an analytical approach



from smalll to large scales



Find effective description where relevant
degrees ofi freedom depend on
momentum scale or resolution in space.
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quarks, gluons

+mesons

(Py) =0

-quarks
xSB

(o) # 0

QCD

linear quark-
meson model

linear or
nonlinear
sigma model




From

Microscopic Laws
(Interactions, classical action)

Fluctuations!

Macroscopic Observation

(Free energy functional,
effective action)




Non-Perturbative

Renormalization Flow

in

Quantum Field Theory

and

Statistical Physics




e block spins

Kadanoff, Wilson

e exact renormalization group equations
Wilson, Kogut
Wagner, Houghton
Weinberg
Polchinski
Hasenfratz?

e Lattice finite size scaling
Luscher....

e coarse grained free energy/average action




Flow equations

(Exact renormalization

group equations)
e interpolate from microphysics to large distances
e from simple laws to complexity

e infrared cutofl k
only fluctuations with momenta g2 > k?
are 1ncluded

e running couplings depend on k

e k — 0: effective action:
solution of (quantum)-field-theory




Average potential U,

= scale dependent effective
potential
= coarse grained free energy

Only fluctuations with
momenta q2 > k? included

k: infrared cutoff for fluctuations, ”"average scale”

A: characteristic scale for microphysics

U,.-\L%S—)U(]EU
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M2 = e/ :  Mass matrix
k.ab dipadioy i S

ﬂaifgi . Eilgenvalues of mass matrix







R, :  IR-cutoff

Zﬁ.‘.q?
eqzﬁzz —1
Ry = Zy(k* —¢*)O(k* —¢°)  (Litim)

e.g

limg_,0 R = 0

im0 B — 00




Zr: wave function renormalization
kOZy = —MiZx

Nx: anomalous dimension

t =In(k/A)

OlnZ = —n

for Z, (¢,q9°) : flow equation is



Onithe exact level':

Newfiow eguation forZ, (M;g2) necdedl!
OftEn appreximative form eiZy (Mg
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Flow equation for Uy

: Fo ~ dd 9 Ry (q?)
aFUF(S‘?) = %Zz.} ] O R (47)

(27)? Zpa®+ Ry, (a2)+ME ()

M2, = O : Mass matrix
k’ (It') - E}HI_’}'ﬂt}L‘Ob . 1 [# ' il L

M f ; :  Eigenvalues of mass matrix

[R-cutoff

Zrq?
RF?- - 942 4
el [k _ 1

Ry = Zi(k* — ¢*)O(k* —¢*)  (Litim)

_ Z,=CcKkm
limg_0 R =0

limy_yoo B — 00




ZF:.QQ

B = g 7

fFor suitable R, :

Ry = Zy(K* = )0 k* — ¢°)




Momentum integral
IS dominated by
q2 = k2 :

d
I 22 J‘ d% 03 Ry(¢%)

(27)" Zya’+ Ry () +M ()

Flow: only sensitive to
physics at scale k



e.0: lInearsigma=moedel ior
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alz): magnetization, density, chemical concentra-
tion, Higgs field, meson field, inflaton, cosmon

O(N )-symmetry:

1, . TR
S = / dz {5dp_l}“?a,dp_§0a. +Vip) } ’




éU(gv)--[

/27)4

Lowest ordler deivative expansen :

Z(p)q*+ R (q*)+« U'lp) +2pU"p) A, Zlp) =

% Ry (3%)
s IO B R
( )Zz(f’? +RQ(9£)+U’(§>) }




Ising model

Experiment :

T.=304.15 K
P =73.8.bar
S.Seide ... p. =0.442 g cm-2



correlation length

anomalous dimension
decay of correlation fct. for T' =T,

L, 1 ,
(rlae@))e ~ (il —a)

(n = —0;In Z at fixed point)




Critical exponents v and 75

0.590
0.6307
0.666
0.704
0.739
0.881
0.990

0.5878 0.039
0.6308 0.0467
0.6714 0.049
0.7102 0.049
0.7474 0.047
0.886  0.028
0.980  0.0030

.

