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16 Electromagnetic Waves in Vacuum and in Homogeneous Isotropic
Insulators

16.a WaveEquation

We consider electromagnetic waves in a homogeneous isotropic insulator including the vacuum. More precisely
we require that the dielectric constant e and the permeability i are independent of space and time. Further we
require that there are no freely moving currents and charges ps = 0, j; = 0. Thus the matter is an insulator. Then
MaxweLL’S equations read, expressed in terms of E and H by means of D = ¢E and B = uH

divkE =0, divH =0, (16.1)
culH=SE,  curlE=-£A. (16.2)
c c
From these equations one obtains
curl curlH = < curl E = —%H (16.3)
c C
With
curl curlH=V x(VxH)=-aH+V(V-H) (16.4)
one obtains for H using (16.1) and similarly for E
1.
AH = ﬁH’ (16.5)
1.
AE = ﬁE’ (16.6)
c
¢ = —. (16.7)
NET

The equations (16.5) and (16.6) are called wave equations.

16.b Plane Waves

Now we look for particular solutions of the wave equations and begin with solutions which depend only on z
andt, E = E(z t), H = H(z t). One obtains for the z-components

E
divE=0 — % =0 (16.8)
(curl H), = 0 = EEZ - % - 0. (16.9)

Thus only a static homogeneous field is possible with this ansatz in z-direction, i.e. a constant field E;. The
same is true for H,. We already see that electromagnetic waves are transversal waves.
For the x- and y-components one obtains
€ - € - 1 )
(VxH)y = EEX - -V,Hy = EEX — =V (yuHy) = E(\/EEX) (16.10)

: : 1 .
(Vx E)y = _%Hy — ViEx = —%Hy — Vy( \/EEX) = _E(\/pHY)- (16.11)
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56 F Electromagnetic Waves

Ey is connected with Hy, and in the same way E, with —H,. We may combine the equations (16.10) and (16.11)

0 0
&(\/EEX + yuHy) = $C'6—Z(\/EEX + uHy). (16.12)
The solution of this equation and the corresponding one for Ey with —Hy is

VeEx + yiHy = 2f.(z% C't), (16.13)
VeE, ¥ VuHy = 2g.(zF C't), (16.14)

with arbitrary (differentiable) functions f. and g., from which one obtains

VeEx = f.(z-ct)+ f (z+C) (16.15)
VuHy = fi(z-ct)- f_(z+c't) (16.16)
VeEy, = g.(z-c't)+9g-(z+CH) (16.17)
VuHx = -g.(z-Cct)+g-(z+Ct). (16.18)

This is the superposition of waves of arbitrary shapes, which propagate upward (f,, g.) and downward (f_, g_),
resp, with velocity ¢’. Thus ¢’ = ¢/ +/eu is the velocity of propagation of the electromagnetic wave (light) in the
corresponding medium. In particular we find that c is the light velocity in vacuum.

We calculate the density of energy

_ 1l e n_ Lo o o2 o
u= 8n(€E + uH%) = 4n(f+ +0: + f2+4g9) (16.19)

and the density of the energy current by means of the PoyntinG vector

_° _Ce o 5 2 o
S= ExH= (24 - 2-), (16.20)

where a homogeneous field in z-direction is not considered. Comparing the expressions for u and S separately
for the waves moving up and down, one observes that the energy of the wave is transported with velocity +c’e;,
since S = +C’e;u. We remark that the wave which obeys E, = 0 and Hy = 0, that is g. = 0, is called linearly
polarized in x-direction. For the notation of the direction of polarization one always considers that of the vector
E.

16.c Superposition of Plane Periodic Waves

In general one may describe the electric field in terms of a Fourier integral
E(r,t) = f d*kdwEo(k, w)e'® =, (16.21)
analogously for H. Then the fields are expressed as a superposition of plane periodic waves.

