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Figure 1: Example of an effective four-fermion interaction obtained by integrating out the W
boson in the Standard Model. The two crossed circles in the second graph represent a local
four-quark operator in the effective theory. (Courtesy of A. J. Buras [7])

3 Effective Weak Interactions

The couplings of the charged weak gauge bosons W± to fermions (quarks and leptons) are
the only flavor-changing interactions in the Standard Model. When studying flavor-changing
processes at low energy (i.e., E ! MW ), we can integrate out the heavy bosons from the
Standard Model Lagrangian. As illustrated in Figure 1, this gives rise to local four-fermion
interactions. The resulting Fermi theory of weak interactions is particularly simple if we ignore
the effects of QCD. Indeed, at tree level the path integral is Gaussian, and integrating over
the W± fields gives the effective Lagrangian

Leff
weak = −

g2

8M2
W

[
J−

µ J+µ +
1

M2
W

J−
µ (∂µ∂ν − gµν

!) J+
ν + . . .

]
, (13)

where g2/8M2
W ≡ GF /

√
2 defines the Fermi constant (GF = 1.16639 · 10−5 GeV−2), and

J+
µ = Vij ūiγµ(1 − γ5)dj + ν̄iγµ(1 − γ5)li , J−

µ = (J+
µ )† (14)

are the charged currents. Vij are the elements of the CKM matrix, and a summation over
flavor indices i, j is understood.

Already the leading term in the effective weak Lagrangian (13) contains irrelevant inter-
actions (δi = 6, γi = 2), and indeed the coupling constant GF ∼ 1/M2

W shows the expected
suppression by two powers of the fundamental scale. Even before the discovery of the weak
gauge bosons, experiments of low-energy weak interactions indicated that the fundamental
scale of the weak force should be (

√
2/GF )1/2 ≈ 110 GeV. It was a triumph of particle physics

when the heavy gauge bosons were subsequently discovered at just that mass scale. The fact
that there are no marginal operators in the effective weak Lagrangian explains the apparent
“weakness” of the weak interactions at low energy. On the contrary, at high energy the weak
force is unified with electromagnetism, and the two interactions are then governed by a single
coupling constant. Subleading terms in the effective weak Lagrangian have dimension δi = 8
and higher. Their effects are further suppressed by powers of (E/MW )2 and are tiny. They
can be neglected for (almost) all practical purposes.
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FIG. 4. Typical diagrams in the full theory from which the operators (IV.1)–(IV.10) originate. The cross
in diagram (d) means a mass-insertion. It indicates that magnetic penguins originate from the mass-term on
the external line in the usual QCD or QED penguin diagrams.

Next in section VII the∆S = 1 and∆B = 1 hamiltonians of section VI will be generalized to
include the electroweak penguin operatorsQ7 −Q10. These generalized hamiltonians are given in
(VII.1) and (VII.37) for ∆S = 1 and ∆B = 1 non-leptonic decays, respectively. The inclusion of
the electroweak penguin operators implies the inclusion of QED effects. Consequently the coef-
ficients of the operators Q1 − Q6 given in this section will differ slightly from the ones presented
in the previous sections.

In section VIII the effective hamiltonian for KL → π0e+e− will be presented. It is given in
(VIII.1). This hamiltonian can be considered as a generalization of the∆S = 1 hamiltonian (VI.1)
presented in section VI to include the semi-leptonic operators Q7V and Q7A. This generalization
does not modify the numerical values of the∆S = 1 coefficients Ci (i = 1, . . . , 6) given in section
VI.

In section IX we will discuss the effective hamiltonian for B → Xsγ. It is written down in
(IX.1). This hamiltonian can be considered as a generalization of the∆B = 1 hamiltonian (VI.32)
to include the magnetic penguin operators Q7γ and Q8G. This generalization does not modify the
numerical values of the ∆B = 1 coefficients Ci (i = 1, . . . , 6) from section VI.
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What are the relevant operators?

Goal: precise description of flavor-changing processes.

introduction: Buras 1998

https://arxiv.org/abs/hep-ph/9806471v1
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match full SM amplitude onto weak effective theory

include all operators that respect the SM symmetries

hf |LSM|ii !
= �4GFp

2

X

i

Ci(µ)hf |O(6)
i (µ)|ii
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Figure 1: Example of an effective four-fermion interaction obtained by integrating out the W
boson in the Standard Model. The two crossed circles in the second graph represent a local
four-quark operator in the effective theory. (Courtesy of A. J. Buras [7])

3 Effective Weak Interactions

The couplings of the charged weak gauge bosons W± to fermions (quarks and leptons) are
the only flavor-changing interactions in the Standard Model. When studying flavor-changing
processes at low energy (i.e., E ! MW ), we can integrate out the heavy bosons from the
Standard Model Lagrangian. As illustrated in Figure 1, this gives rise to local four-fermion
interactions. The resulting Fermi theory of weak interactions is particularly simple if we ignore
the effects of QCD. Indeed, at tree level the path integral is Gaussian, and integrating over
the W± fields gives the effective Lagrangian

Leff
weak = −

g2

8M2
W

[
J−

µ J+µ +
1

M2
W

J−
µ (∂µ∂ν − gµν

!) J+
ν + . . .

]
, (13)

where g2/8M2
W ≡ GF /

√
2 defines the Fermi constant (GF = 1.16639 · 10−5 GeV−2), and

J+
µ = Vij ūiγµ(1 − γ5)dj + ν̄iγµ(1 − γ5)li , J−

µ = (J+
µ )† (14)

are the charged currents. Vij are the elements of the CKM matrix, and a summation over
flavor indices i, j is understood.

