinor representations, (3,0) and (0, 3), which can be written

125
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with the help of the Pauli matrices, or with the 2 x 2 versions of J and K:

1
R(ﬁfo) — Jl"'le —

(% 0) l(1 0 i _i%
’ 2 J—K ol
Bl2 = l—1 b= 2
(0,3) ol
(0,3) R N —ig
D) Bl(o,i) _ %l

Going from (3,0) to (0, 3), one exchanges the roles of J and K; this is

what the space inversion operator P does, as discussed in last chapter. So,
(1,0)+ (0, %) is an irreducible spinor representation, with

2
1 1 gl
Rl(2,0)+(o,2) _ ( iot/2 0 ) and

0 —icl/2
Go+0Y [ —=dl/2 0
B, = < 0" s (10.2)

General infinitesimal Lorentz transformations are given by
A=1 4 Spe) 1

(For M#2) | see last chapter: M) = —M(##): the only non-zero entries of
M®Y) are (M#Y),,, and (M#+)),,.) Here, M"¥) is represented by 4 x 4-
matrices A*¥ in spinor space, which must fulfill the commutation relations
of the generators of the Lorentz group. If we define the Dirac y-matrices v
by their anticommutator

"7} = " + " = 20" (10.4)
then
1
N =2 (0" =) (10.5)

satisfies the commutation relations of the generators of the Lorentz group.
Exercise: check this.

The choice of 4" is not uniquely determined by this requirement, but
Pauli has shown all choices to be equivalent. The Pauli lemma says that,
taking one set of v*, e.g.

0 __ 01 i 0 O'i
'y—<]10> and ’y—(_ai O) (10.6)

one can transform to another set 4*/ by some transformation S:

A = Syt S (10.7)

(Notice that the identity matrices in 7% are 2-dimensional.)
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Remark

The ~* transform like a vector under Lorentz transformations:

MY AH] = —(Fg"? — 4" g"?) (10.8)

10.2 Spinor fields, Dirac equation
A Dirac spinor transforms as follows:
Uy — Saplp =T, (10.9)

These transformations are generated by M w,,,: infinitesimal ones are given

by
S = L A
= :H. + 5 wW
with infinitesimal wy,,; finite ones come with the full exponential:
L
S =exp 5)\ Wy (10.10)

with finite w,,,. A Dirac spinor field by definition transforms as follows:

W(2') = Sap(A)Ws(a) (10.11)

where ' = Az. This begs the question what the corresponding Lorentz
covariant field equation is. To find the answer, begin with remembering
that v* transforms like a Lorentz vector:

SIS = A A (10.12)

and conclude that therefore, if U(z) is a solution, ¥'(x) must also be one.
The sought-for equation, know as the Dirac equation, is

(iv" Oy — m)¥(x) =0 (10.13)

or, in components:
(i7650u — Mdap)¥p(z) =0

For the proof, we will use the following notation:

“:8i# and 8,/:i
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The proof goes as follows: assuming W¥(z') is a solution, and using eq.
(10.12), we have

(7 8 — m) W' (&) =(i" s — m)ST(A~a) =
(i7" (A1), — m)SW(z) =
S(iy" 0y —m)¥(z) =0

In the second step, we have rewritten 9,/ as d,(A~1)" - and in the third
one, we have used eq. (10.12) in the form (A‘l)"#ﬁ“’S = Sk

10.3 Construction of the representation matrices
in spinor space

In section 10.1, we started the explicit construction of the representation
matrices in spinor space. Let us finish this:

10.3.1 Rotations

Consider the following mapping:
3 1_ ;.2
e x x —ix
T—=2=0-7 < ol 4 ia? 3 > (10.14)

Notice that & is Hermitean. Further, check that

deti = —i*  and (10.15)
zt = §tr(ai£)

(for the last one, use %traiak = §%). Now, investigate a rotation or inversion
(i.e., an element from the orthogonal group) D:

—/ —
r = D¥

2

with, by definition, /2 = #2 and DD = 1. Consider a unitary representa-

tion
i =uzUl (10.16)
with UU' = U'U = 1. Notice that, due to the unitarity of U, we have
det ' = det & or — 7% =72 (10.17)

In other words, U represents a rotation or inversion. Without loss of gener-
ality, we can choose det U = 1; this means that

U € SU(2)
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where SU(2) stands for the set of special, unitary, 2 x 2-matrices, “special”
meaning that its determinant is 1. The general form of U is

(10.15)

which is the general rotation operator of QM acting on spin—% objects. In-

finitesimal transformations are given by

&+ <_> 2(F X T) - & (10.19)

10.3.2 Lorentz transformations

For Lorentz transformations, the procedure is very similar. We use the
mapping

ol —ix? 2% 423 (10.20)

N 00 = = 20— 23 2l 4 ia?
rT—=i=0x —0-ZT|= 1

which again is Hermitean. We also have the 4-dimensional analogues of egs.

(10.15):
det & = (29)? — 7% = 22 and zh = %tr(a“:i") (10.21)
Now, let us consider the transformation
i’ = MaMt (10.22)

with det#’ = det#, and hence |det M|?> = 1. Here, M is some arbitrary
matrix, for which we can, without loss of generality, assume det M = 1.
This implies

M € SL(2,C) (10.23)

i.e., M is a spectal, linear, 2 X 2-matrix with complex entries. This means it
has three complex parameters (or six real ones) to be fixed:

v 9

Of course, SU(2) C SL(2,C).

