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Chapter 1

Introduction

Quantum mechanics generally has many applications in physics and
quantum control theory is an important branch because it is the the-
ory behind the design of quantum computers, sensors, and cryptogra-
phy [1, 2, B]. The goal of quantum control is to guide the evolution
of a quantum system without destroying the coherence [4]. Richard
Feynman proposed an interesting application as the construction of
quantum computers, which permit a huge reduction of computational
time due to the entanglement [5].

1.1 Aims of the thesis

Generally, the question of whether a quantum system is reversible or
not is one of the most fundamental aspects in the field of quantum
mechanics [6]: If our system is reversible during periodic cycles we
can reduce significantly the loss of information. The aim of this thesis
is to investigate how to control a three-level system, with a focus on
accelerated adiabatic evolution by adding a counterdiabatic term to
the main Hamiltonian. In the second chapter of this thesis, we will
explain the necessary tools to comprehend the topics of this thesis.
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1.2 Third chapter

In the third chapter, we will introduce our protocol where time evolu-
tion driven by the Schrodinger equation is constructed to be adiabatic.
An adiabatic evolution in quantum mechanics occurs when the [i)(t))
of the Schrodinger equation follows the starting eigenstate with a dy-
namic and a geometric phase, better known as Berry phase [7]. In order
to get an adiabatic evolution we can choose two methods: the first one
is using a very long experimental time, while the second one is adding
a counterdiabatic term [8] to the main Hamiltonian. The advantage of
using it is that we can significantly reduce the experimental time thus
we can have a much lower computational load for our simulations [9]
and,more importantly decoerence has no time to act.

1.3 Fourth chapter

Subsequently, in the fourth chapter, by adding some time dependent
phase to the Hamiltonian I calculate the Berry phase [7], a geometric
phase which can be linked to the area enclosed by the path of the Bloch
vector on the Bloch sphere in a reduced two-level system evolving under
an adiabatic evolution. Essentially, a different path caused by, e.g,
some experimental noise implies a different area enclosed by the qubit,
and therefore a different Berry phase. In this study the Berry phase
serves as a control tool to investigate certain control imperfections.

1.4 Fifth chapter

In the fifth chapter, we will explore population decay by using a v
decay rate both through the Schrodinger equation and a master equa-
tion, particularly the Lindblad equation. An important quantum phe-
nomenon that can be observed is the Zeno effect [10]. Specifically, the
populations are analyzed as a function of v and we observe an inver-
sion of the trend: In fact, the populations continue to decrease until
they reach a v value after which they begin to increase. Notably, the
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von Neumann entropy as a function of v reaches the minimum in the
same -y transition of the populations.

1.5 Conclusions

The final chapter discusses the conclusions and future prospects and
applications of this work.






Chapter 2

Theoretical aspects

In quantum mechanics, the observables are described by linear Hermi-
tian operators. An operator is hermitian if it is equal to its adjont. In
our case we will use a 3x3 matrix representation of the Hamiltonian
because we study a three-level system. Since sometimes there will be
interactions only between two eigenstates we will reduce a 3x3 Hamil-
tonian to a 2x2 [11] Hamiltonian to simplify the computations. Since
Hy; is a time-dependent term we obtain a matrix that is very similar
to the Landau-Zener model [12} [13].

2.1 Landau-Zener

To understand our protocol, we introduce the Landau-Zener model,
which is a two-level system described by a 2x2 Hamiltonian with a €(t)
function on the diagonals and a A on the out-diagonal terms [13, 12].
The A term is the element that guarantees the avoidance of crossing,
where an eigenvalue almost approaches another energy level during the
time evolution of the quantum state. The Landau-Zener Hamiltonian
can be written as:



Since the Hamiltonian is time dependent, the eigenvectors and the
eigenvalues are time dependent and the eigenvalues equation is:

H(t)n(t)) = En(t)[n(t))
and the Schrodinger equation is

0
tho [W(t) = Ht)[w(1)) (2.1)

The Schrodinger equation can be also rewritten by using time evolution
operator U which is unitary in a closed quantum system so the equation
becomes:

[¥(2)) = U(t, to)|v(t0)) (2.2)
If H is not time-dependent
U(t, ty) = e #H0=10) (2.3)

If the Hamiltonian is time-dependent, like in the Landau-Zener case,
if we want to calculate U it is necessary to use the Dyson series, which
can be expressed as [14]:

U(t,ty) = T exp (—% /t:H(t’) dt’> (2.4)

where 7T is a time-ordening operator which is necessary, because
H(t) does not commute with itself at different times. The resulting
series is therefore written as

Lm¢@:1—%/whﬂ@) (2.5)

to

+ (—%)2[: dt, /t:l dty H(t1)H (t2) (2.6)

.\ 3 pt t ts
+ (—%) / dt1/ dt2/ dt3 H(tl)H(tg)H(tg) + -
to to to

(2.7)



2.2 QuTip software

Solving analytically the Schrodinger equation is generally impossible
because it requires solving a system of differential equations with time-
dependent coefficients. In order to have precise computations it is
necessary to use advanced software like QuTip which is based on the
python library [15]. Now we present a short list of the main commands
of this software.

e sesolve is necessary to solve Schrodinger equation.
e mesolve is necessary to solve master equations.

e linspace divides an interval into equal parts.

e arange generates a well-defined numerical sequence.
e Qobj creates a quantum object.

e basis generates a set of basis vector.

e expect computes expectation values.

