Universität Heidelberg WS 06/07

Quantum Field Theory I, 11th problem sheet

Discussion of solutions in the tutorials of Jan 24th

Problem 1: Decay of a scalar particle

(Shamelessly stolen from Peskin and Schroeder.)

Consider the following Lagrangian, involving two real scalar fields ϕ and χ: L = 1 2 ∂^μϕ∂_μϕ + 1 2 ∂^μχ∂_μχ − 1 2 m^2ϕ^2 − 1 2 M^2χ^2 − μχϕ^2.

Assume that M > 2m, so that the decay χ → 2ϕ is kinematically possible. Calculate the lifetime of χ to leading order.

Hint: You may want to use the formula for the differential decay width,

dΓ = 1 2M ∏ f dp̃_f |M(p_i → {p_f })|^2 (2π)^4δ^{(4)} ( p_i − ∑ p_f ) ,

where M(p_i → {p_f }) is the matrix element for a transition from an initial state with momentum p_i = (M, 0) to a final state with momenta {p_f }.

Problem 2: The Lorentz and Poincaré algebras

Recall that the Lorentz algebra commutation relations are

[M_{μν} , M_{κλ}] = −i(g_{μκ}M_{νλ} − g_{νκ}M_{μλ} + g_{μλ}M_{κν} − g_{νλ}M_{κμ})

Here M_{μν} is an antisymmetric matrix whose entries generate the Lorentz group. They can be represented as matrices themselves, acting on some representation space.

1. As shown in the lecture, a change of basis for the Lorentz algebra, introducing the generators of rotations and boosts,

M_i ≡ 1 2 ϵ_{ijk}M_{jk}, N_i ≡ M_{i0}, i, j, k ∈ {1, 2, 3},

leads to the commutation relations

[M_i, M_j ] = iϵ_{ijk}M_k, [N_i, N_j] = −iϵ_{ijk}M_k, [M_i, N_j ] = iϵ_{ijk}N_k.

Now consider another change of basis: Derive the commutation relations for J_k ≡^1_2 (M_k + iN_k) and K_k ≡^1_2 (M_k − iN_k).

2. Consider the matrix

A(ξ) =

0 ξ 0 0 −ξ^∗ 0 0 0 0 0 0 0 0 0 0 0 . When acting on four-vectors, what physical transformation are represented by a) exp(A(ξ)) with real ξ, b) exp(iA(ξ)) with imaginary ξ?

Now recall that the Lorentz algebra may be extended to the Poincaré algebra, by adding the translation generators P_μ: [M_{μν} , P_κ] = i(g_{νκ}P_μ − g_{μκ}P_ν ), [P_μ, P_ν] = 0.

3. In the lecture the Pauli-Ljubanski vector was defined as

W_σ = 1 2 ϵ_{σμνλ}M^{μν} P^λ (ϵ_{0123} = 1).

Check the commutation relations [M_{μν} , W_ρ] = −i(g_{νρ}W_μ − g_{μρ}W_ν ), [W_μ, P_ν ] = 0, [W_μ, W_ν ] = iϵ_{μνρσ} W^ρP^σ.

Problem 3: Dirac matrices Reminder: the Dirac matrices (γ^μ_{αβ}) are a set of four (μ ∈ {0, 1, 2, 3}) 4 × 4 matrices (α, β ∈ {1, 2, 3, 4}) which satisfy the Clifford algebra, (γ^μγ^ν + γ^ν γ^μ) = 2g^{μν} 1.

1. In the lecture, the matrices λ^{μν} =^i_4 [γ^μ, γ^ν ] were introduced. Prove that they form a representation of the Lorentz algebra: [λ^{μν} , λ^{κλ}] = −i(g^{μκ}λ^{νλ} − g^{νκ}λ^{μλ} + g^{μλ}λ^{κν} − g^{νλ}λ^{κμ}).

2. Given a Lorentz transformation in this representation, S = exp(^i_2 λ^{μν} ω_{μν} ) (where ω_{μν} is the real antisymmetric matrix of transformation parameters), show that S^{−1}γ^μS = Λ^μ_ν γ^ν .

Here Λ^μ_ν is the same Lorentz transformation in the vector representation, which is generated by the matrices (M^{μν} )_{κλ} = iδ^μ_κ δ^ν_λ − iδ^μ_λ δ^ν_κ.

You may want to check only the infinitesimal case, i.e. to drop any terms of quadratic or higher order in ||ω||.

3. Verify that the Dirac Lagrangian L = ψ(iγ^μ∂_μ − m)ψ is a Lorentz scalar.