M acts in the representation space, which in this case is a 2-dimensional
spinor space: the (%,0) representation discussed before. In an abstract
vector basis, its action is

M:(a ﬂ) with ad —py=1

x —x =My
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In the basis
1 0
0/’\1

this becomes
1/2

X = MxT= > X (M)
s'=—1/2 M,

10.3.3 Boosts
In order to be able to reformulate the Dirac equation in momentum space,
we will need a representation for boosts. Boosting the momentum vector p#

0
(5)= (1)
0 p )’

represented by
p=ml —p =p’1 —§-7 = MpMT,

is achieved with
0 — —
pr+m—o-p 1 4
5 = Lﬁ (10.24)

M=L5= Gt + )12

(As a link to section 10.1: M = L is just e~ @27/l with tanhu = Zﬂ,
For L;I, chapter 9.) To prove this, first show that

—

Lﬁmle;;:pO]l—a‘ﬁ and
Ly -piLy =5-p1

Boosting in opposite direction is done by means of L;l = L_j. Using
(a1 + & - a@)(a"1 — 7 - @) = (a°)? — @2, we get

0 — _ —

(p'1+7-p)Ly=mL;

(p’1—& - ﬁ)L;l =mLy

1
(10.25)

Inverting space by means of the parity operator P sends p to —p and

Defining

uy = < LL;fCX ) - < f{ > (10.26)
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we can rewrite egs. (10.25) as

0. = _
T war
Substituting eqs. (10.27) into each other gives
(1’ =3 - P + 7 P)E = m*
(° +7-p)(p° — 7 - P)x = m’x
which leads us to
(p°)? —p* = m” (10.28)

which is the mass shell condition. One could, letting go of some mathe-
matical rigour, interpret eqs. (10.27) as the square root of the mass shell
condition.

Remarks

If M is a spinor representation of the Lorentz group, so are (M T)*1, M* =
(M and (MT)~!. However, since

M =ooMToy|  with oy =i ( ? _01 > —o; =0l (10.29)

M is equivalent to (MT)~!, and M* to (MT)~1.
Exercise: check eq. (10.29). Use the general ansatz

M:a]l+g-6’, a2 - =1
The actions of the four representations are as follows:
M acts on &*
(MT)=1 acts on &,
(MH~1 acts on a4
M* acts on &

Letting o9 act on &, or x® raises or lowers the index; the point indicates
which representation is used. The “pointed” representation M corresponds
to (3,0), whereas the “unpointed” (M)~! corresponds to (0, 3). The spinor
u, consists of a “left-handed” and a “right-handed” component (see below
for more on handedness):

S _
up—

'S left-handed
Xé right-handed
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Remark

The vector # transforms as 2°7: the index o transforms with M , and the ﬁ
with (MT)T = M*,

10.4 Field equation

10.4.1 Derivation

Now, let us derive the actual field equation. We know that

i Lzx*
ule Pt = p )
P ( Lpx®

should be a solution of a (free) field equation. From egs. (10.27), we obtain

= (TV7 ) e (1 Jue =0 oao)

Let us do some renaming, to make it look a little simpler:

s (070 O (01
p.—( 0 5,43,) and ﬁ.—(l O)

Observe that 32 = 1. Furthermore, we will name

QL

B =0 and fa =+

(Exercise: check that these satisfy the requirements for the Dirac y-matrices.)
Now, multiply eq. (10.30) with 3:
(4P =7 = m) uge™ " =0

p
—

and rewrite it into a differential equation, with p,, = i0/0z*:

(iv'0y —m)¥(z) =0 (10.31)

This is the Dirac equation. It also has other guises: going back to momentum
space, it looks like

('YHP/L - m)\I’ =0

In the Feynman slash notation, where v#0,, = @ (and similarly p= YDu)s

it takes the form

(i) — m)¥ =0
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10.4.2 Choosing the y-matrices

In the derivation above, 7° was Hermitean, whereas the 7* were anti-Hermitean.
Since we know {v*,4*1} = 2¢g#"  as the y*1 should be equivalent to v* by
the Pauli lemma,

1 = Byrp! (10.32)

(here with 3 as the 4° from section 10.4.1). Taking the Hermitean conjugate
of eq. (10.32), we get

M= ﬁ—lT,yuTﬂT
Sandwiching this between §' and 3711 gives
7#T — ﬂTyuﬁ—lT
which, combined with eq. (10.32), allows us to conclude that

B=p (10.33)

Different representations of the Dirac algebra

The representation used above is called the chiral or Weyl representation.

It has
01 : : 0 o
W.0_ g_ W_ i _ i )
(Itzykson and Zuber use 7° — —4".) We can define a fifth y-matrix:
. 1 0
7’ =5 =i’y = ( 0 1 > (10.35)

This has the nice property that (14+5)/2 projects onto the upper and lower
components of spinors. Representing ¥ as (¥, Ur)7, it selects the left- or
right-handed component of W:

L (147  1—15 T+ 11— v
\Ij: \I/: =
( 5 T2 ) ( 5 T3 TR

(o) (o )= ()=

Also often used, mainly in the non-relativistic limit of the Dirac equation,
is the Dirac-Pauli representation:

DVOZﬁ:(g _01)7 D’yi:ﬁai=<_(;_i %) (10.36)
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In this representation, v° is not diagonal anymore:

s (01
gl —75—(1 0) (10.37)

The conversion from the Weyl to the Dirac-Pauli representation is as follows:

Do \2( _Jlﬂ i >W7u\}§ ( i _111 ) (10.38)

Dirac spinors are obtained from their Weyl counterparts by means of the
same matrix:
1 1T -1 &
il 10.39
A0 )(%) 1039

e The Dirac equation is a differential equation of first order in time, just
like the Schrédinger equation:

i0 = <mﬁ n O‘Zv> N

Notice that both terms between the brackets are Hermitean.

Remarks

o Weyl spinors % are very common in GUTs, neutrino physics and su-
persymmetry. In other fields, the Dirac notation dominates.