2.3 Fidelity

One of the goal of this work is to obtain a complete transfer of popu-
lation from the state |1) to the state |T). To measure the efficiency of
our protocol of transferring the entire population we must introduce
the concept of fidelity [16]. We can define the fidelity as:

F(t) = KT(0) . (2.8)

If we measure the fidelity at a time ¢;/2, and if the protocol works
correctly we should observe a value similar to 1.
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2.4 Countediabatic term

To achieve high fidelity we must use a considerable experimental time.
However, it is often inconvenient to use extended times for studying
quantum protocols. So the only reasonable alternative is to add the
counterdiabatic term Hgp to the main Hamiltonian. To derive the
Hep term we start from [¢(t)) given by the adiabatic evolution [7]:

[(t)) = O et h PO ) (29)

And now we take the time derivative

(4

(1)) = 19, (8) [()) — £ En(t) [1(1)) + e b B |51))

h
(2.10)
And we put it equal to:
ihO|i(t)) = (Ho(t) + Hep(t)) [4(1)) (2.11)
With
Hep(t) [n(t)) = —h7,(t) [n(t)) + ik |Om(t)) (2.12)
ih {m(t)|0m(t)), m#n
m(t)|Hop(t)|n = 2.13
(m(t)|Hep(t)In(t)) {M(t) RO, m=n (2.13)
Yn(t) =i (n(t)|On(t)) (2.14)

Which is the derivative of the Berry’s phase

Hep(t) = ih ) (10m(t))(n(t)] = (n()|0n (1)) In(D) (n()])  (2.15)

Hep(t) = zhz [0:P,(t), Pu(t)], P,(t) = |n(t))(n(t)] (2.16)
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Otherwise we can write the counterdiabatic term

(m(t)[0:Ho(t)|n(t))

Ol ®) = =5 5. ®

(2.17)

And by consequence:

- mz ‘afHO m'ZE ) m(t)) (n(t)] (2.18)

Thus in the Schrodinger equation we replace the main Hamiltonian
Hy(t) with Hiota1(t) = Hep(t) + Ho(t) [17). The advantage of using
the Hop term is that we can obtain an adiabatic evolution with much
shorter experimental time.

2.4.1 Berry phase

Thus in an adiabatic regime, if our protocol starts with an eigenestate
|n(t)) of the Hamiltonian H (t), its time evolution is given by:

(1)) = €O kRO |n(t)) (2.19)
where
e F,(t) is the starting eigenvalue of the Hamiltonian.
e |n(t)) is the associate eigenvector.

e 7,(t) is the geometric phase (Berry phase) defined by

Tn(t) = z/o <n(t’)\%ln(t’)>dt’ (2.20)



2.5 Bloch sphere

Since we often reduce our 3x3 Hamiltonian to a 2x2 Hamiltonian is
possible to describe its evolution by using a Bloch vector on the Bloch
sphere. The Bloch vector can be described by [18]:

1) = cos (g) 0) + €' sin (g) 1) (2.21)

=) =) (222)

where 6 is the polar angle while ¢ is the azimuthal angle. When our
evolution is adiabatic and the Bloch vector makes a closed loop the
Berry phase has an important relationship with the solid angle [19]:

with

(1) :z‘/o (n(t')|%ln(t’)>dt’: —% (2.23)

In the following image we can see an example of Bloch sphere:

9
oy

- mmmE .

1)
Figure 2.1: An example of Bloch sphere [I§]
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2.6 Density matrix

Another way to describe a quantum system is by using the density
matrix p. If we have the maximum information of the quantum state
it is a pure quantum state and we can define p as [20]:

p =), (2.24)

where |1} is the ket of the Schrodinger equation.
Instead if we do not have the maximum information we write p as

p= sz'\l/}iﬂ%\ (2.25)

where p; is the probability of each state. Is it possible to determine
the mean value of an operator A by using the density matrix:

(A) = Tr(pA) (2.26)

while the time evolution of the density matrix is described by this
following equation :

dp
dt
To demonstrate the previous relationship we start from (2.24) and we
take the time derivative of the density matrix. So we obtain:

ih— = [H, p] (2.27)

o — 4 (D = (Fwoy) wel+ e (Feo))
(2.28)
And developing the calculations we have:
dp 1 1
D~ HRO) 0] - SO e@IE  (229)
D (Hp— pH) = Z[H. g (2:30)

Multiplying both terms for ¢A we obtain the original equation. For pure
and mixed states, the density matrix has some important properties
[20]:

13



p = p': Density matrix is Hermitian.

Tr(p) = 1: Trace is always equal to 1.

The eigenvalues of p are real and positive or equal to 0.

p? = p if and only it’s a pure state.

Tr(p?) = 1: if we have a pure state.

Tr(p?) < 1: if we have a mixed state.

2.7 Master equations

Until now we have described a closed quantum system but this type
of protocols are rare in nature. We can often observe interactions
between quantum systems and the external environment. To describe
this phenomena we must use master equations particularly written as
[21]

dp _ 1

> ot Lays I
= H LypL, — =L, Lip — =pL, L 2.31
dt h[ ,P]+zk:<kpk o kLR zpkk) ( )
e p is the density matrix.

e H is the Hamiltonian.

e L are the Lindblad operators which tune the interaction between
the quantum system and the environment

e [H,p| is the commutator H e p, i.e. Hp — pH.

For example we can describe a decay of a level state with a decay rate
v by writing L = /7 |4) (T
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Chapter 3

Protocol description

One of the main goals of this work is to control the time evolution of
a few level system, particularly, a three-level system. Specifically, we
want that if our evolution begins in a specific eigenstate, it must follow
that state during time evolution possibly multiplied by a phase. This
type of evolution is known as adiabatic evolution. To achieve this, we
can choose two options: using a long experimental time, which guar-
antees a good control on our evolution or better we append a coun-
terdiabatic term to the main Hamiltonian which permits an adiabatic
evolution in a much shorter experimental time [22] 23] 24].

3.1 Molecular system

In some cases quantum control theory can be applied to a molecule. We
start from an original structure of a lithium dimer, which is shown, e.g.,
in Fig. 2 in [25]. We have the starting state, the ground state |1) that
corresponds to the rotational vibrational state X'X7 (v = 2,.J = 22) in
Lis, and the spin orbit coupled states |7} and |.S) which correspond to
1Y, (v =1,J =21, f) and G'II,(v = 12, J = 21, f), respectively. The
|S) and |T") Lithium molecular states of [26] have mixing coefficients
a? = 0.87 and 3% = 0.13, with spin-orbit splitting A,, = 27 -0.75 GHz
equivalent to 4.71 ns~!.