16.c.a Insertion on Fourier Series and Integrals

The Fourier series of a function with period L, f(x + L) = f(X) reads

f(x) =& Z fe2min/L (16.22)

N=—o00

f, are the Fourier coefficients of f. This representation is possible for square integrable functions with a finite
number of points of discontinuity. € is an appropriate constant. The back-transformation, that is the calculation
of the Fourier coefficients is obtained from

L/2

dxe~ 2™/t £(x) = ELf,, (16.23)
-L/2
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as can be seen easily by inserting in (16.22) and exchanging summation and integration. The Fourier transform
for a (normally not-periodic) function defined from —oo to +co can be obtained by performing the limit L — oo
and introducing

k= 20 f= o, e=ak=2T (16.24)
Then (16.22) transforms into
f(x) = ZAkfo(k)eikx - f dkfo(k)e™ (16.25)

and the back-transformation (16.23) into
f dxf (x)e ™ = 2mfo(K). (16.26)

This allows us, e.g., to give the back-transformation from (16.21) to

1

Eo(k. ) = 5

f d3rdte "k TOE(r, 1). (16.27)

16.c.8 Back to MaxweLL’s Equations

The representation by the Fourier transform has the advantage that the equations become simpler. Applying
the operations V and 9/t on the exponential function

Vei(k.r—wt) — ikei(k~r—wt)’ %ei(k-r—wt) — _iwei(k~r—wt) (1628)

in MaxweLL’s equations yields for the Fourier components

V-E=0 — ik-Eo(k w)=0 (16.29)
V-H=0 — ik-Ho(k w)=0 (16.30)
VxH = EE ik x Ho(k, w) = —iEwEo(k, w) (16.31)
VxE = —‘—éH = ik x Eo(k, w) = i%wHo(k, w). (16.32)

The advantage of this representation is that only Fourier components with the same k and w are connected to
each other. For k = 0 one obtains w = 0, where Eg, Hg are arbitrary. These are the static homogeneous fields.
For k # 0 one obtains from (16.29) and (16.30)

Eo(k,w) L k, Ho(k,w) L k. (16.33)
From the two other equations (16.31) and (16.32) one obtains
_H _ & o
k x (k x Eo(k, w)) = Ewk x Ho(k, w) = —a2? Eo(k, w). (16.34)

From this one obtains 1
k(k - Eo(k, w)) — K*Eq(K, w) = —ﬁszo(k, w), (16.35)

analogously for Ho. The first term on the left hand-side of (16.35) vanishes because of (16.29). Thus there are
non-vanishing solutions, if the condition w = =c’k is fulfilled. This is the dispersion relation for electromag-
netic waves that is the relation between frequency and wave-vector for electromagnetic waves. Taking these
conditions into account we may write

Eo(k, w) = %5(0) — CKE(K) + %5((0 + CK)E(K). (16.36)
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and thus L )
E(r,t) = f d3k(§El(k)ei<k'f°’k0 + EEz(k)ei(k'”dk‘)) ) (16.37)
Since the electric field has to be real, it must coincide with its conjugate complex.

fd3k(%Exi(k)ei(k~rc’kt) + %Ez(k)ei(kwﬂ:’kt))

f d3k(%Ej(—k)ei(k'”°'kt) + %E;(—k)ei(k"c'k‘)). (16.38)

E*(r,t)

From comparison of the coefficients one obtains
E5(k) = E1(—K). (16.39)

Thus we obtain

E(r.t) = f d3k(%51(k)ei<k-f-°’k0 + %E;(—k)eﬂk-”dkﬂ)
— fdsk }El(k)ei(k-r—c’kt) + EE* (k)e—i(k-r—c’kt)
2 21
= R( f d3KE 4 (K)e'® "), (16.40)
Eq. (16.32) yields for Hg
c € k k
Ho(k, w) = —k x Eo(k, ) = /= [6(w — ¢'K)== x E1(K) — 6(w + C'K)— x Ez(K) (16.41)
Hw u 2k 2k
and thus for H ‘
H(r,t) = %( f d3k \F = X El(k)e“k-f-dk‘)). (16.42)
uk

If only one Fourier component E;(K) = 63(k — ko)E1,o (idealization) contributes then one has a monochromatic
wave

E(r, 1) R(Eq pe'kor—cka) (16.43)

\/E%(% X Eqgetor=ciah), (16.44)

The wave (light) is called linearly polarized, if E1o = e1Ej with a real unit-vector e, it is called circularly
polarized if E1o = (e1 F ie2)E1o/ V2 with real unit vectors e; und e,, where e1, e; and ko form an orthogonal
right-handed basis. The upper sign applies for a right-, the lower for a left-polarized wave.