10.4.3 Relativistic covariance of the Dirac equation

The fact that the Dirac equation is relativistically covariant is rather obvi-
ous, since we have been talking about Lorentz covariant objects all the time.
However, let us check it explicitly. Supposing we have a solution Wg(x), we
want to show that its transformed form

V(2) = Sap(A) W) (10.40)

is also a solution. In the above equation, as usual, 2’ = Az and S is a
representation of the Lorentz group (3,0) + (0, 3). If ¥ is written in terms
of Weyl spinors, S becomes

S:<Ao4 <M?>-1>

The proof that ¥/(z) also solves the Dirac equation was given at the end of
section 10.2; it holds under the condition that

(A™H" A" = Sy
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or

STy S = AK AH (10.41)

This corresponds to the transformation property of & if we write .S in the
above form.
Remarks

e Remember that in its infinitesimal form, this S is just the 1+ %)\‘”’WW
we have seen before.

e The Dirac versions of R and B are:

—

2
RV =iy"y7,  BY =173
e Space inversion S(IT) = 7% exchanges £ with 4.

10.5 Complete solution of the Dirac equation

In deriving the Dirac equation, we began with writing down a solution.
However, this is not necessarily a unique one; let us therefore now invert the
procedure in order to find all solutions. So far, we have one:

1 .
U(z) = W“ﬁeﬂpx with positive pg = % + m? (10.42)
Going to the momentum basis (by means of a Fourier transform), this be-
comes
(V' = m)uz =0
with
1/2 0 = =
m pt+tm-—o-p s
uy = - o 10.43
P T R (P ameap) | w0

The factor of m'/2 is put in by convention (rescaling ug. is always possible).
Eq. (10.43) is written in the chiral basis; going to the Dirac-Pauli basis, we
will use P4#* = BV ~# B~ with

B:\}§<—11 i) and B—1:\2<i f) (10.44)

In this basis, we have

1 0
Buf= ——— < porm ) X° (10.45)
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In analogy to the case of the Klein-Gordon equation (chapter 4), we
might expect a negative energy solution to exist. Let us make the ansatz

U(x) = (271T)3vﬁeim (10.46)

In momentum space, this would mean

(="pu — m)vy =0
Now we still need to find out what vy actually is. To that end, let us go to
another representation of the «’s. First, we define C:

CyHTCl = —A# (10.47)

We know that this C must exist because of the Pauli lemma: if v* fulfill the
requirements, so do ¥*1 and —#. It is given by

C=iy"2 (10.48)
Exercise: check this. Now, we need only one further definition:
U :=0ip (also gy = U%Tﬂ) and
i = Byt g = (10.49)

Now, we can simply obtain v% from the already known solution u%: we begin
with

(yp —m)uz =0
and take the “barred conjugate” of this equation:
@ (3p —m) = 0
Then, we take the transpose and multiply that with C:
Cyl'p-m)Cc~iC E%T =
(C’yTpCf1 —m)C ﬂ%T =
(= -m)Cuz" =0

From this, we can see that

vs = Cusl (10.50)

—S S __ SS
Uyuy = 2méd
’ — / / . _
vsvy = uy CCul’ = —2mé*  with CC=1
—s 0,58 __ 0 sss
—s 0,5 0 css’
5V Uy =2p0
U =

77U = 0 (10.51)
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Remarks
e The notation u’(p) is often used instead of 3.

e We can define projectors to the positive and negative energy solutions:

ptm
Ap) = — =) u®i;
s=1,2
—pt+m
A_(p) = 5 = Z vz ® U
s=1,2

General solution

The most general solution to the Dirac equation is of course a linear combi-
nation of the two independent ones we have found so far:

U, (z) = / 5 32p0 Z {a ul ( _im —|—bs*(p)v3(p)eipw} (10.52)

s=1,2

with a Dirac index «. This is the analogue of the complex ® solution of the
Klein-Gordon equation.

10.6 Lagrangian formalism

Let us develop the Lagrangian formalism for the Dirac equation. We have
the following Lagrangian and Lagrange density:

_ / d'zl; L= () (v, —m)¥(z) (10.53)

Varying L with respect to ¥ and ¥ (like we varied the Klein-Gordon La-
grangian with respect to ® and ®* before)

0L 0oL

ny, — —
5T~ 59 = (i7"0, —m)¥(x) =0
oL 0L oL -

—
gives back the Dirac equation in two guises (the_ second one is the barred
form). Notice that £ is not symmetric in ¥ and ¥; one could distribute the
derivative with respect to ¥ and ¥ symmetrically via partial integration in
S = [d*zL.

There is, of course, also a momentum field:

=i(UyY), = i) (10.55)

T 9(0,T,)
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The barred equivalent gives

oL

%  _f,-o0
RICA

if it does not take the symmetrized form mentioned above. This result (IT, =
0) means that we have a constrained system, requiring special attention and
special tools, like the Dirac bracket. There exists extensive literature about
quantizing under constraints; here, we will not go into it.

The Hamiltonian density is given by

H =110V, — L = iU~V — U (x)(iv"p, — m)¥(x)
=009, ¥ (10.56)
where in the last step we have applied the Dirac equation, which comes

down to requiring the mass shell condition.
The Hamiltonian, after inserting eq. (10.52), finally takes the form

H:/d3x7-((x):/ ~ 32p0p02{a5* a*(p) — b ()b (p)} | (10.57)

Exercise: check this (use egs. (10.51)). Notice the minus sign in front
of the b-term: this is different from the Klein-Gordon case, and will be of
importance later on. Also note that the ordering of the a*’s and b*’s within
their respective terms does not yet matter now, but will be important for
the quantization procedure.