Molecules have energy levels that can be divided into triplet state
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|T"), which corresponds to a spin-symmetric wave function, and the
singlet state |S), which has a spin-antisymmetric wave function [14].
Our protocol is based on a four-level system : the ground state |1),
which has the lowest energy, the triplet state |T') which has an in-
termediate energy, and finally the singlet state |S) and the state |2)
with the highest energy [26, 27, 28]. The intention of [29] is to obtain
a complete population transfer from the state |1) to the triplet state
7). Our advantage is that the (].S), |7")) manifold of states has a mixed
singlet-triplet symmetry owing to spin-orbit coupling. They originate
from the (]Sy), |To)) states corresponding to unperturbed singlet and
triplet states with original energy separation 4Aj. It’s possible to no-
tice the presence of a spin-orbit interaction V' that can be written as
Hyo = V[So)(Ty| + H.c with A = 1. The mixed states |S) and |T') are
then equal to

15) = alSo) = BITo),  [T) = BlS0) + |To), (3.1)

where i.e., |a]?+]|8|? = 1. There is a relationship between the term A
which is the unperturbed energy separation, the perturbation V' and
effective energy splitting Ay, which is [30]

Ay = (a* = B A, V = afA,,. (3.2)

We can reach the singlet-triplet manifold due to a pump (p) laser
which connects the |1) singlet to the |S) state with detuning 6,. The
singlet component of both |S), |T') eigenstates of Eq. determines
their excitation by the p laser characterized by Rabi frequencies af2,
and €2, respectively. The excitation is driven by the pump detuning
from those states.

The quantum control of the singlet-triplet transfer introduced in
[26, 27] is obtained by modulating the energy separation of the spin-
orbit |S), |T) manifold. Such a modification is produced by a control
(0.) off-resonant laser linking the |T") state to an additional |2) triplet
one with detuning .. The Rabi frequencies for the mixed manifold
components are — (€2, and af)., respectively.
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Overall, the time evolution of the optically driven four levels (|1), |.S),
|T),|2)) is described by the Hamiltonian

5, a2 —pQ,/2 0
af,/2 0 0 BQ./2
B2 0 =D, af2)2

0 B2 a2 —b.— A,

HY = (3.3)

By our choice the |S) state has an energy equal to zero as we can notice
in the H9s term of the Hamiltonian.

3.1.1 The adiabatic reduction

As we can see in [29], for |0.] > ()., corresponding to a virtual exci-
tation of the |2) state, |2) can be adiabatically eliminated. To do this
we begin with a system of four differential equations derived by the
Schrédinger equation using the coefficients: Cy(t), Cs(t), Cp(t), Ca(t)

. Q Q

iCy = 6,C1 + oz?pcs - BTPCT (3.4)
- Q Q

1Cg = Ck;pcl + 67602 (35)
- Q Q.

1Cp = —6—p01 — ACr + a—0C% (36)

2 2

: Q. Q.

iCQ = 5705 + Q7CT - (Aso + 50)02 (37)

~ Since |6| > Q.,we can adiabatically eliminate the state [2) putting
C9 =~ 0, then we have:

1
Cyt ——
27208, + Ay

Substituting this expression into the preceding equations yields the

(8Q.Cs + af2.Cy) (3.8)
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reduced three-level system.

Q Q

iCh = 6,C1 + 7?05 — 5710077 (3.9)
. B%202 a2

1Cg = 04701 + —4(56 n Aso)CS + 0.+ ASO)CT (3.10)
N O 302 a*Q;

iCr = —5701 + mcs + (A + m)CT (3.11)

We can notice that the terms in front of the coefficients are the same el-
ements of the 3x3 Hamiltonian that we have introduced in the previous
subsection

3.2 The state reduction from four to three
levels

So now we have a new three-level system [16] .

5 a, B9,
P 2 2
3 aQ 5202 aB02
G — ol T , (3.12)
B, apo? 0?02

> Moahn Do T IpTan)

in the basis {|1),|S),|T)}. Notice that within the effective energy of
the state |T') the light-shift or ac shift d;5 given by

2()2
€

5[8 = m, (313)

associated to the Autler-Townes process.
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3.3 3x3 Hamiltonian

In our three-level system, we can distinguish the ground state |1) which
has the lowest energy, the triplet state |T) and the singlet state |S).
Our goal is to start the adiabatic evolution from the state |1) in order
to observe the avoiding crossing with the triplet state |T) and after
this returning symmetrically to state |1). By doing this we expect a
complete transfer of population from the ground state to the triplet
state. The following image shows precisely our protocol scheme:

inverted + L
arive

Figure 3.1: Image which explains our protocol scheme.

For semplicity we can rewrite the Hamiltonian as it follows:

er(t) Qs r
Ho(t) = QTS €g QST . (314)
Nr ST €T

where the exact values are listed in the appendix C. In our Hamil-
tonian, we have the €(t) term which drives the time evolution of the
eigenstate with the lowest energy. Since our goal is the avoiding cross-
ing of the ground state with the triplet state symmetrically, we choose
two symmetric functions: one is based on the atan function and the
second one is an eight-degree polynomial fit of the atan function. In
the next subsection we report the two sweeps.
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3.4 The two sweeps

The first sweep that we take into consideration is the atan function.
This because is the best function that we can have to reach a complete
transfer of population from |1) to the triplet state |T") [31]. This can
be demonstrated by using the principle of minimal action on the Bloch
sphere. In our case we write the atan function:

aarctan(bt) — ¢ 0<7<0.5,

3.15
aarctan (b(1—7)) —c 05<7<1, (315)

ei(r) = f(r) = {

for real parameters a = 10ns~', b = 20, and ¢ = 18.6ns~'. The transfer
to the state |T") occurs in the interval 0 < 7 < 0.5, and back to the
initial state in 0.5 < 7 < 1. A slightly softer evolution is obtained by
an eight-degree polynomial fit of the function f(7), that reads:

p(7) = as™ + a7’ + a7’ + a5 + aymt + a3 + aeT +
+ a7 + ay, (3.16)

where the coefficients are listed in appendix A. These two functions are
similar but there is a key difference: the atan function has a cusp at a
7 = 0.5 caused by the discontinuity of the derivative in that temporal
point while the polynomial fit does not have this problem. Since the
derivative discontinuity of the atan can cause imperfections during the
experiments and for the computation of the counterdiabatic term, we
will adopt the polynomial fit in all the QuTip simulations.
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Figure 3.2: Confront between the two sweeps: it’s possible to see that
the two functions are almost equal if we exclude the cusp at a7 = 0.5
of the atan fucntion.