Already the leading term in the effective weak Lagrangian (13) contains irrelevant inter-
actions (δi = 6, γi = 2), and indeed the coupling constant GF ∼ 1/M2

W shows the expected
suppression by two powers of the fundamental scale. Even before the discovery of the weak
gauge bosons, experiments of low-energy weak interactions indicated that the fundamental
scale of the weak force should be (

√
2/GF )1/2 ≈ 110 GeV. It was a triumph of particle physics

when the heavy gauge bosons were subsequently discovered at just that mass scale. The fact
that there are no marginal operators in the effective weak Lagrangian explains the apparent
“weakness” of the weak interactions at low energy. On the contrary, at high energy the weak
force is unified with electromagnetism, and the two interactions are then governed by a single
coupling constant. Subleading terms in the effective weak Lagrangian have dimension δi = 8
and higher. Their effects are further suppressed by powers of (E/MW )2 and are tiny. They
can be neglected for (almost) all practical purposes.
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3 Effective Weak Interactions

The couplings of the charged weak gauge bosons W± to fermions (quarks and leptons) are
the only flavor-changing interactions in the Standard Model. When studying flavor-changing
processes at low energy (i.e., E ! MW ), we can integrate out the heavy bosons from the
Standard Model Lagrangian. As illustrated in Figure 1, this gives rise to local four-fermion
interactions. The resulting Fermi theory of weak interactions is particularly simple if we ignore
the effects of QCD. Indeed, at tree level the path integral is Gaussian, and integrating over
the W± fields gives the effective Lagrangian
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where g2/8M2
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2 defines the Fermi constant (GF = 1.16639 · 10−5 GeV−2), and
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µ = Vij ūiγµ(1 − γ5)dj + ν̄iγµ(1 − γ5)li , J−

µ = (J+
µ )† (14)

are the charged currents. Vij are the elements of the CKM matrix, and a summation over
flavor indices i, j is understood.

Already the leading term in the effective weak Lagrangian (13) contains irrelevant inter-
actions (δi = 6, γi = 2), and indeed the coupling constant GF ∼ 1/M2

W shows the expected
suppression by two powers of the fundamental scale. Even before the discovery of the weak
gauge bosons, experiments of low-energy weak interactions indicated that the fundamental
scale of the weak force should be (

√
2/GF )1/2 ≈ 110 GeV. It was a triumph of particle physics

when the heavy gauge bosons were subsequently discovered at just that mass scale. The fact
that there are no marginal operators in the effective weak Lagrangian explains the apparent
“weakness” of the weak interactions at low energy. On the contrary, at high energy the weak
force is unified with electromagnetism, and the two interactions are then governed by a single
coupling constant. Subleading terms in the effective weak Lagrangian have dimension δi = 8
and higher. Their effects are further suppressed by powers of (E/MW )2 and are tiny. They
can be neglected for (almost) all practical purposes.
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Figure 1: Example of an effective four-fermion interaction obtained by integrating out the W
boson in the Standard Model. The two crossed circles in the second graph represent a local
four-quark operator in the effective theory. (Courtesy of A. J. Buras [7])

3 Effective Weak Interactions

The couplings of the charged weak gauge bosons W± to fermions (quarks and leptons) are
the only flavor-changing interactions in the Standard Model. When studying flavor-changing
processes at low energy (i.e., E ! MW ), we can integrate out the heavy bosons from the
Standard Model Lagrangian. As illustrated in Figure 1, this gives rise to local four-fermion
interactions. The resulting Fermi theory of weak interactions is particularly simple if we ignore
the effects of QCD. Indeed, at tree level the path integral is Gaussian, and integrating over
the W± fields gives the effective Lagrangian

Leff
weak = −

g2

8M2
W

[
J−

µ J+µ +
1

M2
W

J−
µ (∂µ∂ν − gµν

!) J+
ν + . . .

]
, (13)

where g2/8M2
W ≡ GF /

√
2 defines the Fermi constant (GF = 1.16639 · 10−5 GeV−2), and

J+
µ = Vij ūiγµ(1 − γ5)dj + ν̄iγµ(1 − γ5)li , J−

µ = (J+
µ )† (14)

are the charged currents. Vij are the elements of the CKM matrix, and a summation over
flavor indices i, j is understood.

Already the leading term in the effective weak Lagrangian (13) contains irrelevant inter-
actions (δi = 6, γi = 2), and indeed the coupling constant GF ∼ 1/M2

W shows the expected
suppression by two powers of the fundamental scale. Even before the discovery of the weak
gauge bosons, experiments of low-energy weak interactions indicated that the fundamental
scale of the weak force should be (

√
2/GF )1/2 ≈ 110 GeV. It was a triumph of particle physics

when the heavy gauge bosons were subsequently discovered at just that mass scale. The fact
that there are no marginal operators in the effective weak Lagrangian explains the apparent
“weakness” of the weak interactions at low energy. On the contrary, at high energy the weak
force is unified with electromagnetism, and the two interactions are then governed by a single
coupling constant. Subleading terms in the effective weak Lagrangian have dimension δi = 8
and higher. Their effects are further suppressed by powers of (E/MW )2 and are tiny. They
can be neglected for (almost) all practical purposes.

9

+

c s
(a)

g

(b)

g

(c)

g

(d.1)

g,γ

(d.2)

g,γ

FIG. 3. One loop current-current (a)–(c) and penguin (d) diagrams contributing to the LO anomalous
dimensions and matching conditions in the effective theory. The 4-vertex “⊗ ⊗” denotes the insertion
of a 4-fermion operator Qi. For pure QCD corrections as considered in this section and e.g. in VI the
contributions from γ in diagrams (d.1) and (d.2) are absent. Again, possible left-right or up-down reflected
diagrams are not shown.

It follows that the renormalized matrix elements 〈Qi〉 are given by

〈Q1〉 =

(

1 + 2CF
αs

4π
ln

µ2

−p2

)

S1 +
3

N

αs

4π
ln

µ2

−p2
S1 − 3

αs

4π
ln

µ2

−p2
S2 (III.50)

〈Q2〉 =

(

1 + 2CF
αs

4π
ln

µ2

−p2

)

S2 +
3

N

αs

4π
ln

µ2

−p2
S2 − 3

αs

4π
ln

µ2

−p2
S1 (III.51)

Inserting 〈Qi〉 into (III.41) and comparing with (III.42) we derive

C1 = −3
αs

4π
ln

M2
W

µ2
C2 = 1 +

3

N

αs

4π
ln

M2
W

µ2
(III.52)

We would like to digress and add a comment on the renormalization of the interaction terms in the
effective theory. The commonly used convention is to introduce via (III.48) the renormalization
constants Zij , defined to absorb the divergences of the operator matrix elements. It is however
instructive to view this renormalization in a slightly different, but of course equivalent way, corre-
sponding to the standard counterterm method in perturbative renormalization. Consider, as usual,
the hamiltonian of the effective theory as the starting point with fields and coupling constants as
bare quantities, which are renormalized according to (q=s, c, u, d)

q(0) = Z1/2
q q (III.53)

C(0)
i = Zc

ijCj (III.54)
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physics – unlike the amplitudes themselves. As a result, matching calculations can be done
using arbitrary IR regulators and working with free quark and gluon states. Obviously, this
is a great advantage for actual calculations in QCD.