“average” of other methods
(typically #(0.0010 — 0.0020))

0.0292
0.0356
0.0385
0.0380
0.0363
0.025
0.003
T




Onr.h.s.:

neither the scale k
nor the wave function
renormalization Z

duuly = —du + (d — 2+ )t appear explicitly.
+2v,{1 (v + 2pu"; m)
+H(N =1)1¢(u":n)}

1 .- d
,Udl — 2(.‘T+1Tr(i,f2r ('_
' 2

linear cutoft:

Tetradis ...

(I"_',Il{_u‘: n) = -

d \ B




= Flow equation
contains
correctly the
non-perturbative
Information !

= (essential
scaling| usually,
describedl by

0.35 0.36 0.37 0.38 0.3 0.4 \V/0) rtICeS)
L ’V(T; — T) * const

Von Gersdorff ...



Correct description ofi phase with
Goldstone boson
((Infinite cornrelation length)
for T<Ti.



Exact flow equation

for scale dependence of average action

(2) A v
(Fk ){;f) (qa q } - 5(,0{,(—*}!')55%(*20

d?
leﬂf(i’_?r%

(fermions : STr)




generating functional for connected Green’s
functions in presence of quadratic infrared cutoff

Wilj] = 111]1)')( exp (—S[x] — ApS[x] + /ddﬂ? jaXa)

1 [ di §
Aed = 3 / -f- . t(q°)Xal—7)Xalq)

..)____-.r-ur
l, PN _|| !

Zrq

€.g. Rk — W

lim R, =0
k—0

Ry 00 — 00




Fk[(p] o _I"J["rfi: [J] .5 /dd'r ja-(pa. = AAS[@]

l‘l._]::"r:-_ﬁ quantuin effective action
generates 1P vertices

free energy. F A ;;-n.l..--"

['y includes all fluctuations (quantum, thermal)
- 2 2
with ¢ > k°

['A specifies microphysics

Loop expansion :
perturbation theory
with

infrared cutoff

In propagator



for k=0
all fluctuations (quantum + thermal)
are included

knowledge of 1'._,y = solution of model




—O W, — OhiS|e)

1

STH{OR(96) — (8) (8))

%Tr { O R W }

W (T 4+ Ry) =
(AeS®) = Ry)

i
—,
-

A S D ._
il 1. - 11 I();,_J'i)_;,_-[__[ Il FRy) }




Functional differential equation —
cannot be solved exactly
Approximative solution by of
most general form ofi effective action



derivative expansion
Tetradis,...; Morris

O(N )-model:

1
I — / A2 {Uk(p) + 5 74(0)Duspudyp

1
+ZYR'(P)8#P‘8#P + o }
(N =1: Yk = U)

field expansion
(low eq. for 1PI vertices)
Weinberg; Ellwanger,...

00 | n :
l“k — ZE/HddIJFL ](Ilj..?i‘g?...
j=0

n=>0
n

[1(6(z;) — ¢0)

7=0

error estimate?

] 'IH-)




Expansion in canonical dimension
of couplings

Lowest order:

d=4: po,\Z

d=3: .00:)\:'7’32
1 3

1. ‘
U= 5)\(0 — po) + 6"‘/(;0 — o)

works well for O(N') models

Tetradis,...; Tsypin

polynomial expansion of potential converges
if expanded around py
Tetradis,...; Aokl et al.




= Evaluate exact flow equation for
homogeneous field @ .

= R.N.S. INVolves exact propagator in
homoegeneous background field .



chival flaver 5ymmez‘;—y :

SL,}_(NF) ¥ SU& (NF)




B ] 0 [ & [im

'ka 'ﬁr = 93 Hel/

Lattice simulation

J.Berges,D.Jungnickel,...



'nd order PT (expected for O(4) Heisenberg model)

niversa
Cirbree
egvebron of
state :0(4)

0.2 0.4 06 0.8 1 1.2

T/T.

Explicit link between xPT domain of validity (4d) and
critical (universal) domain near 7, (3d)




pion Mass

Sigma; mass

80

T/ MeV

2 m, < 2m, for T2 100MeV | 2

No long pion correlation length in thermal equilibrium!




(ritical behavior 7@# Second orper

pha se transibions :

Corre ;/Q_ ‘Z

(Ot .@_f'@mﬁc{é § = rmR""

ounly  velevant _/é'kfag th Scale
Pz veviovmalized {Lield vaviable

Ul ) Aepencte only on g
_ Fr .. %
- )

1
Widlow: scalin 7 fw«;azzblz




L i L
1.5 186 .7

# ';CPQ/COQQ

Civtical egre biour of state

E‘?éE/ (owest ovter plvrvalive exp. Bevges, 1etrants, ...