10.6.1 Quantization

We begin the quantization in the usual way, by promoting the functions
a*®) and b*™®) to operators a*() and b*(1), accompanied by the usual pre-
scription that Poisson brackets are to be replaced with commutators. Now,
we immediately run into trouble: this allows for limitlessly negative energy
solutions , because of the minus sign in the Hamiltonian. To avoid this, we
do not use commutators here, but take anticommutators instead:

{2°().a” ()} = (2m)*2p°0° (5 — )5
{b*(p), b1 (p)} = (2m)32p 6% (5 — )6 (10.58)
{a,a} ={b,b} = {a',a'} = {b bf}
={a,b} = {aT,b} = {a, bT} = {aT,bT} =0

This is equivalent to

(o (@, 1), Us(&, 1)} = 8°(& — )70y (10.59)
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Of course, we could have obtained this directly, replacing the Poisson bracket
of ¥, and I, = i¥}, = i(U4?), by an anticommutator. Using this result,
we get a more familiar-looking Hamiltonian:

= / o 32p0poz{ p) + b1 (p)b"(p) — 1} (10.60)

from which we can conclude that the b-particles also have positive energy.
This is one of the highlights of early QFT.

Fock space

We have already discussed this in the context of non-relativistic QM, in
chapter 3. A general state |¥) is given by

d3ky 3k,
= — X
{ ‘ot Z \f Z / 2m)32k0 / (27)32k0

cn(ki,81,. .. knysp)al (k1,s1)...al(kp, s,) } |0) +

similar for b, bf+ (10.61)

mixed terms
The fact that {af,a} = 0 forces afal = 0, so there can never be more than
one particle with momentum %k and spin s; this is the Pauli principle. Due
to the complete antisymmetry in the a'’s, the coefficients ¢, can be taken
to be completely antisymmetric itself: any symmetric parts would vanish.

Notice, by the way, that the ordering of the a’s and b’s is also important,
due to the presence of the mixed terms.

10.6.2 Charge conjugation

We want to show that a-particles and b-particles have opposite charge. To
this purpose, consider the coupling to the electromagnetic field, also called
“minimal coupling”:
Oy — Dy =0, +ieA, SO
L =V(z)(ir" (9, +ieA,) — m)¥(z) (10.62)

Let us now introduce the charge conjugation:

U(z) S 9C(2) = C¥7(2) (10.63)

(This should correspond to exchanging ® and ®* in the Klein-Gordon case.)
C is given by

C=i"y?*=C (10.64)
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Le., it is the one we have used in sec. 10.5, defined in eq. (10.47). The
barred equivalent of eq. (10.63) is ¥(z) — vTC = 0C.
Let us further investigate CU” (z):

CUT(2) = Cy'Ty* =
dgp s s ipx s s —ipx
[ s & {2 0ICON 0 e + b7 ()OO T (e}
(2m)32p° £
Using that v*(p) = Cy*Tu®(p) and u®(p) = Cy*Tv3(p), we see that this
simply comes down to exchanging the roles of a®(p) and b*(p); in other words,

particles and antiparticles are exchanged. Now consider the interaction term
in the Lagrangian (eq. (10.62)): the Dirac equation becomes

(iv*(0y +ieA, —m)¥(x) =0

Taking the “bar-conjugate” of the equation gives
_ —
U(—in"(0, —ied, —m) =0
Letting C act on this, we get
(—iy*T(8, —ieA, —m)C'CIT =0

And in the end, we see that in the final form,

(i T (9, — ieA, —m)CUT =0

the sign of the charge has changed indeed.



Chapter 11

Feyman rules for theories
with fermions

11.1 Bilinear Covariants

The Lagrange density is a Lorentz scalar, which has to be constructed to
include fermions. The algebra of Dirac matrices has 16 elements, which are
linearly independent 4x4 matrices:

; .
1" oty = 5 [V v* = iy 0y ly?y3; AP (11.1)

(Check: there are 1 +4 46 4+ 1+ 4 = 16 of them and they are linearly
independent.) Remember that a spinor transforms like

U (2') = Sap(A)¥s(x) (11.2)
Its barred conjugate transforms like
U (2") = Ug(2)S8a with S = 05740 (11.3)

From S™1(A)y”S(A) = AV, A" it follows that S = S~!. Using this, we can
see that UW is a Lorentz scalar:

Uy, (2) W () = Wo () ST, (a') = Wp(x) Us(x) (11.4)
Similarly, we obtain
U (2" )"V (2) = US4 ST = AVH\TJ(J/‘)’)/“\I/({E) (11.5)

That is, ¥(x)y”¥(x) is a Lorentz vector. More generally, if we denote the
16 Dirac matrices by '), then W(z)I'®W¥(z) is a tensor with the indices
of the sandwiched Dirac matrix. Indeed, oV is a symmetric, traceless
tensor of rank 2.

141
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With the transformation properties of 4° under proper Lorentz transfor-
mations and space inversion

STHANS(A) =
STHIYSA) = =47 (S() =1")
(exercise: check this; remember that > = 4%6,\W07>‘7“7V7“) we see that
e U~V is a pseudoscalar
o U~2y1U is a pseudovector

This will be very important for constructing the coupling terms in the La-
grangian. For example, in the electromagnetic case we have

LME = W (iy(9), +ieA,) —m)¥ (11.6)
(minimal coupling) with as a possible additional coupling
LM = W' VE,

Another possibility is Yukawa coupling of a Dirac field to scalars and pseu-
doscalars, respectively. The latter one can, for example, be found in T NN
coupling.

Ly = —f¥(2)¥(2)p(z) (1L.7)

int —

L = —fU(x)y ¥(2)d(z) (11.8)

int

Note that in both, ¢ may be real or complex valued.