These functions control the time evolution of the ground state, and
since it is the only time-dependent Hamiltonian term, it also influences
the other two states |T') and |S). It’s possible to visualize the eigenval-
ues of the three states guided by the atan function and the polynomial
fit. Because these two sweeps drive the evolution of the ground state,
we can notice that the eigenvalue of |1) has an evolution that reflects
the graph behavior of the two functions. In the following image it’s
possible to see the evolution of the time-dependent eigenvalues.

21



Energy [ns~1]

—10

—-15 -

=20

Energy [ns~1]

=10 1

—15 A

-5 |
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ity

Figure 3.3: Instantaneus eigenvalues of |1), |T), and |.S). We can notice
the avoiding crossing between the ground state and the triplet state.
In the first graphic the ground state is driven by the atan sweep, while
in the second graphic the ground state is driven by the polynomial.

It’s possible to notice the avoiding crossing between the ground
state |1) and the triplet state |T) during time evolution. Now we
compare time evolution of the populations of the ground state, the
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triplet state, and the singlet state driven by the polynomial with the
case driven by the atan function. We use a short experimental time
ty = 500ns to demonstrate that it is impossible to achieve adiabatic
evolutions without using the Heop term in a short time. The following
image shows the comparison between the populations driven by the
two sweeps:

1.0 ] ]
@ |m (b) |S) (c) |2
[
o
(0] ]
L05
o
@]
o
— Po|
O 07 = Atan | | |
0.0 0.5 1.00.0 0.5 1.00.0 0.5 1.0
t/ts t/ts t/ts

Figure 3.4: Populations trend at an experimental time ¢y = 500ns
using the polynomial (red) and atan (green). It’s possible to notice
that neither populations |T') are able to reach 1 and go back to 0
symmetrically.

As we see, we can observe a high number of oscillations of the
ground state and the triplet state during evolution. Since we want to
avoid it, we subsequently use a much longer t;. When we use a sig-
nificantly longer experimental time, we can see a substantial reduction
of oscillations and we can notice that, during time evolution, the pop-
ulation of the triplet state |T") reaches 1 in the middle of the graph,
while the ground state population tends to 0. This effect is due to the
particular evolution of the ground state, which is time dependent. In
fact, when it reaches the energy of triplet state it becomes similar to
the triplet state so the eigenvector resembles the |T') state, and we have
a fidelity close to 1. This is because, during an adiabatic evolution,
the state 1 (t) governed by the Schrédinger equation can be written as
the initial time-dependent eigenstate multiplied by a dynamic and a
geometric phase. Therefore, the probability depends only on the time-

23



dependent eigenstate, since the squared modulus of the phases is equal
to 1. The following image shows the effects of the two sweeps:

=
o

Population
o
bl

0.01 —J

(a) IT’

— Atan (b) |S)

L

(© I%)

—

-

0.0

0.5
t/ts

1.00.0

0.5 1.00.0 0.5
t/ts t/tr

1.0

Figure 3.5: Populations of the three states |1), |T"), |S) at the ex-
perimental time ¢y = 5000ns. In this case, since the experimental
time is long, there is an important reduction of the oscillations and
the population of the triplet state is able to reach the maximum. This
demonstrates that we can obtain adiabaticity using a very long ¢ with-

out HC’D-

Now we study the fidelity by using a time range ¢y between 150ns
and 5000ns inserting in the sesolve t/2 instead of ¢y to observe the
physical behavior at 7 = 0.5. Our goal is to verify that the two fidelities
at a t/ty = 0.5 reach 1. Two fidelities are listed in the follwing image:
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Figure 3.6: The two fidelities of the polynomial and the atan with
a 150ns < ty < 5000ns. In this case in the sesolve we insert tf/2
instead of ¢; without using Hep in order to check if the two fidelities
reach 1 in the middle of the experiment. It’s possible to notice that the
oscillations undergo to a significant reduction as ¢y increase. We use
50 points for the graph in order to avoid rapid oscillations. Anyway
the two fidelities are very similar.

As mentioned earlier the eight-degree polynomial fit has not a
derivative discontinuity at a t/t; = 0.5 so in our simulations we choose
it. In the next figure we can see the evolution of the three populations
at a ty = 5000ns.
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Figure 3.7: Time dependence of the populations at a experimental time
t; = 5000ns using the polynomial. The oscillations are negligible due
to the long t;.

3.5 Populations with Hqp

Since we need a much shorter experimental time for experimental and
computational reasons, we add the counterdiabatic term to the main
Hamiltonian. The next figure shows the time evolution of |1),|T), and
|S) driven by the polynomial sweep. Subsequently, we use Hop to have
a perfect adiabatic evolution using a shorter time ¢¢. It’s worth noting
the almost complete disappearance of the oscillations and some other
non-adiabatic effects. The following image shows this:
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11),|T),|S), during a perfect adiabatic evolution.

3.6 Conclusions

We can observe an almost perfect reversible population transfer from
|1) to |T'). This demonstrates the efficiency of the counterdiabatic
term since we use a smooth function. In fact Hgp, reaches the max-
imum efficiency when we use polynomials [32] since they have simple
derivatives. This permits us to have an adiabatic evolution with mul-
tiple cycles which can be applied to some quantum devices like and
quantum computers. As will be shown in chapter 5 fast evolutions
counteract dissipation effects, which influence the dynamics only on
long scales.
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Chapter 4

The Berry phase

The Berry phase is a geometric phase which makes sense when the
evolution of a quantum system is adiabatic. If the Bloch vector on the
Bloch sphere follows a closed path, the Berry phase can be linked to
the area subtended by the curve.