Four-fermion processes

To construct the leading terms in the effective weak Lagrangian we take note of the following
facts:

• Four fermion fields already make dimension δi = 6, so no derivatives or extra fields are
allowed at this order.

• Weak interactions only involve left-handed fermion fields.

• Chirality is preserved in strong-interaction processes, since we can set mq = 0 at leading
power.

• For the quark bilinears ψ̄LΓψL with Γ an element of the Dirac basis, only the possibility
Γ = γµ remains.

• Operators must be gauge invariant (in particular, color singlets) and Lorentz invariant.

Example 1: Consider semileptonic decays such as B̄0 → π+e−ν̄e, which are based on the
quark transition b → u e−ν̄e. From such processes one can extract the CKM element |Vub|.
The unique dimension-6 operator in the corresponding effective Lagrangian is

ēLγµνL ūi
Lγ

µbi
L =̂ ūi

LγµνL ēLγ
µbi

L , (17)

where the second form is related to the first one by a Fierz transformation. This operator is
generated by integrating out the W boson in Figure 1. Below, we will often omit color indices
i whenever they are contracted between neighboring quark fields. Tree-level matching yields

Leff = −
4GF√

2
Vub C1(µ) ēLγµνL ūLγ

µbL (18)

with C1 = 1 + O(αs).

Example 2: A more interesting case is offered by hadronic decays such as B̄0 → π+D−
s ,

which are based on the quark transition b → u c̄ s. Similar arguments now allow two operators
differing in their color structure. Specifically,

Leff = −
4GF√

2
V ∗

cs Vub

[
C1(µ) s̄j

Lγµc
j
L ūi

Lγ
µbi

L + C2(µ) s̄i
Lγµc

j
L ūj

Lγ
µbi

L

]
, (19)

where C1 = 1 + O(αs) and C2 = O(αs) follow again from tree-level matching. Using a Fierz
rearrangement, the second operator above can also be written as ūj

Lγµc
j
L s̄i

Lγ
µbi

L. Note also
that

s̄LγµtacL ūLγ
µtabL =

1

2
s̄i

Lγµc
j
L ūj

Lγ
µbi

L −
1

2Nc
s̄LγµcL ūLγ

µbL (20)

gives nothing new. Here ta are the generators of color SU(3).
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W

b u

ν e

(a)

b u

ν e

(b)

Figure 1: Example of an effective four-fermion interaction obtained by integrating out the W
boson in the Standard Model. The two crossed circles in the second graph represent a local
four-quark operator in the effective theory. (Courtesy of A. J. Buras [7])

3 Effective Weak Interactions

The couplings of the charged weak gauge bosons W± to fermions (quarks and leptons) are
the only flavor-changing interactions in the Standard Model. When studying flavor-changing
processes at low energy (i.e., E ! MW ), we can integrate out the heavy bosons from the
Standard Model Lagrangian. As illustrated in Figure 1, this gives rise to local four-fermion
interactions. The resulting Fermi theory of weak interactions is particularly simple if we ignore
the effects of QCD. Indeed, at tree level the path integral is Gaussian, and integrating over
the W± fields gives the effective Lagrangian

Leff
weak = −

g2

8M2
W

[
J−

µ J+µ +
1

M2
W

J−
µ (∂µ∂ν − gµν

!) J+
ν + . . .

]
, (13)

where g2/8M2
W ≡ GF /

√
2 defines the Fermi constant (GF = 1.16639 · 10−5 GeV−2), and

J+
µ = Vij ūiγµ(1 − γ5)dj + ν̄iγµ(1 − γ5)li , J−

µ = (J+
µ )† (14)

are the charged currents. Vij are the elements of the CKM matrix, and a summation over
flavor indices i, j is understood.

Already the leading term in the effective weak Lagrangian (13) contains irrelevant inter-
actions (δi = 6, γi = 2), and indeed the coupling constant GF ∼ 1/M2

W shows the expected
suppression by two powers of the fundamental scale. Even before the discovery of the weak
gauge bosons, experiments of low-energy weak interactions indicated that the fundamental
scale of the weak force should be (

√
2/GF )1/2 ≈ 110 GeV. It was a triumph of particle physics

when the heavy gauge bosons were subsequently discovered at just that mass scale. The fact
that there are no marginal operators in the effective weak Lagrangian explains the apparent
“weakness” of the weak interactions at low energy. On the contrary, at high energy the weak
force is unified with electromagnetism, and the two interactions are then governed by a single
coupling constant. Subleading terms in the effective weak Lagrangian have dimension δi = 8
and higher. Their effects are further suppressed by powers of (E/MW )2 and are tiny. They
can be neglected for (almost) all practical purposes.
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+

c s
(a)

g

(b)

g

(c)

g

(d.1)

g,γ

(d.2)

g,γ

FIG. 3. One loop current-current (a)–(c) and penguin (d) diagrams contributing to the LO anomalous
dimensions and matching conditions in the effective theory. The 4-vertex “⊗ ⊗” denotes the insertion
of a 4-fermion operator Qi. For pure QCD corrections as considered in this section and e.g. in VI the
contributions from γ in diagrams (d.1) and (d.2) are absent. Again, possible left-right or up-down reflected
diagrams are not shown.

It follows that the renormalized matrix elements 〈Qi〉 are given by

〈Q1〉 =

(

1 + 2CF
αs

4π
ln

µ2

−p2

)

S1 +
3

N

αs

4π
ln

µ2

−p2
S1 − 3

αs

4π
ln

µ2

−p2
S2 (III.50)

〈Q2〉 =

(

1 + 2CF
αs

4π
ln

µ2

−p2

)

S2 +
3

N

αs

4π
ln

µ2

−p2
S2 − 3

αs

4π
ln

µ2

−p2
S1 (III.51)

Inserting 〈Qi〉 into (III.41) and comparing with (III.42) we derive

C1 = −3
αs

4π
ln

M2
W

µ2
C2 = 1 +

3

N

αs

4π
ln

M2
W

µ2
(III.52)

We would like to digress and add a comment on the renormalization of the interaction terms in the
effective theory. The commonly used convention is to introduce via (III.48) the renormalization
constants Zij , defined to absorb the divergences of the operator matrix elements. It is however
instructive to view this renormalization in a slightly different, but of course equivalent way, corre-
sponding to the standard counterterm method in perturbative renormalization. Consider, as usual,
the hamiltonian of the effective theory as the starting point with fields and coupling constants as
bare quantities, which are renormalized according to (q=s, c, u, d)

q(0) = Z1/2
q q (III.53)

C(0)
i = Zc

ijCj (III.54)
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physics – unlike the amplitudes themselves. As a result, matching calculations can be done
using arbitrary IR regulators and working with free quark and gluon states. Obviously, this
is a great advantage for actual calculations in QCD.