H(r, 1)

16.c.y Time averages and time integrals

Energy-density and PoynTiNG Vector are quantities bilinear in the fields. In case of a monochromatic wave as in
(16.43) and (16.44) these quantities oscillate. One is often interested in the averages of these quantities. Thus if
we have two quantities _ _
a= ‘R(aoe"“’t), b= %(boe"‘”‘), (16.45)

then one has 1 1 1

ab = 7 aoboe™" + 7 (aob; + agbo) + 7 aghge™ " (16.46)
The first and the last term oscillate (we assume w # 0). They cancel in the time average. Thus one obtains in
the time average

— 1 1
ab = 2 (@b + agho) = 5 R (abo). (16.47)
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Please note that ap and bg are in general complex and that the time average depends essentially on the relative
phase between both quantities and not only on the moduli |ag| and |bg|.
If aand b are given by Fourier integrals

a(t) = R( f dwag(w)e ) (16.48)

and analogously for b(t), then often the time integrals of these quantities and their products over all times will
be finite. For this purpose the time integral f dte'“* has to be determined. This integral is not well defined.
In practice it has often to be multiplied with a function continuous in w. Thus it is sufficient to find out how the
time-integral of this frequency-integral behaves. For this purpose we go back to the insertion on Fourier series
with x und k and find that

L/2
dxe 2™/l = | g5, (16.49)
-L/2
thus
n, L/2 )
dxe 20/t — | (16.50)
n=n.v-L/2

if n_ < 0and n, > 0. Otherwise the sum vanishes. Now we perform again the limit L — co and obtain

K, L/2 K, 00
ZAk f dxe ™ = AKL — fk dk I N dxe ™ = 27, (16.51)
if k_ is negative and k. positive, otherwise it vanishes. Thus we obtain
f "~ dxe T = 215(K). (16.52)
With this result we obtain
| : dta(tb(t) = 3 f _ dofag(w) + ai(-w)(Bo(-w) + bj(w)). (16.53)

If there are only positive frequencies w under the integral then one obtains

I ) dta(t)b(t):g fo doo(@0(@)bp(w) + B5(w)bo(w)) = R ( f dway(w)bo(w) ). (16.54)
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17 Electromagnetic Waves in Homogeneous Conductors

17.a Transverse Oscillationsat Low Frequencies

We investigate the transverse oscillations in a homogeneous conductor. We put ¢ = 1. From

jf=0cE (17.2)
one obtains 1 4
curlB - Ze = %‘O—E 17.2)
For periodic fields of frequency w,
E = Eo()e™!, B =Bo(r)e ", (17.3)
and similarly for p; and j¢, one obtains
curl B + (—e - 4—no-)Eo =0. (17.4)
This can be written . 4
curlBo + “Le(@)Eo =0, e(w)=e- 22 (17.5)
c iw
From the equation of continuity
or+ divjs =0 (17.6)
one obtains
—iwpro+ divjio=0 (17.7)
and thus 4 4
divDo = 4npro = — divijso = — div E. (17.8)
iw iw
Thus we have
e(w)divEg =0 (17.9)

because of divDg = ediv Eg. We may thus transfer our results from insulators to conductors, if we replace € by

€(w). Thus we obtain
2

2 _ w
k- = e(a))?. (17.10)
Since e(w) is complex, one obtains for real w a complex wave-vector k. We put
Ve(@) =n+ik, k= %(n +iK) (17.12)
and obtain a damped wave with
eikz — eiwnz/c—wkz/c‘ (17.12)
For the fields we obtain
E = %(Eoeiw(nz/c_t))e_wkz/c, (1713)
B = R(Ve(w)e, x Ege/HCcV)g-wrz/c, (17.14)

The amplitude decays in a distance d = < by a factor 1/e. This distance is called penetration depth or skin
depth. For small frequencies one can approximate

4J'E0' 2750' 2no
() ~ +1) 4 / — k= 4|22,
w

For copper one has o = 5.8 - 1017 s71, for w = 27 - 50 s™* one obtains d = 9 mm. This effect is called the
skin-effect. The alternating current decays exponentially inside the conductor. For larger frequencies the decay
is more rapidly.