11.2 LSZ reduction

To calculate S-matrix elements with fermions one has to apply the LSZ
reduction again. To this end, similar to the scalar case, one can use:

a;, (k) = /d3xus(kz) exp(ikz) ' Uiy (z)

bi (k) = /d?’xvs(k) exp(—ikz) ' Uiy (2) (11.9)

The reduction formula for n incoming particles (u(k;)), n’ incoming antipar-
ticles (o(k})), m outgoing particles (u(g;)) and m’ outgoing antiparticles
(v(q))) then reads

(0] bout(}) - - - Gout(q1) - - - al (k1) ...b% (K})...|0) =
(—izy /2y ntm) (g 72y (' m) / d*zy ... dY, (11.10)

exp {— Z(k x+ k-2 —qy—q - y/)} u(q1)(idy, —m) ... @(kl)(@'ax,l —m)
O T {T(Wh) ... W(y)P(ar) ... U(@)} [0) (—i G oy — m)ulky)... (_Z”Eyi —mu(q

/
1

)
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where the disconnected part has been left out like before. Dirac and spin
indices have been suppressed in this formula, to improve the legibility. Be
careful: anticommutations in the T-product will produce minus signs!

Remark

For photons, we have

(B: b € outlin) = (—i)(Zs)~1/2 / b exp(ikz) (Bout| €j(x) i) (11.11)
with  92AH = j+ (11.12)

Here, further reduction requires a redefinition of the T-product (called T*-
product), adding distributions (# 0 for z = y) in order to obtain covariant
expressions.

11.3 Feynman rules

Here we can be rather short:

(i) One derives the Gell-Mann-Low formula again, this time formulated
in UM and " fields.

(ii) The analogous Wick theorem for fermionic fields leads to “contrac-
tions” of the spinor fields. Since the Dirac theory is similar to that of
complex scalars, it is pretty obvious (exercise: check this) that only
the propagator

(O] T (Wa(z)Ws(y)) 10)

is not zero

Note
Fermions can also be treated in the path integral formalism very elegantly.
We will come back to this in chapter 13.
11.3.1 The Dirac propagator
Let us start off by defining
Sras(z —y) = (0| T (Ya(z)Pps(y)) |0) (11.13)

where « and 3 are spinor indices. It is often notated as Sp(z,y), and fulfills
the equation

(19 = M)a) o (S¥(2,9)) gy = 10ay8" (x — y) (11.14)
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We can check that Sp(z —y) = (ig + m),Dp(x — y) is the solution with
Feynman boundary conditions using

(i —m) (ig + m) = —0% — m* = —(8* + m?) (11.15)
The Fourier transform turns out to be
i(f+m)
S =" 11.16
F(p) p% —m?2 + ie ( )

Of course, this propagator has direction, and the corresponding propagator
line has an arrow, since V¥ is a complex field.

Note

In the time ordering of the LLSZ reduction formula for Dirac fermions com-
mutations cause minus signs. Similarly, in the Wick formula, contraction
can only be done after commuting through the field in between and thereby
picking up minus signs. There are u, %, v, v in the LSZ-formula corresponing
to ingoing and outgoing particles and ingoing and outgoing antiparticles.
The vacuum graphs again cancel. Inserting the vacuum expectation value
into the LSZ formula the outer propagators are cancelled, which is also re-
ferred to as “truncated”, and we are left with a V'Z factor. This will be
important for loop calculations later on.

Later, we will see that in the dressed propagator for fermions, the “self-
energy” insertions also have the Dirac structure:

i( + mo)

P2+ i et

iZo(P+m)
I o= 2
+ SF(p, mO) SF(]% mO) + p2 —m2 + je

We then obtain the Feynman rules for S-matrix elements (in momentum
space):

For Yukawa theory
(i
(i

) Dirac propagator (eq. (11.16), instead of the scalar propagator before)

)
(iii) statistical factors

)

)

—if or —if~ys, for scalar and pseudoscalar vertices, respectively

(iv) vertex integration

(v

u® for incoming particles, u® for outgoing particles, v* for outgoing
antiparticles, ©® for incoming antiparticles

(vi) V/Z for outer scalar, \/Z, for outer fermion fields
(vii) —1 for closed (inner) fermion lines (to be explained later)

Note: fermion propagator lines end in outer particles or are closed, but do
not cross each other.
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_if y

—iey”

Figure 11.1: Yukawa scalar and QED vertices

For quantum electrodynamics

The rules will just be given here, in the Lorentz gauge (0*A, = 0). The
derivation will come later, in the context of the fermionic path integral.

The interaction Hamiltonian is
Hiy = —eQU(2)y* ¥ (x) A, () (11.17)

(Q is the charge number, e.g. —1 for electrons). The rules are:

. . —iguv
(i) photon propagator: i

pears, since m = 0 for photons); Dirac propagator as before

(the "—m’-term in the denominator disap-

(ii) tey"@ for vertices
(iii) statistical factors
(iv) vertex integration
(v) u®, u®, v®, v° as before
(vi) /Z3 for outer photons

(vii) —1 for fermion loops

Note

Spin averaging over incoming particles and spin summation over outgoing
particles are often required when calculating cross sections. This gives, for
example,
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% > " a (po)ysu (g2) (@ (p2) 15 (g2))" =

s,s’

5> w2 (@) (@) () =

8,8’

T <us(p2)u8(pz)75 @2;”%5) -
1, (Zfz +m_g+m > -
o v V5

2 om  ° 2m -

%tr((ﬂz +m)(—¢a +m)) = 2(=p2 - g2 +m?)

(the factor of % comes from spin averaging).

11.4 Simple example in Yukawa theory

Let us consider “nucleon scattering” with pion-exchange as force mediator
as an example (between quotes because, of course, we know nowadays that
nucleons are composite objects). The interaction Hamiltonian density is

given by

Hint = fUy; TP (11.18)
N-N scattering
7" F23
N
N
N N
q[ qZ

Figure 11.2: ¢-channel exchange

This is t-channel exchange: t = (p1—q1)?. The expression corresponding
to the diagram (see figure) is the following:

)
—q1)? —m? +iex
(Z2)?(2m)* 6 (o1 +p2 — @1 — q2) =
iM(2m) 6% (p1 +p2 — 1 — 2) (11.19)

(—if)*u(p1) vsu(qr)u(p2)ysu(qe) (
P
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There is a second diagram for N-N scattering, where the two outgoing lines
are exchanged. According to the above recipe, this will give a minus sign;
this can also be derived from a careful evaluation of the LSZ-formula.