Four-fermion processes

To construct the leading terms in the effective weak Lagrangian we take note of the following
facts:

• Four fermion fields already make dimension δi = 6, so no derivatives or extra fields are
allowed at this order.

• Weak interactions only involve left-handed fermion fields.

• Chirality is preserved in strong-interaction processes, since we can set mq = 0 at leading
power.

• For the quark bilinears ψ̄LΓψL with Γ an element of the Dirac basis, only the possibility
Γ = γµ remains.

• Operators must be gauge invariant (in particular, color singlets) and Lorentz invariant.

Example 1: Consider semileptonic decays such as B̄0 → π+e−ν̄e, which are based on the
quark transition b → u e−ν̄e. From such processes one can extract the CKM element |Vub|.
The unique dimension-6 operator in the corresponding effective Lagrangian is

ēLγµνL ūi
Lγ

µbi
L =̂ ūi

LγµνL ēLγ
µbi

L , (17)

where the second form is related to the first one by a Fierz transformation. This operator is
generated by integrating out the W boson in Figure 1. Below, we will often omit color indices
i whenever they are contracted between neighboring quark fields. Tree-level matching yields

Leff = −
4GF√

2
Vub C1(µ) ēLγµνL ūLγ

µbL (18)

with C1 = 1 + O(αs).

Example 2: A more interesting case is offered by hadronic decays such as B̄0 → π+D−
s ,

which are based on the quark transition b → u c̄ s. Similar arguments now allow two operators
differing in their color structure. Specifically,

Leff = −
4GF√

2
V ∗

cs Vub

[
C1(µ) s̄j

Lγµc
j
L ūi

Lγ
µbi

L + C2(µ) s̄i
Lγµc

j
L ūj

Lγ
µbi

L

]
, (19)

where C1 = 1 + O(αs) and C2 = O(αs) follow again from tree-level matching. Using a Fierz
rearrangement, the second operator above can also be written as ūj

Lγµc
j
L s̄i

Lγ
µbi

L. Note also
that

s̄LγµtacL ūLγ
µtabL =

1

2
s̄i

Lγµc
j
L ūj

Lγ
µbi

L −
1

2Nc
s̄LγµcL ūLγ

µbL (20)

gives nothing new. Here ta are the generators of color SU(3).
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Figure 2 gives (in the MS subtraction scheme) [8]

C1(µ) = 1 +
3

Nc

αs(µ)

4π

(
ln

M2
W

µ2
−

11

6

)
+ O(α2

s) ,

C2(µ) = −3
αs(µ)

4π

(
ln

M2
W

µ2
−

11

6

)
+ O(α2

s) . (22)

Some important comments are in order:

• IR regulators (such as quark and gluon masses, external momenta, etc.) present in
intermediate steps of the calculation in both theories cancel in the results for the Wilson
coefficients Ci.

• Matrix elements in the effective theory are often more singular than those in the full
theory (which are ultraviolet (UV) finite in the present case) and require additional UV
subtractions (operator renormalization). This gives rise to the renormalization-scale and
-scheme dependence of the Wilson coefficients.

• The physical reason for this is that the mass MW acts as an UV regulator in the box
diagrams of the full theory. Roughly speaking, the logarithms in the results for the
Wilson coefficients arise as follows:

1 + αs ln
M2

W

−p2
︸ ︷︷ ︸

full theory

=

(
1 + αs ln

M2
W

µ2

)

︸ ︷︷ ︸
C(µ)

(
1 + αs ln

µ2

−p2

)

︸ ︷︷ ︸
〈Q(µ)〉

+ . . . , (23)

where the expression on the left is the matrix element in the full theory (which is UV
finite and regularized in the IR by an off-shell momentum p2), while the expression
on the right is the product of a Wilson coefficient and a matrix element in the effective
theory. The EFT matrix element has the same dependence on the IR cutoff as the matrix
element in the full theory, while all reference to the fundamental scale MW resides in the
Wilson coefficient. Another way of representing this result is in the form of logarithmic
integrations: ∫ M2

W

−p2

dk2

k2
=

∫ M2
W

µ2

dk2

k2
+

∫ µ2

−p2

dk2

k2
. (24)

In general, the Wilson coefficients absorb the high-frequency contributions of the loop
integrals, while the low-frequency contributions reside in the EFT matrix elements.

FCNC transitions

As a more interesting example of an effective weak Lagrangian, let us now consider the im-
portant case of flavor-changing neutral current (FCNC) transitions [8]. Such interactions
are absent at tree level in the Standard Model, while they can be mediated through loop
processes. The corresponding suppression of FCNC amplitudes provides a window for New
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• Matrix elements in the effective theory are often more singular than those in the full
theory (which are ultraviolet (UV) finite in the present case) and require additional UV
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where the expression on the left is the matrix element in the full theory (which is UV
finite and regularized in the IR by an off-shell momentum p2), while the expression
on the right is the product of a Wilson coefficient and a matrix element in the effective
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In general, the Wilson coefficients absorb the high-frequency contributions of the loop
integrals, while the low-frequency contributions reside in the EFT matrix elements.
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As a more interesting example of an effective weak Lagrangian, let us now consider the im-
portant case of flavor-changing neutral current (FCNC) transitions [8]. Such interactions
are absent at tree level in the Standard Model, while they can be mediated through loop
processes. The corresponding suppression of FCNC amplitudes provides a window for New
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Wilson coefficients depend on matching scale:



Running couplings
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factorize amplitude:

Figure 2 gives (in the MS subtraction scheme) [8]
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where the expression on the left is the matrix element in the full theory (which is UV
finite and regularized in the IR by an off-shell momentum p2), while the expression
on the right is the product of a Wilson coefficient and a matrix element in the effective
theory. The EFT matrix element has the same dependence on the IR cutoff as the matrix
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are absent at tree level in the Standard Model, while they can be mediated through loop
processes. The corresponding suppression of FCNC amplitudes provides a window for New
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⇠ 1
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large scale separation



Running couplings

10

factorize amplitude:

Figure 2 gives (in the MS subtraction scheme) [8]

C1(µ) = 1 +
3

Nc

αs(µ)

4π

(
ln

M2
W

µ2
−

11

6

)
+ O(α2

s) ,

C2(µ) = −3
αs(µ)

4π

(
ln

M2
W

µ2
−

11

6

)
+ O(α2

s) . (22)

Some important comments are in order:

• IR regulators (such as quark and gluon masses, external momenta, etc.) present in
intermediate steps of the calculation in both theories cancel in the results for the Wilson
coefficients Ci.