(17.15)
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17.b Transverse Oscillationsat High Frequencies

In reality € and o depend on w. We will now consider the frequency dependence of the conductivity within a
simple model and start out from the equation of motion of a charge (for example an electron in a metal)

Mo = e — O, (17.16)
T

where mg and e are mass and charge of the carrier. The last term is a friction term which takes the collisions
with other particles in a rough way into account. There 7 is the relaxation time, which describes how fast the
velocity decays in the absense of an electric field. One obtains with j; = pfI = ngegl, where ng is the density of
the freely moving carriers

Mo djs mo .
— — =gE - . 17.17
ot ot~ °F  noreg)f ( )
In the stationary case dj;/dt = 0 one obtains the static conductivity og = %. Thus we can write
T% = ooE — ji. (17.18)
With the time dependence o e7'7 one obtains
(1 - iu)T)jf,o = O'oEo, (1719)
which can be rewritten
jro = o(w)Eo (17.20)
ow) = —2 (17.21)
1-iwrt
47[0’0
— e o 17.22
€(w) €T i = iwr) (17:22)
For large frequencies, wr > 1 one obtains
4o 47[”06(2) (U%
e(w) =€e— 2 € — = e(l - E) (17.23)
with the plasma frequency
4nnoeg
= ) 17.24
wp pr— (17.24)
For w < wp one obtains a negative e(w), that is
o}
n=0, = — -1 17.25
=\l -1) (17.25)
with an exponential decay of the wave. However, for w > wp 0ne obtains a positive e
o}
n=le(l- ;), k=0. (17.26)

For such large frequencies the conductor becomes transparent. For copper one has 1/7 = 3.7 - 108 571, o =
5.8-10 s7* and wp = 1.6 - 106 571, For visible light one has the frequency-region w = 2.4...5.2 - 10*° s72, so
that copper is non-transparent in the visible range. In electrolytes, however, the carrier density is less, the mass
is bigger, so that the plasma-frequency is smaller. Thus electrolytes are normally transparent.

17.c Longitudinal = Plasma Oscilations
One has e(w) = 0 for w = wp. Then (17.9) allows for longitudinal electric waves
E = Egee'®ez ) B =0. (17.27)

These go along with longitudinal oscillations of the charge carriers, which are obtained by neglecting the friction
term in (17.17).
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18 Reflection and Refraction at a Planar Surface

18.a Problem and Direction of Propagation

We consider an incident plane wave oc e'®e™=«b) for x < 0, ke =

(K, 0,kz), which hits the plane boundary x = 0. For x < 0 the di- & MKy & My
electric constant and the permeability be e; and w1, resp., for x > 0 7
these constants are e, and p,. At the boundary x = 0 the wave oscil-
lates oc ezt The reflected and the refracted wave show the same r d
behaviour at the boundary, i.e. all three waves have k;, k, and w in
common and differ only in ky. From ap/ as X
a
) _ apiw? _ N’ g
k= 2 T @ ni = Veui (18.1) o
one obtains
n2w?
k=1 +K? === ki=(-K.0.k) (18.2)
n2w?
=g +K?="Z  ka=(K',0k). (18.3)

Here ny ; are the indices of refraction of both media. The x-component of the wave-vector of the reflected wave
k; is the negative of that of the incident wave. Thus the angle of the incident wave «; and of the reflected wave
are equal. If k” is real then k” > 0 has to be chosen so that the wave is outgoing and not incoming. If k” is
imaginary then J3k” > 0 has to be chosen, so that the wave decays exponentially in the medium 2 and does grow
exponentially. For real k” one has

kz = k]_Sin a1 = kgSin . (184)
Thus Sxecr’s law follows from (18.1)
nysinai = Nz sin as. (18.5)
If sina, > 1 results, then this corresponds to an imaginary k”. We finally remark
K kicosa; tanap (18.6)

k’ ~ kpocosa, tanaj

18.b Boundary Conditions, Amplitudes

In the following we have to distinguish two polarizations. They are referred to the plane of incidence. The
plane of incidence is spaned by the direction of the incident wave and by the normal to the boundary (in our
coordinates the x-z-plane). The polarization 1 is perpendicular to the plane of incidence, i.e. E is polarized in
y-direction. The polarization 2 lies in the plane of incidence, H points in y-direction. One obtains the following
conditions on polarization and continuity