4.1 Application to our system

In our protocol, the reversibility driven by the symmetric polynomial
fit ensures the path closure. Since the singlet does not play a significant
role, we can reduce our 3x3 system to a 2x2 Hamiltonian, and this gives
us the opportunity of visualizing the area enclosed on the Bloch sphere.
Following [33], we insert in the matrix a time dependent complex term
in order to get a non-zero Berry phase. The evolution of the Bloch
vector specifically depends on the value and time dependence of such
a complex term, see for instance refs. [34], 35, B6]. In the case of the
experiments with molecules described in [26], 27], the amplitudes «
and [ quantify the mixing of the singlet and triplet states, due to the
Autler-Townes effect [26, 25], and can be made complex. This would
realize complex coupling elements Q7 = |Q;7] €.

As we have explained previously, the singlet does not play a sig-
nificant role in the time evolution of the Bloch vector so we can use a
2x2 matrix instead of a 3x3 matrix. Thus we can write the effective
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Hamiltonian as:

(eff) p(T) Q7| sign(r — 3) e
a0 s RS

The function sign(r — %) changes the sign of the coupling along o, at
half the protocol time, while the phase ¢;(7) induces a mixing of the
operators o, and o,. We choose

1 2
1 —— | = —1
agn(T 2) 1 +exp [ —d(T— 0.5)} ’

(4.2)

with d = 20 for computations without a time-dependent phase ¢y (7).

It’s possible to create a closed loop in the evolution on the Bloch
sphere with the sign function and ¢; constant or zero. Alternativly,
this can be done without sign function and a time-dependent phase
¢r(7). In the latter case, we choose ¢i(7) = 2wkT with integer k.
An evolution along a closed contour on the Bloch sphere can give rise
to a geometric phase. Since our evolution is perfectly adiabatic, it is
interesting to deal with the Berry phase [7], arising from the evolution
of the diagonal part in the instantaneous eigenbasis |n(7)). Berry phase
is expressed in terms of the so-called Berry connection A(7), integrated
over a closed path drawn by the time evolution. More in detail, A(7)
is generally defined by the diagonal part of the time evolution in the
instantaneous eigenstates [n(A(t))) of Hy(t) [37], when changing some
parameter A(¢) over time ¢

(4.3)

Integrating the Berry connection over a closed loop C'in the parameter
space, we obtain the Berry phase [7, [38], 39, [40]:

(T) = fo AN dh = —i [Lo(n(t)| %) di =
= —i [_y(n(7)| %2) dr, (4.4)

7=0 Cor

corresponding to the definition in sec in sec 2.4.1. In the next section
we can also find an alternative formula for the Berry phase.
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4.2 Berry connection

We consider the eigenstate n(7) written with a dependence on the
azimuthal and polar angles:

n(r)) = cos (@) 10) + €0 gin (@) 1), (4.5)

Following the [19], we calculate the time derivative::

i) = - gsin (“71) o)

’ + €2i¢(7) (;:os (@) % + isin (@) %) 1) (4.6)
The inner product :
(oo () (3=(£)2)
e ()52
i (22 o (2 2 4 i (A0 2
_, 1—0050(7)@. (4.7)

So the Berry phase is:

1 — cosf(r)d 1 d
vzi/i-%ﬁ)d—fch: -3 /(1—0089(7))d—¢d7. (4.8)

If the parameter ¢(7) changes as A¢ we obtain:

Y= 18- /(1 — cosB(r))dr (4.9)
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Since the z component of n(7) is:
n.(7) = cosO(T). (4.10)

Numerically, 6(7) it’s calculated from 6(7) = arccos({c,)), where (o)
is the expected value of o,using the starting eigenstate. The integral
J(1 — cos@(r))dr is evaluated by using a cubic spline interpolation
of §(7) and numerical integration (for example the trapezoidal rule).
Since to the 8 term is appended a time-dependent phase ¢(7) = 27kT
the Berry phase can be written as:

v=—km- /(1 — cos 6(7))dr. (4.11)

Thus the Berry phase depends on the geometry of the path di n(r)
on the Bloch sphere. The derivative of n(7) defines the evolution of
0(7) e ¢(7), and the Berry’s phase is proportional to the integral of
(1 —cosf(7)), and ¢(7). Now we demonstrate that A¢p = —27k

4.3 Eigenvectors and mean value of o0, e
Ty

No we want demonstrate that in our case A¢p = —27k where k is
present on the phase in the Hamiltonian.

[ a) —psign(er
HO) = (Lt 800 )

where 3, Cy are constants and the sign function is equal to sign(7) =
2

s — L a(T) is the eight-degree polynomial and k is an integer.
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4.3.1 Eigenvector with the lower energy

In order to find the mean values of o, and o,, we start to calculate
the eigenvector with the lower energy. To do this we first find the
eigenvalue using the determinant as:

det((H(r) — M) = (a(T) - x) (Cy — \) — B2sign(r)? = 0.

5\ _ CL(7_> + 02 - \/(CI,(T) — C2>2 T 452Sign(7')2
_ 5 |

Per \_, the eigenvector |n(7)) = (i) satisfies:

a(t) — A_) x — Bsign(r)e®™ Ty = 0.
(a(r) = A) & — Bsign(r)e*™7y

. Bsign(7)e?™y
a(r) = A
We normalized |z|? + |y|* = 1:
a(T) — A Bsign(T)e?mhT
y = - , T= > .
V(a(r) = 32 + Bsign(r)? V(a(r) =302 + Bsign(r)?
in(r)) = Bsign(7)et2mk 0)+ a(T) — A iy

V0am) =32+ Bsign(r)2 \/(alr) — A)? + Bsign(r)?

Now we have the eigenvector written as a function of the matrix pa-
rameters and of the minimum eigenvalue. We can define also:

D(r) =/ (a(r) = )2 + Bsign()2.

We simplify the notations in the subsequent subsection:
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4.3.2 Mean values o, e o,

So we have:

D(r) =/ (a(r) = )2 + Bsign()2.

ﬂsignl(;()e)izﬂkf _— o
_ T [ Bsign(r)e™2ET q(r)=A_
n(r)) = ( Nl ) | n(r)| = (Bt ap i)

We can calculate the mean value of o, as

~ a(T)—A_
__ [ Bsign(r)e kT q(1)—\_ D(r
<UI> - ( . D(7) D(T) ) <Bsign(7g 6)12“’”> )
D(7)

_ 2ﬁsign(7)(a~(7) — ) cos(27rk7).
(a(r) = A-)? + Bsign(7)?