Figure 11.3: u-channel exchange

The Z-factors are not of great interest here; they will become important
in the discussion of renormalization. The propagator 1/(p; — q1)?> — m? in
the t-channel gives, after Fourier transformation of the evaluated iM (the

amplitude), the Yukawa potential, which is well known in nuclear physics.

N-N scattering

/N

=
<l

N N
Ui P

Figure 11.4: s-channel exchange

This is s-channel exchange: s = (q; + p2)2. The diagram is the same,

except for the exchange of p; and ¢o. The corresponding expression is

1
X
p1—q1)? +m? + e
(Z2)?(2m)*6*(p1 + p2 — 1 — @2) (11.20)

(—if)?*o(—p1) 75U(q1)ﬁ(p2)75v(—q2)(
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Another diagram that represents this type of scattering is shown below,
and has the following expression:
i

(—if)*a(pr)ysular)o(—p2)150(—q2) oo (11.21)

rs

4

Notes
e In Peskin & Schroder, in the spirit of time-ordered perturbation theory,
outer one-particle states are directly contracted with vertex-fields:

,f‘ -
(P1g2| ‘1’75\1"1’75|\1’_|,(J1p2>
L =

The required permutations give rise to extra minus signs, which include
signs related to the fermion statistics of the outer states. Altogether,
this gives the u,u,v and v as above.

e A closed fermion loop gives a minus sign, as mentioned above:

(O] T((21) W (1) (22)¥(22)) |0) —
- I‘I’(ﬂfl)}I’(u’@)l‘I’(%z)‘i’(ﬂﬂl

~—

Figure 11.5: Closed fermion loop

Feynman approach vs. time-ordered perturbation theory

In the Feynman approach the propagators are off-shell and one has 4-
momentum conservation at the vertices.
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Figure 11.6: Cases («) (left) and (3) (right)

In time-ordered perturbation theory, on the other hand, one has the
well-known energy denominators, like in QM, and, which is new in field
theory, 3-momentum conservation at the vertices. Of course the incoming
and outgoing particles have the same total energy, but in between, energy
is not conserved, as a consequence of the energy-time uncertainty relation.
The intermediate particles are on shell in this approach.

For tree-level diagrams, the relation between the two approaches can be
seen by decomposing the propagator:

1 1

p2—m2+ie  pi—p2 —m2+ie

In the Feynman case, one rewrites this as

1 1 1
(po— P? 4+ m? + ie po—i—\/ﬁz—}—mz—ie) 2po,+

In the time-ordered perturbation theory, one has the following denominators:

By + VP2 +m?+ By — By — By = —po + V/p? +m? ()
Er+ VPP +m? + By — By — By = po + Vp? + m? (8)

These are the same as the ones from the Feynman case.
For loop integrals, the Feynman approach has

/ d*k 1 1
(2m)% (p — k)2 —m? +ie k? — m? +ie
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Time-ordered perturbation theory has

[ e
energy denominators

Here, the connection between the two approaches can be seen by doing
the dk’-integration using Cauchy’s theorem (the residue theorem), closing
the integration contour in one of the two halfplanes. One gets poles in ko,
yielding the required energy denominator in the residue.

For example, in ®3 scalar theory, for the graph in figure 11.6, one has

d*k
(—iA)? / L =
(2m)4 k2 —m2 +ie (p — k)% — m? + ie

d*k 1 1 1
(—i)\)2/ — _ _ _ S0 <
CrP\R —VE2 +m24ie KO+ VE2+m2 —ie) 2K

1 1

X

(P° = k0) = [ (F— k) +m? +ie (0 = kO) +\/(F— k)? +m? — ic
_
2(p” — KO)*

(This is a rough calculation, just to see the principle; we will not worry about
infinities here.) Closing the integration contour in the lower half plane and
applying the residue theorem gives

: d®k L1 1
(z)\)Z/ (2ﬁ)4(—2m)2k07+ 50— R0 X




Chapter 12

Quantum mechanical
interpretation of the Dirac
equation

In this chapter, we will investigate the relation between the Dirac and
Schrédinger equations in the non-relativistic limit, and study the Foldy-
Wouthousen transformation.

12.1 Interpretation as Schrodinger equation

If one reinserts the 8- and a-matrices used in deriving the Dirac equation
(chapter 10), it takes the form

Ql

7

—_——
H

0,0 (E,t) = (mﬂ+ 'i) U(Z, t) (12.1)

This looks very similar to the Schrodinger equation. It is Hermitean (3 = 81
and @ = a@') and H? = m? + p2. Defining p by

p(Z,t) = UIw = 000 (12.2)
one obtains a continuity equation:
0, (UAH) = (0, 0)y" U + UH, " =0 (12.3)

where in the last step, we have used the Dirac equation: (iy*d, —m)¥ =0,
and its barred couterpart 9,V (—iy*) — ¥m = 0,

All in all, it looks like we could try to interpret the Dirac equation like a
Schrédinger equation without “second quantization”. However, there is one
important difference: the Dirac equation has negative energy solutions. The
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Hamiltonian above is not bounded from below in any way; we would have
to put this in artifically, since the Schrédinger equation has only positive
energy solutions. This means we would assume

d*p .
U(x) :/Wzs:as(p)us(p)e e (12.4)
without the b-term we had in chapter 10. If we do this,
/ Baruty = / By’ = / EpUt(p)U(p) (12.5)
has a probability interpretation. Note that
s a®(p)u’(p)
v = —_— 12.6
)= 2 Gamom7 120