polarization 1 | polarization 2
E 1 plane of inc. | in plane of inc.
H in plane of inc. | L plane of inc.
E; E1,y = EZ,y El,z = EZ,Z (18-7)
Dn = EEn ElE]_,x = €2E2’x (188)
Hy Hl,z = H2,z Hl,y = H2,y (18-9)
Bn = /JHn /J]_H]_’X = /.12H2’X (1810)
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Thus the ansatz for the electric field of polarization 1 is

ik’ x —ik'x
_ ailkez-wt), (Eee' +_ E,—e ) x<0
E(r,t)=¢e ey { Eelkx x>0 (18.11)
From MaxweLL’s equations one obtains for the magnetic field
crlE = —Hp= 9y (18.12)
c c
c c 0ky cky
P Iw(cur ) iw 0z w (18.13)
C 0By hranC | m(E¥*-Ee ™) x<0
He = toax % o KEEKS x>0, (18.14)

The boundary conditions come from the continuity of Ey, which is identical to the continuity of uHy, and from
the continuity of H,,

k/ kII
Ee + Er = Ed, _(Ee - Er) = _Ed, (18.15)
M1 M2
from which one obtains the amplitudes
_ME’ Ed—ﬂE. (18.16)

r= ,lek/ +,Llj_k” € - ,lek/ +,Llj_k” €

One comes from polarization 1 to polarization 2 by the transformation
E—-H H--E eou (18.17)
Thus one obtains for the amplitudes

Ezk/ - E]_k” 262'(/

Hr =~ ., e d= —,—  ,, Me-
ek + ek’ ek + e k”

(18.18)

18.c Discussion for u; = u»

Now we discuss the results for u = 1 = u», since for many media the permeability is practically equal to 1.

18.c.a Insulator, |sina»| < 1: Refraction

Now we determine the amplitude of the reflected wave from that of the incident wave. The reflection coefficient
R, i.e. the percentage of the incident power which is reflected is given by

E, )2

o) - (Hry? (18.19)

RZ( H_e

since the modulus of the time averaged PovyntinG vector S = cE x H/(4x) for vectors E and H which are
orthogonal to each other yields

— C c c

Sl = —I|E|-|H| = ——€eE? = —uH?. 18.20

S| 8nllll et st ( )
For the polarisation 1 one obtains with (18.6)

K-k’ tanaz-tanay _  sin(az — a1)

E = - =2 .
"TKk+kr T tanas +tanay © sin(az +a1)

(18.21)

For polarization 2 one has

gk -nik’ - sinfestanas —sineptanay | tan(er — ap)
r— e— . R e — e-
n2k’ + n2k” sin? @y tan a, + sin? ap tan ay tan(ay + a2)

(18.22)
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One finds that the reflection vanishes for polarization 2 for a1 +a» = 90°, from which one obtains tan a; = ny/ny
because of sina, = cosa; and (18.5). This angle is called Brewster’s angle. By incidence of light under this
angle only light of polarization 1 is reflected. This can be used to generate linearly polarized light. In the limit
a approaching zero, i.e. by incidence of the light perpendicular to the surface one obtains for both polarizations
(which can no longer be distinguished)

_ (nz— nl)z
N+ Np ’

Il
o

(18.23)

18.c.8 Insulator, |sina,| > 1: Total Reflection

In this case k” is imaginary. The wave penetrates only exponentially decaying into the second medium. From
the first expressions of (18.21) and (18.22) one finds since the numerator of the fraction is the conjugate complex
of the denominator that

|El =1Eel, [Hil=IHel. R=1, (18.24)

Thus one has total reflection.

18.c.y Metallic Reflection, @ =0

In the case of metallic reflection we set n; = 1 (vacuum or air) and ny = n + ix (17.11). Then one obtains from
(18.23) for @ = 0 the reflection coefficient

:'n+ix—12:(n—1)2+;<2:1_ 4n (18.25)
n+ix+1 (n+1)2 +«2 (n+1)2 + «?
For we < 270 one obtains from (17.5) and (17.15)
2 2 2
N= k=~ E, Rx1l1--=%=1- —w, (18.26)
w n o

a result named after Hagen and RuBens.