And we can calculate the mean value of o

. a(r) =M
_( Bsign(r)e= 2T a(r)—A_ 7D
<0y> - ( D(r) D(r) ) (Z ) ﬁsign(T)ei%kT .
D(r)

_Qﬁsign(T)(aN(T) — \_) sin(27kT) |
(a(T) — A_)? + B?sign(7)?

Now if we take the ratio we obtain

E%i — tan(¢) = tan(—27k7) (4.13)
Oy
And we demonstrate that ¢ = —27wk7. In the following image we can

see the path of the Bloch’s vector for k=0,1,2
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Figure 4.1: Image that shows the path for k=0 in red, k=1 in blue and
k=2 in green. For k =1 v = 2.8 rad while for k£ = 2 y5=>5.5 rad.
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4.4 Berry phase as a sensor

Berry’s phase can be also used to detect some anomalies during the
population transfer between the state |1) and the state |T). In fact,
it changes significantly when a constant parameter v is added to the
polynomial fit in the equation: p(7) — p(7) + v. The values of v
are taken from the interval [—10,—0.25]. The constant shift of the
instantaneous energy of state |1) affects the coupling between the in-

stantaneous eigenstates of H(()eﬁ)(T) (and of Hy(7) during the evolution.
This change, particularly relevant at the avoided level crossings, is vis-
ible in the time-dependent fidelity , as well as in the values of
Berry phase gathered along a cycle. Through this adjustment, it is
possible to establish a relationship between the maximal values of the
|T) population and the Berry phase. For v < —3.5, the transfer to
the state |T') no longer works perfectly. Here we obtain populations of
|T") smaller than one, even in the presence of CD control, and hence
at perfect adiabatic evolution. The reason is the insufficient coupling
between the levels |1) and |T7). The correlation is best fitted by a
polynomial similar to the applied sweep in Eq.

P(vB) = bg + by + b + bsy + bays + by

2 (4.14)
+ boyp + biys + bo,

where the coefficients are listed in appendix B. The following image
shows the fit
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Figure 4.2: Polynomial fit that shows the dependence of the maximal
population |T") vs the Berry phase.

This relates the maximal population of the triplet state, Pp(t =
tr/2) with the Berry phase vg(T) after a full round trip from ¢ =
0tot =T = t;. We have chosen this polynomial fit since it has
the same form of the eight-degree polynomial fit of the atan function.
The observed correlation indeed seems to reflect the functional form
of our sweep p(7). Hence we see that the value of the Berry phase
can be tuned with the rate of change of the additional phase ¢ ()
(it systematically increases with the integer k) and also by the sweep
function, for instance, by the constant parameter v added to Eq. (3.16)).
We can see that if the protocol is not transferring perfectly population
to the triplet state |T), the geometric phase approaches zero. In the
limit of no evolution of state |1), this means that only a vanishing solid
angle is spanned in the Bloch spheres.
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4.5 Conclusions

From this chapter we can deduce an interesting applications of the
Berry phase to our protocol. As we have seen, we want to obtain a
complete transfer of population from the ground state |1) to the triplet
state |T") by using an eight-degree polynomial sweep. But at the same
time if our polynomial undergoes some changes, like being translated
downward, there is no more a complete population transfer. Then the
path on the Bloch sphere becomes smaller and smaller as v decrease
until the area enclosed becomes equal to zero. So generally, if we have
a Berry phase equal to zero we can deduce that there is no population
transfer.

38



Chapter 5

Decays, Zeno Effect and
von Neumann entropy

Now we modify our Hamiltonian adding a complex term ~ on the Hss
element in order to simulate a decay of the triplet state |T")[41]. Specif-
ically, we want to simulate a population loss caused by an interaction
between the original closed quantum system and an external environ-
ment. Here we study that loss.

5.1 Decay with Schrodinger equation

We start analyzing the populations of the ground state, the triplet, and
the singlet with a check on the norm of 1 (t) state of the Schrodinger
equation. In a closed quantum system, the norm should always be
equal to 1 but since v simulates a dissipation caused by the external
environment we expect a decrease of the norm, as the 7 = ¢/t; in-
creases. First of all, we begin with the case without Hop so we must
use a long experimental time ¢;. The following image shows the popu-
lations and the norm vs 7 with v = 0.0001 and using ¢; = 5000ns. As
we can see, the norms 1 (t) show a decreasing behavior with increasing
of 7.
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Figure 5.1: It’s possible to note the norm decline at the increasing
of 7. We can notice that the population |7’} decline in the interval
0.25 < 7 < 0.75 compared to the case without v while the norm of the
Y(t) goes from 1 to about 0.7 during time evolution.

Instead, in the following image we can see the decrease of the pop-
ulation sum taken at 7 = 1 at a v = 0.00005 with the increase of the
experimental time ¢y. We can notice that the curve fit is an exponential
as expected. We can write the curve fit as:

y=a-exp(—bty) +c (5.1)
where the coefficients are equal to:

a = 0.998 & 0.008
b= (4.379 4+ 0.07994) x 107°
¢ = 0.002 + 0.010

Notice that ¢ has an error that is bigger than itself, probably because
¢ term is incompatible with the fit.
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Figure 5.2: In this image we can see the the trend of population sum
measured at a 7 = 1 vs the experimental time ¢;. It’s worth noting
that even if we have a small value of the decay rate the population
decline is remarkable since it falls from 0.8 to 0.15-0.2. This because
we use a very long experimental time ¢ that begins from 5000ns and
finishes to 25000mns.

We now consider the case involving the counterdiabatic term H¢op.
The inclusion of this term enables the system to reach adiabaticity
without requiring long experimental durations as we have seen in chap-
ter 3. As a result, the final time ¢y is significantly reduced, which in
turn leads to a diminished effect of decay processes. It should be noted
that the presence of the dissipation factor v = 0.0001 does not alter
the dynamics of the population. This observation is supported by the
following graph:
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Figure 5.3: In this image we can see the the trend of the populations vs
t/ty. In this case since the experimental time is much shorter than in
the previous without the counterdiabatic term we do not notice specific
changes in the evolution of the populations of |1), |T°), |S) neither in
the norm of (7).