• Matrix elements in the effective theory are often more singular than those in the full
theory (which are ultraviolet (UV) finite in the present case) and require additional UV
subtractions (operator renormalization). This gives rise to the renormalization-scale and
-scheme dependence of the Wilson coefficients.

• The physical reason for this is that the mass MW acts as an UV regulator in the box
diagrams of the full theory. Roughly speaking, the logarithms in the results for the
Wilson coefficients arise as follows:

1 + αs ln
M2

W

−p2
︸ ︷︷ ︸

full theory

=

(
1 + αs ln

M2
W

µ2

)

︸ ︷︷ ︸
C(µ)

(
1 + αs ln

µ2

−p2

)

︸ ︷︷ ︸
〈Q(µ)〉

+ . . . , (23)

where the expression on the left is the matrix element in the full theory (which is UV
finite and regularized in the IR by an off-shell momentum p2), while the expression
on the right is the product of a Wilson coefficient and a matrix element in the effective
theory. The EFT matrix element has the same dependence on the IR cutoff as the matrix
element in the full theory, while all reference to the fundamental scale MW resides in the
Wilson coefficient. Another way of representing this result is in the form of logarithmic
integrations: ∫ M2

W

−p2

dk2

k2
=

∫ M2
W

µ2

dk2

k2
+

∫ µ2

−p2

dk2

k2
. (24)

In general, the Wilson coefficients absorb the high-frequency contributions of the loop
integrals, while the low-frequency contributions reside in the EFT matrix elements.

FCNC transitions

As a more interesting example of an effective weak Lagrangian, let us now consider the im-
portant case of flavor-changing neutral current (FCNC) transitions [8]. Such interactions
are absent at tree level in the Standard Model, while they can be mediated through loop
processes. The corresponding suppression of FCNC amplitudes provides a window for New

13

hO(µ)i
<latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="y5iHuM6i7HxzW6dloe7kevDYRHk="></latexit><latexit sha1_base64="y5iHuM6i7HxzW6dloe7kevDYRHk="></latexit><latexit sha1_base64="XqquS4RaCwctTuY+JByDa6mT2Ws="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit><latexit sha1_base64="KR1mWdN9JxqqtVRSsZXERqgnEtE="></latexit>

Me↵ ⇠ C(mb)hO(mb)i
<latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="xiSQAhgtxQEV3DuuXmdZB8b52t0="></latexit><latexit sha1_base64="xiSQAhgtxQEV3DuuXmdZB8b52t0="></latexit><latexit sha1_base64="EHzwgK5JRoYt6hUIGgK9QuGBix4="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit>

C(mb) = U(mb, µW )C(µW )
<latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="5WUdUqdgnRkDitNl5a2APfw4Z1s="></latexit><latexit sha1_base64="5WUdUqdgnRkDitNl5a2APfw4Z1s="></latexit><latexit sha1_base64="d5W/mEpMcMEVLv9WbKBpVlyLqq0="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit>

renormalization group

evolution resums

✓
↵s ln

m2
W

m2
b

◆n

<latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="gyz0BEE9NE9osvEjLVeqKRs0wfs="></latexit><latexit sha1_base64="gyz0BEE9NE9osvEjLVeqKRs0wfs="></latexit><latexit sha1_base64="F3/qTkZztlfrEBfMjetY1cRmb14="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit><latexit sha1_base64="CFQbOA9SZRDnVdgKIJsa0XhN+SA="></latexit>

⇤ = mW
<latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="A9Rn2czC3Fqcpp9Zl1g2SbXzuqM="></latexit><latexit sha1_base64="A9Rn2czC3Fqcpp9Zl1g2SbXzuqM="></latexit><latexit sha1_base64="/MbAFa8PTLC1zvjOT10YSoBzuyY="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit><latexit sha1_base64="CqRdh6aCfMhufX68S4f/YA+87nk="></latexit>