ERGE, Lirst ovor sbpiie exp. e, ...

Berges, pean field”
Tetradis,...

h:'gé —T -series, locp expangion, £~ CApersoa

Monte Caule




Universal critical equation of state

Is valid near critical temperature
the only light degrees of freedom

are pions + sigma with

O(4) — symmetry.

Not necessarily valid in QCD, even
for two flavors |



Truncation of the effective average action:
= Zq‘,-\_ﬁai'y“auq“ + Zap i tr [8u<1>8”<13]
+ Uk(q), @T) — tr (‘I’J)

= o1+ 1—
-+ h.,l;q ( 275(1’@— 275(1’113) qb

The wave function renormalizations Zgky Za ), the effective

potential [/yand the Yukawa coupling /. are scale— or k-
dependent.

The initial values we use for k = kg are NJL—motivated but
more general:

J.Berges,
D.Jungnickel...



= |magine: thaior scale k=700 Viev all
etheriields except qualks have eEEn
niegrateciouiranartneNEesulisian
essenualiyapentiikeNouifeuakinieraclon

= Not ebvieusly aivalid approximation !



3&??6 “é,’ :

Ug_ - ”_’i;- = ¢+¢

Zéazo

A
= NIL —moae/ !
soclve Scalar ﬂ"e/a/ efaaé('ahj :

/

reinsert into effective action

="

eflective four 7wrk wtevactions

In principle, m can be
computed from four
guark interaction in
QCD

Vieggiolaro;. ..



= & (3,3) of SU(3), x SU(3)x

= Zq,kﬁaz'fy“auq“ + Z(I'J: tr [6“‘1’8“‘1)]
+ Un(®, @) — tr (@)

2 2

e ) 1-
+ hkq( e, 75@2,,,) ¢

= Effective potential depends on invariants

p = trlol) , T =p trgtp)ap?

F = d€é¢ + Oleé ?f ) -




Sfymmeﬂrt keq tme (6 =0)

A

: UA(/{) brotren (ﬂwomm.y




= Confinement not included

= Pointlike Interaction; at scale k, not a very
accurate description of the physics
associated with gluoens

" = Substantial errors in nonuniversal
quantities (e.a. 1. )



= Useful non-perturbative method

= Well tested in simple besoenic and
fermionic systems

= |nteresting generalizations, te: gauge
theories , gravity.



Much work in progress by various groups
= Gluedynamics ((neguarkst)

" @UEKEMESORIMOUE]S

J PDlagerigtion of gotiglel icics

J For rezllistie CICR) i mllejefs oleitlfe
correct inls Wotllefejraziily nlpeirice in)e
crlziflces of ofteipliizitlvaly relizigle
SEIUNENS






Feymc'om'c Mode[s

2 Nambu- Jona —Lasinie miootel CNJ/_)
(QcD)
* Hubbard monlel

x Gross - Meveu wrodel ( GNV)

-fcv low 7—} (}lémz}:al poz?enﬁ'a[ e E O
i y,

difficult Pegc'an tn mementum space :

Feiruw Sorface

(F)

Cheoose R& svch that pomenta

near Fermu Sotface are cot off for 4 >0 ]

eq, T - (Tlf—éz)%

—541'2}7 Brl‘;f\'/ s




Gross- Nevevo  wmode!/

So(A) - > Lorents” - syh«meszy

g =3 :

‘weo space d:‘mevzscbhs/ s -




h

Second opder péqse bransitior

(d=3, all V)

/

n quak '_ZO&H g H\’_Z.r'co‘/ /Oorhz/ T =0

ovder pavameber : G, = (G <% % >

Critieal exponen £s

N v T Ty
A 0.6 0.3! 0.4
2 0.93/M.00(%) 0.53/07U) 0,07

4 A.0)yfA.02 (8) 0.%/0.81(3) 0,03

Mass gap
PMyur =8y , Mg =4sp
$o = 122G <gyp>*

N=4: A, =445 Ads = 16.8

/

Z‘/aef/{'@?/ Wom/_., / Vitale, Rosq, -