Here we do not observe any considerable dissipation. This is be-
cause it’s not necessary to use a long ¢t due to the presence of the coun-
terdiabatic term. If ¢y is much shorter at the same 7 the population
loss will be significantly reduced. Hence, we find another important
application of Heop: if we append this term to the main Hamiltonian
we are also able to reduce dissipation effects and make the protocol
more robust against external dissipation. In the following image, we
can see the population sum decay using a much shorter experimental
time and with v = 0.0001.
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Figure 5.4: Population sum vs ¢y with Hop. The graph is similar to a
line because of the Taylor expansion.

It is worth noting that, since the population loss is negligible, the
graph appears linear. Of course, this does not mean it is truly linear,
but rather a consequence of the Taylor expansion. Another approach
is to use the Lindblad equations to study the time evolution of the
populations under a decay rate. For scaling reasons our Hamiltonian
is multiplied by ¢; and since we have only a v decay we write the oper-
ator L = Vtr 14) (T'| and then we calculate the population variation
depending on 7. In order to do this we append a fourth level state
where the triplet state |T') can decay. So we use a 4x4 Hamiltonian
with an energy term in Hyy and

61(t) 915 QlT 0
Ht)= | s e Hsr 0 (5.2)

Q7 s er 0
0 0 0 E,

The following graph shows the population trend of the four energy
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levels using in this case the master equations without Hep at a ty =
5000ns and with v = 0.0001.
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Figure 5.5: Like in the Schrodinger case we can observe the reduction
of the sum of the populations of |1), |T), |S), while P, of the fourth
state increases. The total sum anyway P+ Ppr+Ps+ P, is equal to 1.

It is worth noting the increase in the population of state |4) com-
pared to the loss observed in the sum of other states. As in the case of
using the Schrodinger equation, here too we measure the decay coeffi-
cients of the population sum as a function of ¢;. Specifically, we start
from ¢y = 5000ns and go up to ¢ty = 25000ns with v = 0.0001.
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Figure 5.6: Image which shows the population decline using a popula-
tion sum of |1)+|T)+|S) using master equations.

In the case of the master equation the coefficients of the exponential
fit are:

a = (1.00 4+ 4.75 x 107°)
b= (438 x 107" +5.02 x 1077)
(—6.04 x 107° £6.11 x 107°)

C

If we exclude c¢ the coefficients are very similar to the case where we
used the Schrodinger equation but the errors are much smaller.

In the last step, we add the counterdiabatic term Heqp in order to
obtain an adiabatic evolution. Like in the Schrodinger case we use a
much shorter experimental time ¢; = 50ns and a v = 0.0001. Then
we expect a considerable conservation of the sum of the populations of
the ground state, the triplet and the singlet.
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Figure 5.7: Various populations evolution using a short ¢y = 50ns.
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5.2 Zeno effect

We now introduce the Quantum Zeno effect [10,42]. This phenomenon
occurs when a quantum state ceases to evolve due to an excessively high
decay rate. Essentially, a strong decay rate corresponds to frequent
measurements, which tend to freeze. Instead if we use master equations
it’s possible to notice an increasing trend of the population sum after
a specific v, which can be named Y;nversion-

5.2.1 Zeno effect without H-p

To verify the presence of the Zeno effect, we study the evolution of
the sum of the ground-state population plus the triplet and the singlet
population as a function of the decay rate . For this purpose, we
consider the evolution without the counterdiabatic term Hqp at a final
time ty = 5000ns, and the evolution with Hep at a final time ¢y =
50ns. We begin with the case without Heop. The following image
shows the population sum of the ground state, the triplet state and
the singlet state:
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Figure 5.8: These two graphs show the confront between the
Pi+Pr+Ps and P, varying v at a ty = 5000ns. We can notice that
the total population Pi+Pr+ Ps+ P, is almost to 1, and that there
is a v where the population sum of the three states stops decreasing
and begin to increase. At the same time, complementarily, P; stops
increasing and begins to decrease.
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5.2.2 Zeno effect with Hqp

It is possible to notice that the sum of |T") +|S)+ |1) it is very small,
because as shown in the preceding chapter we use a considerable exper-
imental time ¢ so the sum of the populations vanishes. Anyway, if we
use the counterdiabatic term Hgop we can always reduce the necessary
experimental time with different consequences: in fact, if we observe
the populations in the following images we have:

0.100- —o— P +Pr+Ps

%3]
Q.
+ 0.075
a
~ 0.050]

4 0.025-

0.000-+
1.0001

0.975;
<+ 0.950
Q
0.925;

0.900+

0.2 0.4 0.6 0.8 1.0
1%

Figure 5.9: Confront between P,+Pr+Ps and P, by using Hep at
experimental time ¢y = 50ns.
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5.2.3 v inversion

Now using Heop we derive the inpersion, the point where there is the
inversion of the trend of the sum of the populations of the three level
states, |1), |T), and |S). To do this, we take a range of t; between
50ns and 200ns in 10 steps using the linspace function in QuTip. This
is necessary to measure the decay of these populations using anyway a
second-degree polynomial for each gamma taken in a range from 0.15
to 0.35 in a linspace of 20 steps.

P(ty) = at; + bty + c (5.3)

We use this polynomial instead of a function based on the exponentials
because of the instability of these fits due to the very low values of sum
of the three populations. After these computations we make a fourth-
degree polynomial fit b vs v in order to find the v where b si equal
to zero. The point where b is zero corresponds to the point where the
sum of the populations begins to increase. The new polynomial is

b(v) = ey + 57’ + ey’ + a1y + o (5.4)

Where the coefficients are listed in the appendix D. We can see in the
following image the key point is where ~ is 0.2895.
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Figure 5.10: The polynomial fit vs «v. The population sum begins to
increase where b is equal to zero.