p
�p2 ⇡ mb

<latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo=">AAACu3ichVLLSsNAFD2Nr7ZWrWs3wSK4KokbXQo+EEGoYB9QiyTpNIamSZhMK7X4A279Ov0WF56MqaBFOmFy75x777mPGTcJg1RZ1nvBWFldW98olsqblfLW9k610krjsfRE04vDWHZcJxVhEImmClQoOokUzsgNRdsdnmX29kTINIijOzVNRG/k+FEwCDxHEWo8VGtW3dLLXFTsXKkhX3H1A/foI4aHMUYQiKCoh3CQ8uvCho WEWA8zYpJaoO0CLygzdkwvQQ+H6JB/n6dujkY8Z5ypjvaYJeSWjDRxwH2pGV16Z1kF9ZTyk/tZY/6/GWaaOatwSumSsaQZb4grPNJjWeQo95zXsjwy60phgBPdTcD6Eo1kfXo/POe0SGJDbTFxoT19crj6POEEIsomK8imPGcwdcd9SkdLoVminNEhn6TMps96eMv23ztdVFpHdduq27cWitjDPg55mcc4xRUaTO8xySvejGsjMZ6+X4NRyJ/FLn4tY/oFhOiMYg==</latexit><latexit sha1_base64="/L6nxNGZH0bbvrp30tS3yVdVpQk=">AAAC13ichVLLLgRBFD3a+z1sLGw6RGJj0m3DUuIRGwmJQWKYVPeU0Zl+qa4RTPyAnfgEWz6Ib7FwqjQJIqpTfW+de++5j6ogj6NCe95Lj9Pb1z8wODQ8Mjo2PjFZmRo7KLKOCmUtzOJMHQWikHGUypqOdCyPciVFEsTyMGivG/vhpVRFlKX7+jqXJ4lopdFZFApNqFGZqRcXSneX8tPlW7cu8lxlV27SCBqVea/q2eX+VvxSmU e5drPKK+poIkOIDhJIpNDUYwgU/I7hw0NO7ARdYopaZO0StxhhbIdekh6CaJv/Fk/HJZrybDgLGx0yS8ytGOligXvLMgb0Nlkl9YLyjfvGYq0/M3Qts6nwmjIg47Bl3CGucU6P/yKT0vOzlv8jTVcaZ1i13USsL7eI6TP84tmgRRFrW4uLTevZIkdgz5ecQEpZYwVmyp8Mru24SSmslJYlLRkF+RSlmT7r4TX7Py/1t3KwXPW9qr/nYQizmMMiL3MFa9jGLtObkh/xhGen6dw59x8PwukpX8Y0vi3n4R1kVJb/</latexit><latexit sha1_base64="/L6nxNGZH0bbvrp30tS3yVdVpQk=">AAAC13ichVLLLgRBFD3a+z1sLGw6RGJj0m3DUuIRGwmJQWKYVPeU0Zl+qa4RTPyAnfgEWz6Ib7FwqjQJIqpTfW+de++5j6ogj6NCe95Lj9Pb1z8wODQ8Mjo2PjFZmRo7KLKOCmUtzOJMHQWikHGUypqOdCyPciVFEsTyMGivG/vhpVRFlKX7+jqXJ4lopdFZFApNqFGZqRcXSneX8tPlW7cu8lxlV27SCBqVea/q2eX+VvxSmU e5drPKK+poIkOIDhJIpNDUYwgU/I7hw0NO7ARdYopaZO0StxhhbIdekh6CaJv/Fk/HJZrybDgLGx0yS8ytGOligXvLMgb0Nlkl9YLyjfvGYq0/M3Qts6nwmjIg47Bl3CGucU6P/yKT0vOzlv8jTVcaZ1i13USsL7eI6TP84tmgRRFrW4uLTevZIkdgz5ecQEpZYwVmyp8Mru24SSmslJYlLRkF+RSlmT7r4TX7Py/1t3KwXPW9qr/nYQizmMMiL3MFa9jGLtObkh/xhGen6dw59x8PwukpX8Y0vi3n4R1kVJb/</latexit><latexit sha1_base64="WUjzNwNitND8krw1oVzUyMvM8p0=">AAAC4nichVE7SwNBEJ6cryS+ohYWNodBsDHc2Wglgg9shAgmComGvcsaj9zLvU0whvwBO7G1s9UfpL/Fwm/Xi6BB3GNvZr/55tuZHSf2vURa1lvGGBufmJzK5vLTM7Nz84WFxWoSdYTLK27kR+LcYQn3vZBXpCd9fh4LzgLH52dOe0/Fz7pcJF4UnspezC8C1gq9K89lElCjsFxPboTsb8SXmwOzzuJYRLdm0HAahaJVsvQyRx 07dYqUrnJUeKc6NSkilzoUEKeQJHyfGCX4amSTRTGwC+oDE/A8Hec0oDxyO2BxMBjQNv4tnGopGuKsNBOd7eIWH1sg06Q17EOt6ICtbuXwE9gP7DuNtf68oa+VVYU9WAeKOa14DFzSNRj/ZQYpc1jL/5mqK0lXtK278VBfrBHVp/uts4+IANbWEZMONLMFDUefu3iBELaCCtQrDxVM3XETlmnLtUqYKjLoCVj1+qgHY7Z/D3XUqW6WbKtkn1jF3Z104FlaoVVax1S3aJeOqIw6VO3P9EKvRtO4Nx6Mxy+qkUlzlujHMp4+AfXOmEU=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit><latexit sha1_base64="vtEO3ZKHGmLwgjpC6V3iYKK5M+U=">AAAC4nichVHJSgNBEK2MW+Ia9eDBy2AQvBhmgqAnEVzwIiiYBYyGnkknDpnNno4YQ37Am3j15lU/SL/Fg6/biaAi9tBT1a9eva7qcmLfS6RlvWaMkdGx8YlsbnJqemZ2Lj+/UEmirnB52Y38SNQclnDfC3lZetLntVhwFjg+rzqdXRWvXnOReFF4KnsxPw9YO/RansskoEZ+qZ5cCdlfjy9KA7PO4lhEN2bQcBr5glW09DJ/O3 bqFChdx1H+jerUpIhc6lJAnEKS8H1ilOA7I5ssioGdUx+YgOfpOKcBTSK3CxYHgwHt4N/G6SxFQ5yVZqKzXdziYwtkmrSKfaAVHbDVrRx+AvuOfaux9p839LWyqrAH60AxpxWPgEu6BOO/zCBlDmv5P1N1JalFW7obD/XFGlF9ul86e4gIYB0dMWlfM9vQcPT5Gi8QwpZRgXrloYKpO27CMm25VglTRQY9AateH/VgzPbPof52KqWibRXtk43CznY68Cwt0wqtYaqbtEOHdIw6VO1P9EwvRtO4M+6Nh0+qkUlzFunbMh4/APcOmEk=</latexit>

match amplitudes               µ . mW
<latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="6C4LWstH2YT81r+79Q585EspZU8="></latexit><latexit sha1_base64="6C4LWstH2YT81r+79Q585EspZU8="></latexit><latexit sha1_base64="E5hSYGwuVm7HaB2wd1HekndJWi0="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit><latexit sha1_base64="TQO/Wk+CO7uWrtPUIFHRbsLRsVA="></latexit> C(µW )

<latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="dEhPujMgXy+ND2ngaa6SH3xGeyA="></latexit><latexit sha1_base64="dEhPujMgXy+ND2ngaa6SH3xGeyA="></latexit><latexit sha1_base64="i1nVZ41StZTAN8cbKI5479yJplw="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit>
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<latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="giK4xPAQzfsbgmPnOVKD3lLk3ko="></latexit><latexit sha1_base64="giK4xPAQzfsbgmPnOVKD3lLk3ko="></latexit><latexit sha1_base64="u/qG7zJlizxCuQer1X8hU6TvqLA="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit><latexit sha1_base64="+HRu4tEqEvdu32n7ijThgxIrOKs="></latexit>

physics – unlike the amplitudes themselves. As a result, matching calculations can be done
using arbitrary IR regulators and working with free quark and gluon states. Obviously, this
is a great advantage for actual calculations in QCD.

Four-fermion processes

To construct the leading terms in the effective weak Lagrangian we take note of the following
facts:

• Four fermion fields already make dimension δi = 6, so no derivatives or extra fields are
allowed at this order.

• Weak interactions only involve left-handed fermion fields.

• Chirality is preserved in strong-interaction processes, since we can set mq = 0 at leading
power.