18.c.6 Surface Waves along a Conductor

Finally we consider waves, which run along the boundary of a conductor with the vacuum. Thus we set e; = 1
and e; = e(w) from (17.5). Then we need one wave on each side of the boundary. We obtain this by looking for
a solution, where no wave is reflected. Formally this means that we choose a wave of polarization 2 for which
H; in (18.18) vanishes, thus

e(w)k’ =Kk’ (18.27)
has to hold. With (18.2) and (18.3)
/ a)z /7 E((A))(l)z
k§+k2=§, k§+k2=T (18.28)
one obtains the solution
w €(w) k,
- — k/ = k” = k . l 2
2T e\ T+e) V@)’ Ve(wke (18.29)
Using approximation (17.15) one obtains for frequencies which are not too large
w iw
k, = E(1 + %) (18.30)
(=i
K = —— 18.31
2cV2no ( )
N, 12 o~
K’ = (1+I)wf2no'. (18.32)

Thus for small frequencies, w < o, the exponential decay in direction of propagation (k) is smallest, into the
vacuum it is faster (k') and into the metal it is fastest (k).
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19 Wave Guides

There are various kinds of wave guides. They may consist for example of two conductors, which run in parallel
(two wires) or which are coaxial conductors. But one may also guide an electro-magnetic wave in a dielectric
wave guide (for light e.g.) or in a hollow metallic cylinder.

In all cases we assume translational invariance in z-direction, so that material properties €, y, and o are only
functions of x and y. Then the electromagnetic fields can be written

E = Eo(x, y)e' @) B = By(x, y)e'k= V. (19.1)

Then the functions Eg, Bg and w(kz) have to be determined.

19.a Wave Guides

We will carry through this program for a wave guide which is a hollow metallic cylinder (not necessarily with
circular cross-section). We start out from the boundary conditions, where we assume that the cylinder surface
is an ideal metal o = co. Then one has at the surface

E =0, (19.2)

since a tangential component would yield an infinite current density at the surface. Further from curl E = —B/c
it follows that

ikB, = (curlE)p = (curlEy) - e, k= w/c, (19.3)
from which one obtains
B, =0. (19.4)
Inside the wave guide one has
1. . .
(curlE)y = —EBy —  ikEqx — VxEoz = ikBoy (19.5)
1. . .
(CU” B)X e EEX - VyBO,Z — IkZBo’y = —IkEo’X. (196)
By use of
k2 =k -k (19.7)
one can express the transverse components by the longitudinal components
K2Eox = ik,VxEo,+ikVyBo, (19.8)
K2Boy = ikVxEoz+ ik,VyBoy. (19.9)

Similar equations hold for Egy and Boy. In order to determine the longitudinal components we use the wave

equation
2

(o~ Cz—atz)(Eo,zei"‘zz*“’t’) =0, (19.10)
from which one obtains
(VZ+ Vg +K)EoxYy) =0 (19.11)
and similarly
(V5 + Vg +K)BoAxy) = 0. (19.12)
One can show that the other equations of Maxwer are fulfilled for k, # 0, since
k? div E=ik (k2
2 (curl B - E/C)y=ik } (V3 Vi + K )Ege!teed (19.13)
1
k2 div B=ik,

. (U2 4 02 4 12 i(kz—wt)
k2 (curl E + B/c),=—ik } (Vi + Vy + K)Bose . (19.14)
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Thus it is sufficient to fulfill the wave equations. We further note that Eq, and B are independent from
each other. Correspondingly one distinguishes TE-modes (transverse electric) with Eq; = 0 and TM-modes
(transverse magnetic) with Bo, = 0.

We return to the boundary conditions. The components perpendicular to the direction of propagation z read

K2 (exEox + €yEqy) = ikgradEq, — ike, x grad By, (19.15)
k2 (exBox + €yBoy) = ik;grad Bz + ike, x grad Eg. (19.16)

If we introduce besides the normal vector e, and the vector e, a third unit vector e. = e, x e, at the surface of
the waveguide then the tangential plain of the surface is spanned by e; and e.. e itself lies in the xy-plain. Since
en lies in the xy-plain too, we may transform to n and ¢c components

eXEo’X + eyEo’y = ech’c + enEO,n. (1917)

Then (19.15, 19.16) can be brought into the form

K2 (enEon + €cEoc) =  iky(€ndnEoz + €cdcEnz) — ik(€cOnBoz — €ndcBos). (19.18)
ki (en Bo’n + ecBO’C) = ikz(enanBo,z + ec6cBo,Z) + ik(ecanEO’z - enécEO’z). (19.19)