We want to be able to calculate expectation values
(| A|W) = /di”xqﬁA\p

like in QM. Assuming an X which acts on U(z) like a multiplication by &,
we can calculate, by Ehrenfest’s theorem,

% / PrvtXv =i / PruiH, XU

Writing out the commutator in the integrand, we have

[—id@ -V + fm,X] = —id so
— () = (d) (12.7)
i.e., a acts like a velocity. Since

[H,a] 0

we know that this “velocity” changes. Its expectation value, assuming both
positive and negative energy solutions, is

<07>:/ o 32p - Z{ya 2+ 16°12} + (12.8)

d3p 1 . s % g o .o
/(277)32]902;00 {a (—p)b** (D) (P)aw® (p)e*Pior” +

s,8'=1

b (=p)a’ (00" (D) (—p)e > |
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The first term reproduces the usual group velocity j/po; the last term mixes
the positive and negative energy solutions (more properly said, it mixes the
a- and b-modes; the energies py are always positive). If @ is a velocity, and
0%2 = 1 as we have seen before, this must be interpreted as a zitterbewegung: a
movement with the velocity of light and changing direction. This movement
arises since operators corresponding to interactions, e.g. }_{, lead out of
the space of positive frequencies. This leads to the question why radiative
transitions from positive to negative energies are impossible.

E

+mc?

—Imc

Figure 12.1: The Dirac sea, with occupied negative energy states

Here, we will introduce the concept of the Dirac sea (fig. 12.11). Dirac
postulated that all states with negative energy are occupied in the ground
state of the system. In this case, the Pauli principle forbids transition to
these states, which together form the Dirac sea. In this view, the excitation
of an electron with negative energy, E. < —m,, due to electromagnetic radi-
ation with F, > 2m, results in an electron with positive energy and a hole,
i.e. an unoccupied negative energy level. This hole behaves like a particle
with opposite charge, i.e. a positron, and therefore, the above process is
just that of pair creation. Pair annihilation occurs when an electron emits
electromagnetic radiation and jumps down into an existing hole:

et +e — 2y (12.9)

The fact that there are two photons being produced is a consequence of
certain conservation laws we will return to at a later time. The relation
between positive and negative energy solutions is given by a kind of charge
conjugation. Be careful, however: in this picture, there are no anticommut-
ing Fourier coefficients. It may at times pop up in old literature or in solid
state physics, but we will use the “second quantized picture”.

!Taken from http://www.phys.ualberta.ca,/ gingrich/phys512/latex2html/node63.html,
accessed 30-09-2007.
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12.2 Non-relativistic limit

12.2.1 Pauli equation

In the non-relativistic limit, the Dirac-Pauli choice of «-matrices is conve-
nient. A short reminder:

Do_,_(1 O Di_ i 0 o

1 (po + m)x?®
D, s _ sW _ bo X
u, = Su, " = ot )12 ( Gy > (12.10)

Note that this u is a factor m'/? smaller than the last time we saw it (chapter
10); this is done to ensure that ufu = 1, to preserve the analogy to QM.
In the non-relativistic limit,

= +1ﬁ2+ for |p] < (12.11)
Po=m 5o, T or |p m .

In this limit, the upper components of w are much bigger than the lower
ones. This distinction between big and small components extends to the
covariant quantities:

=1
_ _ —~N
U = ol 0p and 040 = 0T (40)2 @ are big
U~ U = \IJTfyO'yE’\II and WA = \IJT'yO'yi\I/ are small
=1
To%0 = U499 ~10 s small
To* U = U0k g g big

As mentioned before, we write the Dirac equation as
7.
00 (T, 1) = (mﬁ + O‘,) U(7,1)
i

We will call the “Hamiltonian” Hp:

(mﬂ+ &i> = ( m 3-Vi > — Hp (12.12)

i V)i —m

Introducing electromagnetic interaction, we replace 9, by D,;:
Oy — Oy +1eA, =D,

With the ansatz

U = ¢—ima’ ( 1 ) (12.13)
P2
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we obtain two coupled equations:

iBop1 = —id - (V +ied)ps — epipy (12.14)
i0pps = —id - (V + ied) 1 — edpy — 2mps

We want stationary solutions with positive energy £ = E — m < m and
—iEx?

pre . This condition implies
|i0pp2| <K 2meps and (12.15)
leg| < m (weak potential) (12.16)

This gives for the small components ©s:

L (V +ied)

Y2 = —10 -

01 (12.17)

2m

Inserting this into the equation for ¢ gives

—3(V +ieA)g - (V + ieA)

2m

10pip1 =~ [ - 6¢] ¥1

For the vector product between the brackets, we have the following identity:

G-agb=a-b+ic-(axb)

(Exercise: check this.) Plugging this in gives

, V+icd)? e . =
Zao(pl% —< ) + —0-B—ep ©1
2m 2m
with
L. Bx7
A= ; r (12.18)

and constant B. This is the coordinate gauge, also known as the Fock-
Schwinger gauge. In this simple case, writing out the square between the
brackets and rearranging terms leads us to the Pauli-equation:

V2 N AN
101 ~ [_m + im <L + 2;) -B — eqﬁ] 1 (12.19)

The factor 2 in front of &/2 should actually be g, the magnetic dipole mo-
ment. In the Pauli equation, which therefore is an approximation, it is
assumed to be 2.
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Remark
The Fock-Schwinger gauge can also be formulated as follows:

' A, (r) =0

1
Au(r) = /0 dnnz” Fy(n)

12.2.2 Foldy-Wouthousen transformation

It would be useful to diagonalize Hp, in order to have the positive energy
solution only in the upper components. This can be done by the Foldy-
Wouthousen transformation:

H}y = UHpUT (12.20)

Free Dirac equation

For the free Dirac equation, U is given by

(12.21)