• For the quark bilinears ψ̄LΓψL with Γ an element of the Dirac basis, only the possibility
Γ = γµ remains.

• Operators must be gauge invariant (in particular, color singlets) and Lorentz invariant.

Example 1: Consider semileptonic decays such as B̄0 → π+e−ν̄e, which are based on the
quark transition b → u e−ν̄e. From such processes one can extract the CKM element |Vub|.
The unique dimension-6 operator in the corresponding effective Lagrangian is

ēLγµνL ūi
Lγ

µbi
L =̂ ūi

LγµνL ēLγ
µbi

L , (17)

where the second form is related to the first one by a Fierz transformation. This operator is
generated by integrating out the W boson in Figure 1. Below, we will often omit color indices
i whenever they are contracted between neighboring quark fields. Tree-level matching yields

Leff = −
4GF√

2
Vub C1(µ) ēLγµνL ūLγ

µbL (18)

with C1 = 1 + O(αs).

Example 2: A more interesting case is offered by hadronic decays such as B̄0 → π+D−
s ,

which are based on the quark transition b → u c̄ s. Similar arguments now allow two operators
differing in their color structure. Specifically,

Leff = −
4GF√

2
V ∗

cs Vub

[
C1(µ) s̄j

Lγµc
j
L ūi

Lγ
µbi

L + C2(µ) s̄i
Lγµc

j
L ūj

Lγ
µbi

L

]
, (19)

where C1 = 1 + O(αs) and C2 = O(αs) follow again from tree-level matching. Using a Fierz
rearrangement, the second operator above can also be written as ūj

Lγµc
j
L s̄i

Lγ
µbi

L. Note also
that

s̄LγµtacL ūLγ
µtabL =

1

2
s̄i

Lγµc
j
L ūj

Lγ
µbi

L −
1

2Nc
s̄LγµcL ūLγ

µbL (20)

gives nothing new. Here ta are the generators of color SU(3).
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C1(mW ) = 1 +O(↵s)
<latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="eTqunSy54BKVWc7mMAmibTMBwtM="></latexit><latexit sha1_base64="eTqunSy54BKVWc7mMAmibTMBwtM="></latexit><latexit sha1_base64="1VDp3tYmqA2bYTG6vSWgYO9LYZg="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit><latexit sha1_base64="T2zxauCNxbBKnL218cgKsgzPQRM="></latexit>

C2(mW ) = 0 +O(↵s)
<latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="dXDJ2t0JislhmMiwVbYgH2c0ac0="></latexit><latexit sha1_base64="dXDJ2t0JislhmMiwVbYgH2c0ac0="></latexit><latexit sha1_base64="8P1N1MAA0epx7WhzMzZ/FxMM7nQ="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit><latexit sha1_base64="9SJssdqhoF/ZXIm+Uohkcun5TzA="></latexit>

C1(mb) ⇡ 1.1
<latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="Yc4rjFfTivjz8epcm5pIHyNVLRk="></latexit><latexit sha1_base64="Yc4rjFfTivjz8epcm5pIHyNVLRk="></latexit><latexit sha1_base64="mrqemKacHGToMa5daDU0UloDsCY="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit><latexit sha1_base64="ZODS4L1Rv6/e6Oo0jHvYUgJY9kg="></latexit>

C2(mb) ⇡ �0.2
<latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="rl/QpTLBmzjm0AUKHr2kdMuVNVk="></latexit><latexit sha1_base64="rl/QpTLBmzjm0AUKHr2kdMuVNVk="></latexit><latexit sha1_base64="wtdrs8Hs95MwNRzh6NXDafeSF5Q="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit><latexit sha1_base64="ZFFSmT8WSL2FOBEXQXIDkLN2iIw="></latexit>

match & run               

Buchalla, Buras, Lautenbacher 1995

Effect on decay branching ratio                                 .B(B0 ! ⇡+D�
s ) ⇠ C2

i
<latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="GrrK7ZQYsD5ZBJt9nPv4NaVh9N0="></latexit><latexit sha1_base64="GrrK7ZQYsD5ZBJt9nPv4NaVh9N0="></latexit><latexit sha1_base64="A9CF9Gi5akspoepJDAUjOqGGXGY="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit><latexit sha1_base64="4DYyJNKJ2q3LQJGv6fCC0G9FfIg="></latexit>

https://arxiv.org/abs/hep-ph/9512380
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Weak Effective Theory:
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<latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="pW1v/vU3mddKh1F10rL9B0dlnQs="></latexit><latexit sha1_base64="pW1v/vU3mddKh1F10rL9B0dlnQs="></latexit><latexit sha1_base64="NRPJGvR7LHeBI93s73naF81tVX0="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit><latexit sha1_base64="+nWxNDXfAmWLtuiEtz1vSb3Lc8M="></latexit>

good description of charged currents at E ⌧ mW
<latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="u3eSFjkAnNAneLsDA4MKJ9czB48="></latexit><latexit sha1_base64="u3eSFjkAnNAneLsDA4MKJ9czB48="></latexit><latexit sha1_base64="CUAYsSagHVOMZceUJdNn9AUaKWY="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="u3eSFjkAnNAneLsDA4MKJ9czB48="></latexit><latexit sha1_base64="u3eSFjkAnNAneLsDA4MKJ9czB48="></latexit><latexit sha1_base64="CUAYsSagHVOMZceUJdNn9AUaKWY="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit><latexit sha1_base64="D0QGXI2kRDra3VzyHTQquYkyM+c="></latexit>

effective Lagrangian:

match C(µW )
<latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="dEhPujMgXy+ND2ngaa6SH3xGeyA="></latexit><latexit sha1_base64="dEhPujMgXy+ND2ngaa6SH3xGeyA="></latexit><latexit sha1_base64="i1nVZ41StZTAN8cbKI5479yJplw="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit><latexit sha1_base64="e56YdSh6jtC6YorP5Y53xSHOixg="></latexit>

evolve C(mb) = U(mb, µW )C(µW )
<latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="5WUdUqdgnRkDitNl5a2APfw4Z1s="></latexit><latexit sha1_base64="5WUdUqdgnRkDitNl5a2APfw4Z1s="></latexit><latexit sha1_base64="d5W/mEpMcMEVLv9WbKBpVlyLqq0="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit><latexit sha1_base64="Z2/I9AZbpO2Zh/qeGZhfnLgeE2E="></latexit>