At the surface one has
Eoz=Eoc=Bon=0 (19.20)

according to (19.2, 19.4). From (19.18, 19.19) one obtains

K°Eoe = ik:0cEoz— ikdnBoz, (19.21)
K2Bon = iK:0nBoy + ikdcEoy. (19.22)
Since Eg; = 0 holds at the surface one has d:Eq, = 0 at the surface too. Apparently the second condition is
anBO,Z = O
Then the following eigenvalue problem has to be solved
TM-Mode: (V4 + V5 +ki)Eo, =0, Eo. = 0at the surface, (19.23)
TE-Mode:  (VZ+ V3 +k2)Bo, =0, (gradBoz)n = 0 at the surface. (19.24)

w=cC[k+ K. (19.25)

TEM-modes By now we did not discuss the case k, = 0. We will not do this in all details. One can show that
for these modes both longitudinal components vanish, Eq; = Boz = 0. Thus one calls them TEM-modes. Using
k, = =k from (19.5) and similarly after a rotation of E and B around the z-axis by 90° Eox — Eoy, Boy = —Box
one obtains

Then one obtains the dispersion law

Boy = +Eox,  Box = FEoy. (19.26)
From (curl E), = 0 it follows that Eq can be expressed by the gradient of a potential
Eq = —grad ©(x,y), (19.27)
which due to div Eg = 0 fulfills Laprace’s equation
(V2 + Vﬁ)cb(x, y)=0. (19.28)

Thus Laplace’s homogeneous equation in two dimensions has to be solved. Because of Eq; = 0 the potential on
the surface has to be constant. Thus one obtains a non-trivial solution only in multiply connected regions, i.e.
not inside a circular or rectangular cross-section, but outside such a region or in a coaxial wire or outside two
wires.
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19.b Solution for a Rectangular Cross Section

We determine the waves in a wave guide of rectangular cross-section with sides a and b. For the TM-wave we
start with the factorization ansatz

Eoz(xy) = f(X)a(y) (19.29)
Insertion into (19.11) yields
f7g+ fg’ + k2 fg=0 (19.30)
and equivalently
f// gll 5
T'g -k, (19.31)

from which one concludes that f”//f and g”/g have to be constant. Since Eq has to vanish at the boundary,
one obtains
Ea“)2 OV nz1m>1. (19.32)

. NmX, ., M
Eo,z(X,y)onsm(%)sm(Ty, 1€ = ( .

For the TE-wave one obtains with the corresponding ansatz

BoAX.y) = f(X)9(y) (19.33)

and the boundary condition (grad By z)n = 0 the solutions

_ (95194 mrty o (Nm\2 M2
Boz(X y) = Bocos(?)cos(T , ki= (;) + (?) , n>0, m>0, n+rm>1. (19.34)
19.c Wave Packets

Often one does not deal with monochromatic waves, but with wave packets, which consist of Fourier compo-
nents with k; = ko
E = Eo(X,Y) f dk, fo(ky)e! ezl (19.35)

where fo(kz) has a maximum at k, = k;o and decays rapidly for other values of k;. Then one expands w(Kk,)
around ko

w(ky) = w(kzo) + Vgr(kz — Kz0) + ... (19.36)
dw(ky)

Vgr = . 19.37

o d; b, (19.37)

In linear approximation of this expansion one obtains
E = Eg(x, y)e'®eozeleod f(z vy 1),  f(z— vgt) = f dk; fo(kp)e' (e kel @Vat) (19.38)

The factor in front contains the phase ¢ = k02— w(kzo)t. Thus the wave packet oscillates with the phase velocity

_ 6_2' _ w(kz0)
Catly ke

Vph . (19.39)
On the other hand the local dependence of the amplitude is contained in the function f(z — vgt). Thus the wave
packet moves with the group velocity (signal velocity) vy, (19.37).

For the waves in the wave-guide we obtain from (19.25)

,/kﬁ+k§o
Voh = C——— (19.40)
kz0

k
Vg = c——2— (19.41)

e+,
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The phase velocity is larger than the velocity of light in vacuum c, the group velocity (velocity of a signal)
less than c. If one performs the expansion (19.36) beyond the linear term, then one finds that the wave packets
spread in time.

Exercise Determine w(Kk) for transverse oscillations in a conductor above the plasma frequency (section 17.b)
for e = 1 and the resulting phase- and group-velocities, resp.