( Do )1/2P0+m—7'17
2(po +m) Po

Note that with v°T = 4% and 4T = —¥, this means that UTU = 1. One can
also rewrite the numerator of the second fraction as —(yp —m) +vpo + po;
Bjorken & Drell, and Itzykson & Zuber use yet another notation:

U=¢S  with S= —w%e(p) (12.22)
p

and tan(20(p)) = fj

The action of U on a spinor u is as follows:

1/2
Po 0y, s
Uu’(p) = <> 14+~)u’(p 12.23
0) = (gpmymy) (L) (12.23
Here, we have used the Dirac equation to get rid of the term with (yp —m).
The factor (1 + ") selects the upper components, like (1 +~°) in the Weyl
representation (see chapter 10). The Hamiltonian itself, finally, takes the
form

Po L. -
Hiy = UHU' = yop (TP m A po) (27 5 ma®) x

2(po + m) p?
(12.24)

(- F+m+po) = po = 7°(m? + ) 1/?

Note that 7° is diagonal in the Dirac-Pauli basis, so this Hamiltonian is
diagonal as well, which was the original aim of the transformation.
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Remark

The action of XFW in x-space should be multiplication with Z. This implies
that it must be iV; hence,

Xp = U'XpywU
must be given by

= .
- - Y-p—+iXxp
Kp = i¥, ~ A 40 Lm LX)
2po 2po(po +m)

with

Zl — Slzkzo_zk — 5(,}/7,,7]6 _ ’}/k’)/z)flzk
Exercise: check this.

With this XD, we have the following commutation relations:

[ XD, Xp] =0
(X, P]=i6Y  N.b.: Pp = Ppw (12.25)

. oP
[Hpyw, Xrw] = i7" —
Po

The above relations imply

%<XD> =1 <[HD7XD]> =1 <[H/FW7XFW]> =

<£}> (12.26)

in accordance with Ehrenfest’s theorem. With this XD, XDQI(+) contains
only positive energy solutions. The above means that we can treat problems
in the Foldy-Wouthousen representation and then transform to the Dirac
representation by means of U.

12.2.3 Foldy-Wouthousen representation in the presence of
a constant electromagnetic field

To evaluate the Dirac equation in the presence of a constant magnetic field,
we will use the Foldy-Wouthousen representation in the notation mentioned
in eq. (12.22). We expand the exponential:

-2 Z'3

Hpw = ¢“Hpe ™ = Hp +4[S, Hp] + %[S, [S,Hp]] + §[S, (S, [S, Hp]]|
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We want to evaluate the equation up to order O(m~2). Observe that S o
m~! and Hp = fm + ed + @ ~ m, since the mass is much larger than the
momentum. With the above equation in mind, we can make the following
ansatz:

- A1)
Hpw = my’ + O + =— + . (12.27)
m
Let us decompose S:
eiS — 6i526i51
into the following S7 and Ss:
— .
S1=—A(p—eA
1= 5 ([~ ed)
—q L 0 o
S ﬁ; (42607 E- g—m(o}’- - eA))3)
Since [S1, 9] o m™3, we don’t have to consider these terms. This gives for
H®:.
1 (Vv ’
H?Y =m+ep+— [~ —ed —i_’-é—i&m—i— (12.28)
2m \ i 2m gm?
[ 1 8¢ - = 73
——-——(-L 12.2
4m2rar(0 ) +0(m™) (12.29)

The sixth term represents the spin-orbit coupling, with the Thomas factor.
The fifth term (the last one on the first line) is known as the Darwin term.
p is the charge density, given by p = —ed?(Z). The electron experiences a
potential V(7 + §7) because of the zitterbewegung. Varying V and Taylor
expanding AV gives roughly this term:

— 1 115 el 5

AV~§~§WV V_Eﬁd (Z)

The Foldy-Wouthousen representation is fine for concrete non-relativistic
calculations. It will not do for fundamental questions concerning interac-
tions, in particular since minimal coupling does not hold. That is, it works
only for fundamental particles like e, u, q, etc., but not for protons or neu-
trons.

12.3 The hydrogen atom

For the hydrogen atom, we have

(12.30)

s
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Plugging all of this into the stationary Dirac equation gives

(m =) ¢1—i5 - Vo = By

(‘m - %) ¢o —iG - V1 = Ego (12.31)

H commutes with J = Z x P + %i, i.e. with J% and Js. Letting the space
inversion operator Il act on ¥ gives

I10(7) = BU(~7)

So, ¥ = V;,, is characterized by j and m, with j= L+ %6’ and formed out
of Y and x*. Since j =1+ 1, and the I-term gives a parity factor (—1), we
(+)

introduce ® Equations (12.31) can be solved:

jim.
m
E,;= 12.32
S T R R T Lo Rall A
with n < 5 + % and j = %, %, Thus the degeneracy in [ is partially
removed:
[figure]
Remarks

J commutes with H, but in case L and S are coupled, L and ¥ do not
separately commute with H. Therefore, it is preferable to consider the
these commutators in the Fouldy-Wouthousen representation,

[ = e iST iS
DT e SFwe (12.33)
Xp = e "“Xpwe

where EFW and ipw each separately commute with Hpw = 7%po. Hence
we can see that L}, and X}, also separately commute with Hp.

The relation to the total angular momentum is given by

= 1= - 1- o
oy n°@xp) _Fx(Exp)
P Po po(po +m)

The helicity operator, ib -y L5 p commutes with Hp. Normalizing it by

division by |p], we have
§ .2\ 2
=Py _ 1
i
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e, ¥ - p/|p] has eigenvalues £1 with eigenvectors 4.
There also exists a split between the 251 and 2P: levels; this is the

2 2
so-called Lamb shift, which one can try to explain by the zitterbewegung.
We do not take this approach, but instead treat it in the context of 1-loop

perturbation theory; see later.
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