Obtain B-physics amplitude                                   :Me↵ ⇠ C(mb)hO(mb)i
<latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="I3qzNHs0O153gIiFHHCMQ4HedNo="></latexit><latexit sha1_base64="xiSQAhgtxQEV3DuuXmdZB8b52t0="></latexit><latexit sha1_base64="xiSQAhgtxQEV3DuuXmdZB8b52t0="></latexit><latexit sha1_base64="EHzwgK5JRoYt6hUIGgK9QuGBix4="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit><latexit sha1_base64="zN2T6FVehTexMe3m7CXjcrSohnQ="></latexit>

WET makes more precise predictions than full theory.*

*at the same perturbative order

(flavor-universal)
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IV. GUIDE TO EFFECTIVE HAMILTONIANS

In order to facilitate the presentation of effective hamiltonians in weak decays we give a com-
plete compilation of the relevant operators below. Divided into six classes, these operators play a
dominant role in the phenomenology of weak decays. The six classes are given as follows

Current-Current Operators (fig. 4 (a)):

Q1 = (s̄iuj)V−A (ūjdi)V−A Q2 = (s̄u)V−A (ūd)V−A (IV.1)

QCD-Penguins Operators (fig. 4 (b)):

Q3 = (s̄d)V−A

∑

q

(q̄q)V−A Q4 = (s̄idj)V−A

∑

q

(q̄jqi)V−A (IV.2)

Q5 = (s̄d)V−A

∑

q

(q̄q)V+A Q6 = (s̄idj)V−A

∑

q

(q̄jqi)V+A (IV.3)

Electroweak-Penguins Operators (fig. 4 (c)):

Q7 =
3

2
(s̄d)V−A

∑

q

eq (q̄q)V+A Q8 =
3

2
(s̄idj)V−A

∑

q

eq (q̄jqi)V+A (IV.4)

Q9 =
3

2
(s̄d)V−A

∑

q

eq (q̄q)V−A Q10 =
3

2
(s̄idj)V−A

∑

q

eq (q̄jqi)V−A (IV.5)

Magnetic-Penguins Operators (fig. 4 (d)):

Q7γ =
e

8π2
mbs̄iσ

µν(1 + γ5)biFµν Q8G =
g

8π2
mbs̄iσ

µν(1 + γ5)T
a
ijbjG

a
µν (IV.6)

∆S = 2 and ∆B = 2 Operators (fig. 4 (e)):
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For illustrative purposes, typical diagrams in the full theory from which the operators (IV.1)–

(IV.10) originate are shown in fig. 4.
The operators listed above will enter our review in a systematic fashion. We begin in section V

with the presentation of the effective hamiltonians involving the current-current operators Q1 and
Q2 only. These effective hamiltonians are given in (V.4), (V.5) and (V.6) for ∆B = 1, ∆C = 1
and ∆S = 1 non-leptonic decays, respectively.

In section VI we will generalize the hamiltonians (V.4) and (V.6) to include the QCD-penguin
operators Q3 − Q6. The corresponding expressions are given in (VI.32) and (VI.1), respectively.
This generalization does not affect the Wilson coefficients of Q1 and Q2.

44

IV. GUIDE TO EFFECTIVE HAMILTONIANS

In order to facilitate the presentation of effective hamiltonians in weak decays we give a com-
plete compilation of the relevant operators below. Divided into six classes, these operators play a
dominant role in the phenomenology of weak decays. The six classes are given as follows

Current-Current Operators (fig. 4 (a)):
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FIG. 4. Typical diagrams in the full theory from which the operators (IV.1)–(IV.10) originate. The cross
in diagram (d) means a mass-insertion. It indicates that magnetic penguins originate from the mass-term on
the external line in the usual QCD or QED penguin diagrams.

Next in section VII the∆S = 1 and∆B = 1 hamiltonians of section VI will be generalized to
include the electroweak penguin operatorsQ7 −Q10. These generalized hamiltonians are given in
(VII.1) and (VII.37) for ∆S = 1 and ∆B = 1 non-leptonic decays, respectively. The inclusion of
the electroweak penguin operators implies the inclusion of QED effects. Consequently the coef-
ficients of the operators Q1 − Q6 given in this section will differ slightly from the ones presented
in the previous sections.

In section VIII the effective hamiltonian for KL → π0e+e− will be presented. It is given in
(VIII.1). This hamiltonian can be considered as a generalization of the∆S = 1 hamiltonian (VI.1)
presented in section VI to include the semi-leptonic operators Q7V and Q7A. This generalization
does not modify the numerical values of the∆S = 1 coefficients Ci (i = 1, . . . , 6) given in section
VI.

In section IX we will discuss the effective hamiltonian for B → Xsγ. It is written down in
(IX.1). This hamiltonian can be considered as a generalization of the∆B = 1 hamiltonian (VI.32)
to include the magnetic penguin operators Q7γ and Q8G. This generalization does not modify the
numerical values of the ∆B = 1 coefficients Ci (i = 1, . . . , 6) from section VI.
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FIG. 4. Typical diagrams in the full theory from which the operators (IV.1)–(IV.10) originate. The cross
in diagram (d) means a mass-insertion. It indicates that magnetic penguins originate from the mass-term on
the external line in the usual QCD or QED penguin diagrams.

Next in section VII the∆S = 1 and∆B = 1 hamiltonians of section VI will be generalized to
include the electroweak penguin operatorsQ7 −Q10. These generalized hamiltonians are given in
(VII.1) and (VII.37) for ∆S = 1 and ∆B = 1 non-leptonic decays, respectively. The inclusion of
the electroweak penguin operators implies the inclusion of QED effects. Consequently the coef-
ficients of the operators Q1 − Q6 given in this section will differ slightly from the ones presented
in the previous sections.

In section VIII the effective hamiltonian for KL → π0e+e− will be presented. It is given in
(VIII.1). This hamiltonian can be considered as a generalization of the∆S = 1 hamiltonian (VI.1)
presented in section VI to include the semi-leptonic operators Q7V and Q7A. This generalization
does not modify the numerical values of the∆S = 1 coefficients Ci (i = 1, . . . , 6) given in section
VI.

In section IX we will discuss the effective hamiltonian for B → Xsγ. It is written down in
(IX.1). This hamiltonian can be considered as a generalization of the∆B = 1 hamiltonian (VI.32)
to include the magnetic penguin operators Q7γ and Q8G. This generalization does not modify the
numerical values of the ∆B = 1 coefficients Ci (i = 1, . . . , 6) from section VI.
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Which WET operators contribute?