5.3 von Neumann entropy and popula-
tions

Now we investigate the relationship between the sum of the populations
P+ Pr+ Ps using the counterdiabatic term Hop and the von Neumann
entropy. We can define the von Neumann entropy as [43]:

S(p) = —Tr(plog p) (5.5)

Here, p represents the density matrix as defined in the Lindblad equa-
tion. The entropy is an additive quantity which is correlated to the
degrees of freedom of a system [44]: if we have more degrees of freedom
we have a greater entropy.
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5.3.1 von Neumann entropy with Hqp

Interestingly, we observe a correlation between the minimum of the
sum of the three populations and the minimum of the von Neumann
entropy. The following image illustrates how the von Neumann entropy
and the population sum vary with respect to the parameter v at a
ty = 50ns.

—— von Neumann entropy
® Minimum: y=0.3364, S=0.0136

o
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0.2 0.4 0.6 0.8 1.0
v
Figure 5.11: The figure illustrates the behavior of the population sum
and the entropy. It’s possible to notice that the v corresponding to the
minimum of the population sum is the same as the one for which the
entropy reaches its minimum.

We can notice that the two v transitions are equal. This happens
because, at the point of the minimum of the population sum, we have
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a transition caused by the Zeno effect as we have seen in the previous
section. The transition point corresponds to the entropic freezing point
since the quantum system remains frozen because the possible distri-
bution of the populations are reduced. The following image shows the
confront between the population sum and the von Neumann entropy
both normalized.
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Figure 5.12: In this image there is the confront between the population
sum normalized and the von Neumann entropy normalized. The two
minima coincide perfectly at the same v = 0.3364.

5.4 Conclusions

In this chapter, we have simulated the decay of the triplet state by ei-
ther adding a complex term v to the H33 Hamiltonian term or by using
a master equation. Specifically, we have noticed that the presence of
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the Hep term lets us use a much shorter ¢y, which guarantees a signifi-
cant reduction of the dissipation. Since QuTip does not work very well
with non-Hermitian operators, we have used Lindblad equation in the
successive sections. We also verified the Zeno effect by observing an
inversion of the behavior of the population sum as 7 increases. This
phenomenon is confirmed by the minimum of the von Neumann en-
tropy, which corresponds perfectly to the minimum of the population
sum.
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Chapter 6

Conclusions

6.1 The three-level system

In this present work, we have studied time evolution of a three-level
quantum system. The main goal was to obtain a complete population
transfer between the ground state and the triplet state reversibly. To
obtain reversibility it was necessary that the ground state evolution
was driven by a symmetric function without cusps. Remarkable is the
efficacy of the counterdiabatic term Hgp, which reduces by a factor
of 100 the necessary time for the simulations without a loss of fidelity.
This speed up is necessary to best fight dissipation process as studied
in chapter 5.

6.2 The Berry phase

We have also studied Berry phase and utilized it as a detector for the
presence of some imperfections in our quantum system. Particularly
we have used it to check the goodness of the population transfer from
|1) to |T") in presence of noise and we have found an interesting cor-
relation between the maximal values of |T") and the Berry phase by
using a eight-degree polynomial fit. Due to this polynomial it’s pos-
sible to control whether there is a correct population transfer during
time evolution.
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6.3 Zeno effect

At the same time it was possible to observe a dynamic Zeno effect by
varying the populations vs the decay rate vy using master equations in-
stead of Schrodinger equation since in QuTip the Schrodinger equation
does not work very well by adding complex terms to the Hamiltonian.
Obviously, for the decays it’s possible to modify the Hamiltonian’s pa-
rameter in order to get a faster or a slower population decay using
specific algorithms.

6.4 Future prospectives

The studies of this thesis could have some applications to quantum
technologies. In fact, during the formation of cold molecules there
can be a transfer of populations between the singlet state and the
triplet state [45]. There are some possible future developments and
unexplored fields of these theoretical concepts. First of all the Berry
phase and the counterdiabatic term Hqop are concepts related to closed
quantum systems but there is no counterdiabatic term to an open
quantum systems. There are some methods like repumping techniques
that can restore dissipation lost [46], and bath engineering [47], which
consists in shaping the external environment to suppress dissipation
effects but there is a lack of generalisation.

6.5 Applications

In this thesis we investigated a particular situation realized with Lisy
dimers [28]. Our results can be extended to study more complex such as
Rby ground state molecules [48]. Also excitation and detection mecha-
nism of forming in atom-atom collisions in traps could be investigated.
Here a few-state model would represent a much simplified of loosely
bound molecules. Their excitation and subsequent detection by dis-
sociation occurs in the high excited state. An open quantum system
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description, such as used in chapter 5 can be applied and the cou-
pling and decay parameters could be optimized to effectively detect
the formation of cold molecules [49] [50]. Hence, the methods, which
we developed in this thesis have potentially a plethora of applications.
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Appendix

Appendix A

The coefficients of the polynomial fit of the atan function are, respec-
tively:

ag = —6.95332 x 103, a7 = 2.78132 x 107,
ag = —4.71818 x 10%, a5 = 4.41991 x 10%,
ay = —2.49587 x 10%, a3 = 8.70096 x 103,
as = —1.85047 x 10°, a; = 2.30968 x 102,
ap = —1.86840 x 10%.

Appendix B

The coefficients of the eight-degree polynomial which describes the
maximal population value of the Triplet state |T") vs the Berry’s phase
are:

by = —0.00435 by = 0.74855
by = 2.41404 by = —5.60260
by = 5.62913 by = —3.26138
bs = 1.12098 by = —0.21196
bs = 0.01696.
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Appendix C

The Hamiltonian’s elements are related to the H of the (3.12) by the
relations :

e o= 0.933
e 7=0.36
o Ay, =471 ns7!
o (2,=0.24 ns~!
e O, =38ns!
e §. =100 ns*
0
El(t) - 6p(t)7 €s = 4(6 —f—A ) 9
a? Q2
= Ay + ———=—-4.74001,
er 6.+ M)
Q Q
O = 0‘2 L _0.11196, Qp = —52 P _ _(.0432 .
a 302
Dgp = ———— =0.01158.
T 406, + Ay)

Appendix D
The coefficients of the fourth degree polynomial that finds the ~. tran-

sition In section 5.2.3 1S
co = —1.156305 x 102
c1 = 1.474306 x 107!
co = —7.233213 x 107!
c5 = 1.604387 x 10°
¢y = —1.341608 x 10°
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